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SUMMARY

My thesis presents several novel methods to facilitate solving large-scale inverse prob-
lems by utilizing recent advances in machine learning, and particularly deep generative
modeling. Inverse problems involve reliably estimating unknown parameters of a physi-
cal model from indirect observed data that are noisy. Solving inverse problems presents
primarily two challenges. The first challenge is to capture and incorporate prior knowl-
edge into ill-posed inverse problems whose solutions cannot be uniquely identified. The
second challenge is the computational complexity of solving inverse problems, particularly
the cost of quantifying uncertainty. The main goal of this thesis is to address these issues
by developing practical data-driven methods that are scalable to geophysical applications
in which access to high-quality training data is often limited.

There are six papers included in this thesis. A majority of these papers focus on address-
ing computational challenges associated with Bayesian inference and uncertainty quan-
tification, while others focus on developing regularization techniques to improve inverse
problem solution quality and accelerate the solution process. These papers demonstrate
the applicability of the proposed methods to seismic imaging, a large-scale geophysical
inverse problem with a computationally expensive forward operator for which sufficiently
capturing the variability in the Earth’s heterogeneous subsurface through a training dataset
is challenging.

The first two papers present computationally feasible methods of applying a class of
methods commonly referred to as deep priors to seismic imaging and uncertainty quantifi-
cation. I also present a systematic Bayesian approach to translate uncertainty in seismic
imaging to uncertainty in downstream tasks performed on the image. The next two pa-
pers aim to address the reliability concerns surrounding data-driven methods for solving
Bayesian inverse problems by leveraging variational inference formulations that offer the

benefits of fully-learned posteriors while being directly informed by physics and data. The

XX



last two papers are concerned with correcting forward modeling errors where the first pro-
poses an adversarially learned postprocessing step to attenuate numerical dispersion arti-
facts in wave-equation simulations due to coarse finite-difference discretizations, while the
second trains a Fourier neural operator surrogate forward model in order to accelerate the

qualification of uncertainty due to errors in the forward model parameterization.

XX1



CHAPTER 1
INTRODUCTION

The aim of this thesis is to address some of the challenges associated with solving large-
scale inverse problems, in particular geophysical inverse problems [1]. An inverse problem
involves the estimation of an unknown quantity (model) using noisy indirect measurements,
commonly known as observed data. The relationship between the unknown model and ob-
served data is typically described by a physical phenomenon, which can be modeled using
a forward operator. In particular, geophysical inverse problems aim to construct an im-
age of the Earth’s subsurface by extracting physical properties of subsurface media [1]
given geophysical data such as seismic, electrical, electromagnetic, gravitational, and mag-
netic measurements. These images are of crucial importance for exploration of natural
resources [2], monitoring geohazards such as earthquakes [3], as well as carbon control
and carbon sequestration [4, 5, 6], which has the potential to mitigate the effects of climate
change. The thesis primarily focuses on seismic imaging due to its ability to provide higher

resolution images of deep hidden structures in the subsurface of the Earth [1].

1.1 Problem statement

Solving inverse problems, such as seismic imaging, is often challenged by noise, modeling
errors, and a nontrivial null-space of the forward operator. These challenges may lead to
non-unique solutions in which various models fit the observed data equally well. Instead
of relying on a single model estimate, the inverse problem solution non-uniqueness can
be characterized by a distribution over the solution space, namely, the posterior distribu-
tion [7]. The posterior distribution can be sampled to extract statistical information from
the posterior distribution such as an assessment the variability among the possible solutions

to the inverse problem, i.e., uncertainty quantification.



In general, posterior inference presents two challenges. The first step to formulating the
posterior density is selecting a prior distribution that encodes prior knowledge about the un-
known quantity. The selection of prior distributions is essential in Bayesian approaches as it
biases the inference. Prior knowledge has traditionally been incorporated into the solution
of inverse problems through the construction of prior distributions that satisfy regularity
conditions regarding parameters of models or derivatives of these parameters [8, 9, 10, 11,
12, 13, 14]. Despite its popularity in controlled settings due to its simplicity and applicabil-
ity, this type of priors may lead to undesirable biases in the outcome of Bayesian inference.
In contrast, recent approaches based on deep learning [15, 16, 17, 18, 19, 18, 20, 21, 22]
learn a prior distribution from available model samples. These methods provide a better
understanding of the available prior information in comparison with generic handcrafted
priors, however, their usage is typically limited to domains in which high-quality training
data already exists. In reality, such an assumption rarely holds for certain applications.
For example, unlike in medical imaging in which variability between patients is limited, in
geophysical applications Earth’s heterogeneity across geological scenarios might limit the
feasibility of data-driven approaches that heavily rely on pretraining.

The second challenge associated with posterior inference relates to its computational
cost. Extraction of information from the posterior distribution typically involves high-
dimensional sampling. Sampling is computationally expensive, and existing methods, such
as Markov chain Monte Carlo [MCMC, 23] techniques, often scale poorly. MCMC meth-
ods sample the posterior distribution by taking a series of random walks in the probability
space, where the posterior probability density function needs to be approximated or eval-
uated at each step. In general, these sampling methods require numerous steps to traverse
the probability space [8, 9, 11, 12, 24, 25, 26, 27, 28, 29, 30, 31], thereby limiting their
applicability to large-scale problems. Deep learning methods provide a means to train gen-
erative models—a family of deep neural networks—which can be used to accelerate the

sampling process from the posterior distribution [32, 33, 34, 16, 35, 18, 36, 37]. Even



though most of these methods reduce the costs of Bayesian inference in high-dimensional
settings, they rely on having access to a training dataset that captures the full training dis-
tribution. While this assumption may hold for certain domains, such as medical imaging,
where variability among patients is generally low, in geophysical applications, due to the
strong heterogeneity of Earth, it is difficult to capture the full prior or posterior distribution

using a training dataset.

1.2 Objective

The computational cost of large-scale Bayesian inference, challenges associated with choos-
ing a prior distribution, and lack of access to training pairs, highlight the importance of
developing data-driven methods for solving inverse problems that can withstand changes
in data distribution during inference. The aim of this thesis is to develop generative-model-
based methods for enhancing the solution quality of inverse problems, shortening the time
to solution, and reducing the cost of uncertainty quantification when access to training data
is limited. This is significant since it allows us to utilize deep generative models to reliably

solve inverse problems in real-world scenarios.

1.3 Seismic imaging

Seismic imaging deals with, extracting physical properties of subsurface media, e.g., seis-
mic velocity and density from large volumes of measurements that are recorded at the
Earth’s surface [2]. The wave equation represents the underlying physical data generation
phenomena, linking the mentioned media properties of the Earth subsurface to observed

data.

1.3.1 Data acquisition

Observed data in seismic imaging is obtained by firing several active sources on the Earth

surface, e.g., a vibroseis truck used on land or an air-gun used offshore, and recording



the Earth’s response via multiple receivers. The receivers are typically spread out on the
surface of the survey area, and they record the wave pressure (offshore) or particle motion
(in land) for each source experiment.

The collection of the recorded pressure or particle motion at all receiver locations for
each source experiment is referred to as a shot record, denoted by d; € R, 1 = 1,..., ng,
where 7, is the number of sources and n; = n,.-n; represents the data dimensionality, which

is comprised of n,. receivers each recording the data with n, discretized time samples.

1.3.2 The forward problem

The relationship between the observed data and the unknown squared-slowness model m €

R™, defined on a discretized spatial gird, is encoded in the following forward model,

dl:f(m7qz)—|—6,“ i:l,...,ns, (1'1)

where q; € RY with N = n - n; denotes the source signature defined on a temporal and
spatial grid, €; € R" measurement noise, and F(m, q;) is the forward operator, which
is parameterized by the squared-slowness model and source signature. In the simplest
acoustic form, the forward operator is related to the solution of the acoustic wave equation

via

F(m,q;) = PA(m) 'q;. (1.2)

In the expression above, P : RY — R™ is the linear receiver projection operator,
which restricts the observed data to the location of the receivers, and the linear operator
A(m) : RY — RY represents the discretized (in time and space) acoustic wave equation.

The general workflow of imaging the subsurface structure is a two-step process. The
first step is to reconstruct a background squared-slowness model, my € R", which de-

scribes the long-wavelength characteristics of the subsurface and correctly predicts the



kinematics of wave propagation in the true subsurface. The second step is to image the
short-wavelength subsurface features dm € R"—i.e., an image of the perturbation with re-
spect to the background squared-slowness model—using the squared-slowness model from
the first step [38, 39]. The ensemble of the long and short-wavelength subsurface features

provides an detailed description of the subsurface structures.

1.3.3 Linearized forward problem

The seismic imaging linearized forward model can be obtained by linearizing the nonlin-
ear relationship between seismic data and the unknown squared-slowness mode in equa-
tion 1.1. This process involves linearly approximating the nonlinear forward operator
F(m, q;) via Taylor’s series expansion around a known smooth background squared-slowness

model my,

with dm = m — m, being the unknown perturbation model, commonly referred to as the
seismic image, and J(m, q;) the linearized Born scattering operator derived as

OF (m07 Qi)

m=mg

(1.4)
= —PA(m,) 'diag (

OA (m)

A(mo)_lqi)

‘mmo
Due to discarding the rest of the terms in the Taylor’s series expansion in equation 1.3,
in addition to measurement noise, seismic imaging forward model also include linearization

errors 1); € R"4,

(5dZ:J(m,ql)5m—|—€1+7h, t=1,...,n, (1.5)

with 0d; = d; — F (my, q;) referred to as linearized data.



Estimating ém from linearized data dd;, ¢ = 1,...,n, is challenged by noise, lin-
earization errors, and a nontrivial null-space of the Born scattering forward operator. These
challenges may result in non-unique solutions where different models may fit the observed

data equally well.

1.4 The outline of my contributions

This thesis six papers, each of which partially addresses the challenges associated with
solving seismic imaging. Each chapter follows the general structure of a technical journal
article and begins with a summary, followed by an introduction into the respective topic,
and then describes the main contribution and provides numerical examples. Below I outline

these chapters by summarizing the problem and my contribution.

 Chapter 2 (published in [40]) proposes regularizing seismic imaging with deep priors
and describes an approach to translate uncertainty in seismic imaging to uncertainty
in tasks performed on the image, such as horizon tracking. My contribution includes
a systematic approach to translate uncertainty due to noise in the data to confidence
intervals of automatically tracked horizons in the image. In this approach I char-
acterized the uncertainty a convolutional neural network (CNN) and to assess these
uncertainties, I propose sampling from the posterior distribution of the CNN weights,
used to parameterize the image. I employ the stochastic gradient Langevin dynam-
ics sampling method to sample from the posterior distribution, which is designed
to handle large-scale Bayesian inference problems with computationally expensive
forward operators as in seismic imaging. Using the these posterior samples, aside
from obtaining a robust alternative to maximum a posteriori estimate that is prone to
overfitting, I use these samples to translate uncertainty in the image, due to noise in

the data, to uncertainty on the tracked horizons.

* Chapter 3 (published in [41]) proposes weak deep priors, a computationally con-



venient formulation that relaxes deep priors. My contribution includes relaxing the
requirement that the seismic image must lie in the deep prior CNN range, and letting
the unknowns deviate from the network output according to a Gaussian distribution.
To solve the inverse problem, I propose jointly solving for the reflectivity model and
CNN weights. The chief advantage of this approach is that the gradient with resect
to the CNN weights no longer involves the action of the forward operator Jacobian
adjoint, making regularization with deep priors computationally feasible in seismic

imaging, while still providing the regularization benefits of deep priors.

Chapter 4 (published in [42]) proposes a reliable variational-inference-based multi-
fidelity scheme for accelerating sampling from the posterior distribution of large-
scale inverse problems by being tied to the physics. My contribution includes a data-
driven preconditioning scheme that accelerates the minimization of an variational in-
ference problem, which involves approximating the posterior distribution with a nor-
malizing flow. I pretrain a conditional normalizing flow that is able to approximate
the posterior distribution over a family of observed data for a specific inverse prob-
lem. I accelerate the variational inference problem including approximating the pos-
terior distribution of interest by finetuning the weights of the pretrained conditional
normalizing flow such that it better approximates the posterior distribution. Through
experiments I indicate that the preconditioned variational inference method acceler-
ates the inference process compared to the non-preconditioned approach, which is

important for high-dimensional Bayesian inference settings.

Chapter 5 proposes techniques from variational inference to train a deep neural
network that accelerates Bayesian inference while being robust to data distribution
shifts. My contribution includes learning a physics-based correction to the condi-
tional normalizing flow latent distribution, which is capable of approximating the

posterior distribution for previously unseen data, to provide a more accurate approx-



imation to the posterior distribution for the observed data at hand. I accomplish this
by parameterizing the conditional normalizing flow latent distribution by a Gaussian
distribution with an unknown mean and diagonal covariance, which are estimated by
minimizing the Kullback-Leibler divergence between the corrected posterior distri-
bution estimate and the true posterior distribution. By means of a realistic seismic
imaging example I show that for a certain class of shifts to the data likelihood and
prior distribution, this approach provides reliable posterior samples with a limited

computational cost.

Chapter 6 (publised in [43]) shows the importance of transfer learning for data-
driven solutions in domains such as geophysical inverse problems where access to
high-quality training data is limited. My contribution includes pretraining a CNN
within the generative adversarial networks framework to conduct complex data pro-
cessing tasks including removal of the free-surface effects and mitigation of the ef-
fects of numerical dispersion during reverse-time migration and wave simulations.
As part of dealing with limited training data challenge, I expose the CNNs to only a
small percentage of training data pertinent to the task at hand. By means of numerical
experiments, I demonstrates that as long data from a neighboring survey is available,
finetuning this network with only a few low- and high-fidelity pairs pertinent to the
current model results can provide a good performance for the task at hand. This strat-
egy may lead to improvements in efficiency where computationally expensive (e.g.,
wave-equation driven) processing can partly be replaced by a potentially numerically

more efficient neural network.

Chapter 7 (published in [44]) proposes a data-driven method to reduce the computa-
tional cost of quantifying seismic imaging uncertainty due to errors in the background
model parameterization of the forward operator. My contribution includes a survey-

specific Fourier neural operator surrogate to velocity continuation that maps seismic



images associated with one background model to another virtually for free. While
being trained with only 200 background and seismic image pairs, this surrogate is
able to accurately predict seismic images associated with new background models,
thus accelerating seismic imaging uncertainty quantification. I support this method
with a realistic data example in which I quantify seismic imaging uncertainties using
a Fourier neural operator surrogate, illustrating how variations in background models

affect the position of reflectors in a seismic image.
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CHAPTER 2
DEEP BAYESIAN INFERENCE FOR SEISMIC IMAGING WITH TASKS

2.1 Summary

We propose to use techniques from Bayesian inference and deep neural networks to trans-
late uncertainty in seismic imaging to uncertainty in tasks performed on the image, such as
horizon tracking. Seismic imaging is an ill-posed inverse problem because of bandwidth
and aperture limitations, which is hampered by the presence of noise and linearization er-
rors. Many regularization methods, such as transform-domain sparsity promotion, have
been designed to deal with the adverse effects of these errors, however, these methods run
the risk of biasing the solution and do not provide information on uncertainty in the image
space and how this uncertainty impacts certain tasks on the image. A systematic approach
is proposed to translate uncertainty due to noise in the data to confidence intervals of au-
tomatically tracked horizons in the image. The uncertainty is characterized by a convolu-
tional neural network (CNN) and to assess these uncertainties, samples are drawn from the
posterior distribution of the CNN weights, used to parameterize the image. Compared to
traditional priors, it is argued in the literature that these CNNs introduce a flexible inductive
bias that is a surprisingly good fit for a diverse set of problems, including medical imag-
ing, compressive sensing, and diffraction tomography. The method of stochastic gradient
Langevin dynamics is employed to sample from the posterior distribution. This method
is designed to handle large scale Bayesian inference problems with computationally ex-
pensive forward operators as in seismic imaging. Aside from offering a robust alternative
to maximum a posteriori estimate that is prone to overfitting, access to these samples al-
low us to translate uncertainty in the image, due to noise in the data, to uncertainty on the

tracked horizons. For instance, it admits estimates for the pointwise standard deviation on
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the image and for confidence intervals on its automatically tracked horizons.

2.2 Introduction

Due to the presence of shadow zones, coherent linearization errors, and noisy finite-aperture
measured data, seismic imaging involves an ill-conditioned linear inverse problem [1, 2, 3].
Relying on a single estimate for the model may be subject to data overfit [4] and negatively
impacts the quality of the obtained seismic image and tasks performed on it. Casting the
seismic imaging problem into a probabilistic framework allows for a more comprehen-
sive description of its solution space [5]. The “solution” of the inverse problem is then a
probability distribution over the model space and is commonly referred to as the posterior
distribution.

Aside from the computational challenges associated with uncertainty quantification
(UQ) in geophysical inverse problems [4, 5, 6, 7, 8, 9, 10, 11, 12], the choice of prior
distributions in Bayesian frameworks is crucial. Recent attempts mostly rely on hand-
crafted priors, i.e., priors chosen solely based on their simplicity and applicability. For
example, restricting feasible solutions to layered media with specific orientations [13, 14,
15], or satisfying regularity conditions related to model parameters or derivatives thereof
4,6, 16, 17,7, 18, 19, 20, 21, 9, 10, 11, 22, 12]. While effective in controlled settings,
handcrafted priors might introduce unwanted bias to the solution. Recent deep-learning
based approaches [23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34], on the other hand, learn
a prior distribution from available data!. While certainly providing a better description
of the available prior information when compared to generic handcrafted priors, they may
affect the outcome of Bayesian inference more seriously when out-of-distribution data is
considered, e.g., when the training data is not fully representative of a given scenario. Un-

fortunately, unlike deep-learning based inversion approaches in other imaging modalities,

"We use the word “data” interchangeably. In the context of inverse problems “data” refers to observed
data. In the context of machine learning data-driven priors refer to priors derived from available samples from
an unknown distribution. These are also commonly referred to as “data”. The meaning of the word “data”
will be clear from the context.
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e.g., medical imaging [35, 36, 37, 38, 39, 40], we generally do not have access to high-
fidelity information about the Earth’s subsurface. This, together with the Earth’s strong
heterogeneity across geological scenarios, might limit the scope of data-driven approaches
that heavily rely on pretraining [41, 42, 43, 44, 45, 46, 47, 48, 49, 50].

In this work, we take advantage of a novel prior recently deployed in computer vision
and geophysics [51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63], known as the deep prior,
which utilizes the inductive bias [64] of untrained convolutional neural networks (CNN5s)
as a prior. This approach is tantamount to restricting feasible models to the range of an
untrained CNN with a fixed input and randomly initialized weights. Via this reparame-
terization the weights of the CNN become the new unknowns in seismic imaging and this
change of variable leads to a “prior” on the image space that excludes noisy artifacts, as
long as overfitting is prevented [51]. This has the potential benefit of being less restric-
tive than handcrafted priors while not needing training data as approaches based on using
pretrained networks [S1]. To formally cast the deep prior into a Bayesian framework, we
impose a Gaussian distribution on the CNN weights, which is a common regularization
strategy in training deep CNNs [65, 66]. To perform uncertainty quantification for seismic
imaging, we sample from the posterior distribution of the CNN weights by running precon-
ditioned stochastic gradient Langevin dynamics [SGLD, 67, 68], a gradient-based Markov
chain Monte Carlo (MCMC) sampling method developed for Bayesian inference of deep
CNNs with large training datasets.

A crucial objective of our study is translating the uncertainty in seismic imaging to un-
certainty in downstream tasks such as horizon tracking, semantic segmentation, and track-
ing CO, plumes in carbon capture and sequestration projects. Horizon tracking, which this
chapter focuses on, is a task performed after imaging that leads to a stratigraphic model.
Horizon trackers use well data and seismic images to delineate stratigraphy and are typi-
cally sensitive to structural and stratigraphic unconformities. In these challenging areas, the

horizons do not continuously extend spatially, e.g., may be discontinuous due to vertical
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displacement via faults, hence tracking horizons across unconformities may not be trivial.
Failure to include uncertainty on tracked horizons have major implications on the identifi-
cation of risk. Since the accuracy of horizon tracking is directly linked to the quality of the
seismic image, we systematically incorporate uncertainties of seismic imaging into horizon
tracking. We achieve this by feeding samples from the imaging posterior to an automatic
horizon tracker [69] and obtain an ensemble of likely horizons in the image. Compared
to conventional imaging and manual tracking of horizons, our approach allows us to rigor-
ously quantify uncertainty in the location of the horizons due to noise in shot records and
modeling errors, e.g., linearization errors. Our probabilistic framework also admits nonde-
terministic horizon trackers, e.g., uncertain control points or multiple human interpreters.
There are parallels between the probabilistic framework we propose for quantifying uncer-
tainty in downstream tasks and the interrogation theory [70]. The purpose of this theory is
to answer questions about an unknown quantity by designing experiments (inverse prob-
lems) that facilitate answering the question. The probabilistic framework we developed
can be described as an application of interrogation theory in that the seismic survey and
shot records are provided with no need to design further experiments, and the question
involves quantifying uncertainty in horizon tracking. Our probabilistic framework differs
fundamentally from other recently developed automatic seismic horizon trackers based on
machine learning [see e.g., 71, 72, 73, 74] because horizon uncertainty is ultimately driven
by data (through the intermediate imaging distribution), and not from label (control point)
uncertainty alone.

In the following sections, we first mathematically formulate deep-prior based seismic
imaging, by introducing the likelihood function and the deep prior approach. Next, we de-
scribe our proposed SGLD-based sampling approach and its challenges. Subsequently, we
introduce a framework to tie uncertainties in imaging to uncertainties in horizon tracking,
which allows for deterministic and nondeterministic horizon tracking. We present two re-

alistic examples derived from real seismic image volumes obtained in different geological
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settings. These numerical experiments are designed to showcase the ability of the proposed
deep-prior based approach to produce seismic images with limited artifacts. We conclude
by demonstrating our probabilistic horizon tracking approach, which includes estimates
for confidence intervals associated with the imaged horizons in the two aforementioned

examples.

2.3 Theory

The goal of this chapter is to understand how errors in the data due to noise and linearization
assumptions affect the uncertainty of seismic images and typical tasks carried out on these
images. We begin with an introduction of the linearized forward model, which forms the
basis of seismic imaging via reverse-time migration and discuss Bayesian imaging with

regularization via so-called deep priors.

2.3.1 Seismic imaging

In its simplest acoustic form, reverse-time migration follows directly from linearizing the
acoustic wave equation around a known, slowly varying background model—i.e., the spa-
tial distribution of the squared slowness. Traditionally, the process of seismic imaging is
concerned with estimating the short-wavelength components of the squared-slowness, de-
noted by dm, from n, processed shot records collected in the vector d = {d;},,. In most
cases, these indirect measurements are recorded along the surface or ocean bottom with
sources {q;};*, located at or near the surface. The placement of the sources and receiver
near the surface leads to more uncertainty in the deeper areas of the image.

The unknown ground truth perturbation model dm* is linearly related to the data via

di = J(mo, ql)§m* +e€, €~ N(O, 0'21), (21)

where J(my, q;) corresponds to the linearized Born scattering operator for the ith source
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and the background squared slowness model m,. Because of possible errors in the pro-
cessed data, the presence of noise, and linearization errors, the above expression contains
the noise term €;. While other choices can be made, we assume this noise to be distributed
according to a zero-centered Gaussian distribution with known covariance matrix o?I. For
small o and a kinematically correct background model my, the above linear relationship

can be inverted by minimizing

om

min Y ||d; — J(mo, q;)dm|. (2.2)
i=1

While this approach is in principle capable of producing high-fidelity true-amplitude im-
ages [75, 76, 77], the noise term is in practice never negligible and may adversely affect
the image quality [3] especially in situations where the source spectrum is narrow band and
the aperture limited. Therefore not only the problem in equation 2.2 requires regularization
but also calls for a statistical inference framework that allows us to draw conclusions in the

presence of uncertainty.

2.3.2 Probabilistic imaging with Bayesian inference

To account for uncertainties in the image induced by the random noise term €; in equa-
tion 7.1, we follow the seminal work of [5] and cast our noisy imaging as a Bayesian
inverse problem. Instead of calculating a single image by solving equation 2.2, we assign
probabilities to a family of images that fit the observed data to various degrees. This dis-
tribution is known as the posterior distribution. In this Bayesian framework, the solution
to the inverse problem, i.e., the image, and the noise in the observed data are considered
random variables. According to Bayes’ rule, the conditional posterior distribution, denoted

by ppost» States that

ppost (51’1’1 | d) X plike(d ’ 5m) pprior(ém)- (23)
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In this expression, py. 1s the likelihood function, which is related to the probability density
function (PDF) of the noise, and pyicr is the prior PDF of the image, which encodes prior
beliefs on the unknown perturbations ém. This prior distribution assigns probabilities to
all potential seismic images before incorporating the data via the likelihood. The constant
of proportionality in equation 2.3 corresponds to the PDF of the observed data, which is
independent of )m. Based on the distribution of the noise, the likelihood term measures
how well the forward modeled data (equation 7.1) and observed data agree.

As stated by Bayes’ rule, the posterior PDF of dm, denoted by ppos (0m | d), is pro-
portional to the product of the likelihood and the prior PDF, given observed data. The

log-likelihood function takes the following form:

— log piike (d | dm) Zlnghke (d; | 0m)
= 2.4)

=5 Z |d; — J(my, g; 5mH2 + const,

where the constant term is independent of dm. For the uncorrelated Gaussian noise as-
sumption, this negative log-likelihood function equals the squared ¢>-norm of the residual
scaled by the noise variance o2,

Aside from depending on the residual, i.e., the difference between observed and mod-
eled data, for each shot record, the choice of the prior influences the posterior distribution.
Before the advent of data-driven methods involving generative neural networks, the defi-
nitions of priors were mostly handcrafted and often based on somewhat ad hoc Gaussian
or Laplacian distributions in the physical or in some transformed domain [16, 17, 18, 19].
While these approaches have proven to be useful and are theoretically well understood [78],
there is always a risk of a biased outcome something we would like to avoid. On the other
hand, using pretrained generative networks as priors has proven to be effective [79, 23, 37,
25, 48]. However, their success hinges on the quality of pretraining and having access to

a fully representative training data that accurately captures the prior distribution. Since we
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are dealing with highly complex heterogeneity of the Earth subsurface to which we have
limited access, we will stay away from data-driven methods to train a neural network to act

as a prior.

2.3.3  Deep priors

Following recent work by [51], we avoid using the need to have access to realizations of
true perturbations by using untrained generative CNNs as priors. We fix a random input
latent variable and use a randomly initialized [80] CNN with a special architecture [51] to
reparameterize the unknown perturbations dm in terms of CNN weights. Given the shot
data, we minimize the data misfit with respect to the CNN weights on which we impose a
Gaussian prior. The CNN’s architecture (see details in Appendix A) and the Gaussian prior
imposed on its weights act as a regularization in the image space that avoids representing
incoherent noisy artifacts, as long as overfitting is prevented [51].

To be more specific, let g(z, w) € RY, with the N the number of gridpoints in the
image, denote a untrained, specially designed, CNN [51] with fixed input z ~ N(0, I) with
the same size as the image and unknown weights w € R with M > N. Restricting the
unknown perturbation model to the output of the CNN, i.e., dm = ¢(z, w), corresponds
to a nonlinear representation for the image and the following expression for the likelihood

function:

—log piike (d | W) = = > log piike (d; | w)
= (2.5)

1 &
952 Z |di — I (my, qu)g(Z,W)HZ + const,
=1

with the constant term independent of w. In essence, deep priors correspond to a nonlinear
“change of variables” where the unknowns are the CNN weights and the image is con-
strained to the range of the CNN output for a fixed random input. Compared to data-driven

methods, no training samples are needed. While the nonlinearity makes it more difficult
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to minimize the likelihood term (the likelihood in equation 2.4), a zero-centered Gaussian
prior for the weights with covariance A\ =21 suffices thanks to the overparameterization of
the CNN (M > N). With this Gaussian prior on the weights, the posterior distribution for

the weights given the data reads

Ns

DPpost (W | d) X [H Dlike (dz ’ W)

i=1

N(w [ 0,A771) (2.6)

where N(W | 0, )\_21) stands for the PDF of the zero-centered Gaussian prior. Given

equation 2.5, the negative log-posterior distribution becomes

—log ppost (W | d) = — [Z log prike (d; | w)] —log N(w | 0, A7?I) + const

i=1

(2.7)

1 & A2
= 952 Z ”dz — J(my, qz‘)g(sz)Hj + ?HWHE + const.
i=1

Compared to conventional formulations of Bayesian inference, knowledge of the deep prior
resides both in the likelihood term, through the reparameterization of the image as the out-
put of a CNN, and in the traditional A\ weighted ¢,-norm squared term. This is different
from the traditional Bayesian settings where prior information resides exclusively in the
prior term. [53] provided a theoretical Bayesian perspective on deep priors, describing
them as Gaussian process priors in classical Bayesian terms. Specifically, [53] showed
that for infinitely wide CNNs, i.e. CNNs with a large number of channels, the inductive
bias of the CNN architecture and the Gaussian prior on its weights are equivalent to a sta-
tionary Gaussian process prior in the image space. [53] also explicitly made a connection
between the kernel of this Gaussian process and the architecture of a CNN, by character-
izing the effects of convolutions, non-linearities, up-sampling, down-sampling, and skip
connections, which provides insights on selecting an appropriate CNN architecture. Inde-
pendently, [57] argue that the weak form of our constrained formulation with deep priors

yield the same solutions for the correct Lagrange multiplier. This means there is a direct
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connection between our formulation and unconstrained variational approaches. The latter
permit a straightforward Bayesian interpretation.

Aside from choosing the right CNN architecture [51, 57], random initialization of its
weight [80] and fixed input for the latent variable, the above posterior depends on selecting
a value for the tradeoff parameter A > 0, which weighs the importance of the Gaussian
prior against the noise-variance weighted data misfit term in the likelihood function. In the
sections below, we will comment how to choose the value for \.

The above expression for the posterior in equation 2.7 forms the basis of our proposed
probabilistic imaging scheme based on Bayesian inference. Before discussing how to sam-
ple from this distribution, we first briefly describe how to extract various statistical prop-
erties from this posterior distribution on the image. Specifically, we will review how to
obtain point estimates [81], including maximum likelihood estimate (MLE) , maximum a
posteriori estimate (MAP) and estimates for the mean and pointwise standard deviation,

and 99% confidence intervals.

2.3.4 Estimation with Bayesian inference

Based on the expressions for the negative log-likelihood (equation 2.5) and posterior (equa-

tion 2.7), we derive expressions for different point and interval estimates [52].

Maximum likelihood estimation

To establish a baseline for image estimates obtained without regularization, we first con-
sider point estimates for the image that correspond to finding an image that best fits the
observed data. Since this estimate is obtained by maximizing the likelihood function with

respect to the unknown image, dm, this estimate is known as the MLE. The corresponding
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optimization problem can be written as

5mMLE = arg min — log Plike (d | 5m)

" - 2 (2.8)
= arg(;hl;nin T‘Q ; Hdl — J(mo, ql)5m||2,

where the last equality follows from equation 2.4. Observe that the MLE corresponds to the
deterministic least-squares solution, yielded by equation 2.2. Unfortunately, MLE images

are prone to overfitting [81, 82] that results in imaging artifacts [3].

Maximum a posteriori estimation

Adding regularization to inverse problems, including seismic imaging, is known to limit
overfitting and is capable of filling in at least part of the null space of the modeling oper-
ator. In case of regularization with deep priors, this corresponds to finding the image that

maximizes the posterior distribution, i.e., we have

WMAP = arg Max Ppost (W | d)
oo Y , (2.9)
= argmin o 3 ||d; - J(mo, q.)g(z, w)|[; + T [|w][>
w i=1

This estimation for the weights w is known as the MAP estimate. Given this estimate

Wwmap, the corresponding estimate for the image is obtained via

dmpyap = 9(Z> WMAP)- (2.10)

When compared with MAP estimates computed from traditional Bayesian formulations of
linear inverse problems, the estimate in equation 2.9 has several important differences. The
above estimate depends on the random initializations of the weights, w and latent variable
z, which is due to the nonlinearity introduced by the reparameterization. This renders the

above minimization non-convex, i.e., its local minimum is no longer guaranteed to coin-
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cide with the global minimum. While the objective is non-convex [83], as a result of deep
prior reparameterization, because M > N, first-order stochastic optimization methods
[84, 85, 86] are able to minimize the objective function in equation 2.9 to small values
of the residual [87, 88]. Several other challenges include increased number of iterations,
establishment of a stopping criterion when maximizing equation 2.9 to prevent overfitting,
and the quantification of uncertainty. Despite these challenge, we argue that invoking the
deep prior outweighs the challenges since it offers a better bias-variance trade-off and re-
quires knowledge of only a single hyperparameter. In addition, we refer to [62] for an
alternative formulation, which reduces the number of iterations and therefore the number

of evaluations of the computationally expensive forward modeling operator.

Conditional mean estimation

So far, the MLE and MAP estimates involved a deterministic (at least for fixed initialization
of the network and latent variable) procedure maximizing the likelihood or posterior. Since
we have access to the unnormalized posterior PDF, ppos (0W | d) (equation 2.7), we have
in principle ways to retrieve information on the statistical moments of the posterior distri-
bution of the unknown perturbation including its mean and pointwise standard deviation.
However, contrary to the two estimates discussed so far these point estimates can typically
only be approximated with samples drawn from the posterior.

We obtain access to samples from the posterior, ppos (dm | d) via a “push-forward” of
samples from pyos (W | d) based on the deterministic map 0m = g(z, w) for fixed z [89].

As a result, for any sample of the weights, w, drawn from pyos (W | d), we have
g(Z,W) ~ Ppost (6m | d) . (2.11)

Assuming access to n,, samples from the posterior, ppos (W | d), the first moment, also

known as the conditional mean, can be approximated from these samples, {w; }?‘:’“1 ~
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Ppost(W | d), via

5mCM = E5mwppost(5m|d) [5m]
= EWNppnsl(éw\d) [g(Z, W)]

— [ sl | gz, i

1 &
Ezg(zawj)'
7j=1

(2.12)

Q

We describe the important step of obtaining these samples from the posterior below.
Compared to the MAP estimate, the conditional mean, which corresponds to the minimum-

variance estimate [90], is less prone to overfitting [91]. This was confirmed empirically for

seismic imaging [60, 61]. In the experimental sections below, we will provide further evi-

dence of advantages the conditional mean offers compared to MAP estimation.

Point-wise standard deviation estimation

In its most rudimentary form, uncertainties in the imaging step can be assessed by com-
puting the pointwise standard deviation, which expresses the spread among the different
unknown models explaining the observed data. Given samples from the posterior, this

quantity can be computed via

T2t = Esmppon(omjd) [ (6M — SMcyr) © (6m — Smicy)]

| o (2.13)

~ - Z (9(z, w;) — dmey) © (9(z, w;) — dmey).

In this expression, o 18 the estimated pointwise standard deviation and © represents ele-
mentwise multiplication. Again, the expectations approximated in equations 2.12 and 2.13

require samples from the posterior distribution, pyos (dm | d).
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Confidence intervals

As described above, the pointwise standard deviation is a quantity that summarizes the
spread among the likely estimates of the unknown. Using this quantity, we can put error
bars on the unknown in which case we assign probabilities (confidence) to the unknowns
being in a certain interval. The interval is obtained by treating the pointwise posterior dis-
tribution as a Gaussian distribution, where the mean and standard deviation at each points
are equal to the value of the conditional mean estimate and pointwise standard deviation
at that point, respectively. Given a desired confidence value, e.g., 99%, sample mean ,
and sample variance o2, the confidence interval is p 4= 2.576 o where 99% of samples fall
between the left (u — 2.576 o) and right (u 4 2.576 o) tails of the Gaussian distribution
[92].

2.4 Sampling from the posterior distribution

Extracting statistical information from the posterior distribution, such as the point and in-
terval estimates introduced in the previous section, typically requires access to samples
from the posterior distribution. In the following section, we first show that approximations
to the point and interval estimates are instances of Monte Carlo integration, given sam-
ples from the posterior distribution. Next, we shift our attention to constructive techniques
to draw these samples efficiently by introducing preconditioning and crucial strategies to
select the stepsize. Finally, we describe an empirical verification of convergence of the

Markov chains that we will use to verify our sampling approach.

2.4.1 Monte Carlo sampling

For most applications the posterior PDF is not directly of interest, but we need to eval-
uate expectations involving the posterior distribution instead. Given samples from the

posterior,{w;}"™, ~ ppos(W | d), these expectations with respect to arbitrary functions
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can be approximated by

Bl [F(W)] ~ — > f(w)) (2.14)

n
w j=1

Below we describe our proposed MCMC approach for obtaining samples from the poste-

rior.

2.4.2 Sampling via stochastic gradient Langevin dynamics

Drawing samples from posterior distributions associated with imaging problems of high di-
mensionality (M, N large) and expensive forward operators (e.g., demigration operators)
is challenging [67, 7]. Among the different approaches, MCMC is a well-studied tech-
nique capable of drawing samples via a sequential random-walk procedure. This process
requires evaluation of the posterior PDF at each step. The need for repeated evaluations
of the forward operator, the correlation between consecutive samples [93], and the high
dimensionality of the problem are the chief computational challenges for these methods.
Despite these difficulties, MCMC methods have been applied successfully in imaging prob-
lems [94, 9, 95, 11, 12, 60, 61].

Aside from problems related to the required length of the Markov Chains, computing
the misfit over all ng sources in the likelihood term of the posterior PDF (equation 2.7) is
problematic since this calls for many evaluations of the linearized Born scattering operator.
To address this issue, we use techniques from stochastic optimization [96, 97, 98] where the
gradients are evaluated for a single randomly selected source (without replacement) at each
iteration. For first-order methods, this technique is known as stochastic gradient descent
[SGD; 96] and widely used in the machine learning and wave-based inversion communities
[16, 99, 100, 84, 85, 101, 102, 103].

While SGD bring down the computational costs, it is a stochastic optimization algo-

rithm for finding the mode of the posterior distribution and it does not provide samples
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from the posterior distribution. In order to do that, we have to add a carefully calibrated
noise term to the gradients. This additional noise term induces a random walk from which
samples from the posterior distribution can be drawn under certain conditions [67]. Adding
this noise term also avoids converge of the iterations to the MAP estimate [67]. In this chap-
ter, we adapt an approach known as stochastic gradient Langevin dynamics [SGLD, 67],
which is designed to reduce the number of necessary individual likelihood evaluations at
each iteration. SGLD was originally developed for Bayesian inference on deep neural net-
works trained on large-scale datasets. Compared to the original formulation of Langevin
dynamics [104], SGLD works on randomly selected subsets of shot data, which makes it
computationally more efficient and achievable at least in 2D imaging problems. Asymp-
totically, SGLD provides accurate samples from the target distribution [67, 105, 106, 107,
108]—in our case, the imaging posterior distribution. It differs from variational inference
[109] in that no surrogate distribution is formulated and matched to the distribution of in-
terest.

Following the work of [67], SGLD iterations for the negative log-posterior involve at

iteration k the following update for the network weights of the deep prior:

s A2
Wil = Wi — %Mkvw <%Hdz — J(my, Qi)g(ZaWk)H; + ?Hwkuz) + M, 5
(2.15)

M ~ N(O, OékMk),

where the index, ¢ C {1,...,ns}, is chosen randomly without replacement at each iter-
ation. Once all the shots are drawn, we start all over by redrawing indices, without re-
placement, from i C {1,...,ns}. We repeat this process for K steps (see Algorithm 2),
where K can be arbitrarily large. To ensure and speedup convergence, the stepsizes oy
and the adaptive preconditioning matrix M, need to be chosen carefully. The additional
zero-mean Gaussian noise term 1), with covariance matrix oy, M, distinguishes between the
update rule in equation 2.15 and SGD optimization algorithm. It was shown by [67] that

the above iterations sample from the posterior after a warmup phase, i.e., a certain number
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of iterations of equation 2.15. During the warmup stage, these iterations behave similarly
to those of the SGD algorithm but at some point transition to the proper sampling phase

[67]. Below we will comment when that transition is likely to occur.

Stepsize selection

Convergence of stochastic optimization methods such as SGD and SGLD relies on care-
fully designed stepsize strategies. Compared to SGD, SGLD has the additional compli-
cation of having to balance random errors due to randomly selecting shot records and the
deliberate random “‘errors” induced by the additional Gaussian noise term, 7;,. On the one
hand, the iterations in equation 2.15 need to make sufficient progress during the warmup
phase so that the samples (= iterations w;) become independent of the chain’s initializa-
tion, 1.e., the weights wy at the start. On the other hand, after warmup the Gaussian noise
term, 77 will start to dominate the energy of the error in the gradient caused by the stochas-
tic approximation to the likelihood function (equation 2.5). This can be explained by the
fact that the variance of error due to the stochastic gradient approximation is proportional
to the square of the stepsize [96], whereas the additive noise term is drawn from a Gaus-
sian distribution whose variance is proportional to the stepsize. Consequently, for small
stepsizes, it is expected that the error in gradients will be dominated by additive noise [67],
which effectively turns equation 2.15 to Langevin dynamics [104]. As a result, similar to
SGD, convergence can only be guaranteed when the stepsize in equation 2.15 decreases
to zero. However, this would increase the number of iterations to fully explore the poste-
rior probability space. We avoid this situation and follow [67] who propose the following
sequence of stepsizes:

ap=alb+ k)7, (2.16)

where v = % is the decay rate chosen according to [110]. The constants a, b in this

expression control the initial and final value of the stepsize. Below, we will comment how

to chose these constants and how to ensure that potential posterior sampling errors [107]
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are avoided.

Preconditioning

In addition to selecting proper stepsizes, the converge of the iterations in equation 2.15
depends on how strongly the different weights of the deep prior are coupled to the data.
Without preconditioning, i.e., M = I, SGLD updates all parameters with one and the
same stepsize. This leads to slow convergence of the insensitive weights that are weakly
coupled to the data. To avoid this situation, [68] proposed an adaptive diagonal precondi-
tioning matrix extending the RMSprop optimization algorithm [84]. This preconditioner
is deigned to speed up the initial warmup and subsequent sampling stage of the iterations
in equation 2.15. To define this preconditioning matrix, let 0w denote the gradient of the

negative log-posterior density (equation 2.7) at the current estimate of weights wy, i.e.,

; A2
ow =V, (2”72\\011- — J(my, :)g(z, W) |, + 3|\wkH§) . (2.17)

Given these gradients, define the following running pointwise sum on the pointwise square
of the gradients

Vit1 = 0vip + (1 — B) 0w © 0w (2.18)

where the parameter 3 controls the relative importance of the elementwise square of the
gradient compared to the current iterate vy. The v is initialized as a vector with M zeros.

By choosing,

M, = diag (1 © /Vis1) (2.19)

with @ elementwise division, the effective stepsize for network weights with large (on aver-
age) gradients, i.e., large sensitivities, is lowered whereas weights with small (on average)
gradients get updated with a larger effective stepsize. To avoid division by zero, we add a
small value to the denominator of equation 2.19. By introducing the preconditioning matrix

M. all weights are updated similarly, which allows us to increase the stepsize. Following
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[68], we set 5 = 0.99. In addition to leveling the playing field, for the gradients themselves
the preconditioning matrix also scales the essential additive noise term so the random walk

proceeds isotropically.

2.4.3 Practical verification

While there exists a well established literature on how to verify whether Markov chains
produce accurate samples from the posterior distribution [see 111], these methods are typ-
ically impractical for our problem. We will adopt a more pragmatic approach to assess the
accuracy of the samples drawn from our Markov chains computed with SGLD, as it will be
explained in the following.

We first validate the accuracy of sampling from a single Markov chain by comput-
ing confidence intervals. These intervals are computed from posterior samples obtained
via one MCMC chain using SGLD (equation 2.15). By definition, these confidence inter-
vals provide the range within which the weights and therefore the image are expected to
fall. This means that MAP estimates for the seismic image should ideally fall within these
confidence intervals computed from the posterior samples. While the variability among
MAP estimates is less than the variability among true posterior samples, we still find this
test of practical importance. To verify this, we compute multiple MAP estimates (see
equations 2.9 and 2.10) for different independent random initializations of the deep prior
weights, w. MAP estimates are obtained via stochastic optimization using the RMSprop
optimization algorithm [84], which uses the same preconditioning scheme (equations 2.18
and 2.19) as SGLD. By checking whether the different MAP estimates indeed fall within
the computed confidence interval, the accuracy of the samples from the posterior can at
least be verified qualitatively.

Ideally, different Markov chains initialized with different weights should lead to similar
statistics for samples of the posterior distribution. We verify this empirically by running

chains with different independently randomly initialized weights, followed by visual in-
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spection of the conditional mean and pointwise standard deviation derived from samples
generated by the different chains. Deviations among the estimates provides us with at least
an indication of areas in the image where we should be less confident on the inferred statis-

tics.

24.4 The SGLD Algorithm

The different steps of generating n,, = K /2 samples from the posterior from K iterations

of SGLD (equation 2.15) are summarized in Algorithm 2 for a given set of n, processed

shot records and their respective source signatures, {d;,q;};>,. Aside from shot data,
Algorithm 2 requires a smooth background model, m, for the squared slowness and a
fixed realization for the latent variable z ~ N(0,I). In addition to these input vectors,

SGLD requires hyperparameters to be set for the

* Stepsize strategy. Following [110], the decay rate parameter in equation 2.16 is set
toy = % The stepsize constants a, b in equation 2.16 are chosen separately for each
presented numerical experiment to ensure fast convergence in the warmup phase.
Specifically, we select a large enough to ensure fast convergence while making sure
the initial iterations do not diverge due to large a stepsize. We selected b to be the
same as the stepsize that would yeld a good convergence for the MAP estimation
problem, i.e., SGLD iterations without the additive noise. This is to ensure SGLD
iterations get close enough to mode(s) of the distribution toward the end. While
selecting these parameters differently changes the speed of converge, the accuracy of

the resulting samples is empirically verified for the chosen parameters.

* Preconditioning. As documented in the literature, we chose 5 = 0.99 in equa-

tion 2.18.

» Noise variance. The variance ¢ of the noise assumed to be known.
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* Regularization parameter. As with many inverse problems, the selection of the
regularization parameter A\~2 is challenging. While sophisticated techniques [82]
exist to estimate this parameter, we tune the regularization parameter A\~2 by hand to

limit the imaging artifacts visually.

* Number of iterations and warmup. We run 10k SGLD iterations (equation 2.15)
in total, and we adopt the general practice of discarding the first half of the obtained

samples [111].

Given the above inputs, Algorithm 2 proceeds by running /K iterations during which
simultaneous shot records, each made of a Gaussian weighted source aggregate, are se-
lected, followed by calculations of the gradient (line 3), calculation of the preconditioner
(lines 4 — 5), stepsize (line 6), and update of the weights (line 8). After K /2 iterations, the

updated weight also serve as samples from the posterior [111, 67].

2.5 Validating Bayesian inference

In this section, we validate our approach with synthetic examples. To mimic a realistic
imaging scenario where the ground truth is known, we do this on a “quasi”-field data set,
made out of noisy synthetic shot data generated from a real migrated image. After demon-
strating the benefits of regularization with the deep prior, we compare the MAP estimate
with the conditional mean. The latter minimizes the Bayesian risk, i.e., it minimizes in ex-
pectation the /5-norm squared difference between the true image and inverted image, given
shot data [90]. We conclude by reviewing the pointwise standard deviation as a measure of

uncertainty, which can be reaped from samples drawn from the posterior.

2.5.1 Problem setup

With few exceptions, synthetic models often miss realistic statistics of the spatial distribu-

tion of the seismic reflectivity. To avoid working with over simplified seismic images, we
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Algorithm 1 Seismic imaging posterior sampling with SGLD.

Input:
{d;,q;}2, // observed data and source signatures
my // smooth background squared-slowness model
z ~ N(0,I) // fixed input to the CNN
A2 // variance of Gaussian prior on CNN weights
o? // estimated noise variance
Ié] /I weighting parameter for constructing the preconditioning matrix
a,b /I stepsize parameters in equation 2.16
K // maximum MCMC steps
Initialization:
randomly initialize CNN parameters, w, € R [80]

initialize vector, vo € RM with zero

l.fork=0to X —1do

2. randomly draw i C {1,...,ns} // sample without replacement
3. 0w = Vi (35 ]di = Imo, a)g(z wi) [, + 5[ willy) J/ equation 2.17
4. Vi1 = v+ (1 —5)ow © 0w // equation 2.18
5. M, =diag (10 /Vii1) // equation 2.19
6. ap=ualb+k)" // equation 2.16
7. mr ~ N(0, . My) // draw noise to add to gradient
8. Wi =W, — FMpow + np // update rule according to equation 2.15
9. end for

Output: {w;},_, a4l /1 samples from the posterior ppos (W | d)
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generate “quasi’-field shot data derived from a 2D subset of the real prestack Kirchhoff
time migrated Parihaka-3D dataset [112, 113] released by the New Zealand government.
We call our experiment “quasi” real because synthetic data is generated from migrated field
data that serves as a proxy for the unknown true medium perturbations (Figure 2.1a). Due
to the nature of the migration algorithm used to obtain the Parihaka dataset, the amplitudes
in the extracted 2D subset are not necessarily consistent with the seismic imaging forward
model presented in this chapter (equation 7.1). For this reason, we normalized the am-
plitudes of the extracted seismic image. Given these perturbations, shot data is generated
with the linearized Born scattering operator for a made up, but realistic, smoothly varying
background model m, for the squared slowness (Figure 2.1b). To ensure good coverage,
205 shot records are simulated and sampled with a source spacing of 25m. Each shot is
recorded over 1.5 seconds with 410 fixed receivers sampled at 12.5m spread across full
survey area. The source is a Ricker wavelet with a central frequency of 30 Hz.

We also add a significant amount of band-limited noise to the shot data by filtering
Gaussian white noise with the source wavelet. The resulting signal-to-noise ratio for all
data is —8.74 dB, which is low. Figure 5.4 shows an example of a single noise-free (Fig-
ure 5.4a) and noisy (Figure 2.2b) shot record.

Even though our example is in 2D, the number of parameters (the weights of the deep
prior network) is large (approximately 40 times larger than image dimension), which results
in many SGLD iterations. In a setting where we are content with approximate Bayesian
inference, i.e., where the validity of the Markov chains can be established qualitatively in
the way described earlier, we found that ten thousand iterations are adequate. We adopt
the general practice of discarding the first half the MCMC iterations (about 25 passes over
the data) [93], which leaves five thousand iterations dedicated to posterior sampling phase
[14]. The stepsize sequence is chosen according to equation 2.16 with a, b chosen such the

stepsize decreases from 1072 to 5 x 1073,
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Figure 2.1: Problem setup. (a) A 2D subset of the Parihaka dataset, considered as true
model. (b) Made up smooth squared-slowness background model.
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Figure 2.2: A shot record generated from an image extracted from the Parihaka dataset. (a)
Noise-free linearized data. (b) Linearized data with band-limited noise.
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2.5.2 Imaging with versus without the deep prior

For reference, we first compare imaging results with and without regularization. The latter
is based on maximizing the likelihood (equation 2.8) whereas the former involves maximiz-
ing the posterior distribution (equation 2.9). To prevent overfitting of the MLE estimate,
the number of iterations is limited to the equivalent of only four data passes (four loops
over all shots). To ensure convergence, the number of data passes (or epochs) for the
MAP estimate was set to 15 (about three thousand iterations). Since the ground truth is
known, the optimal value for the A™2 = 5 x 10~2 was found by grid search and picking
the value that visually limits imaging artifacts. Results of minimizing the negative log-
likelihood and negative log-posterior are included in Figures 2.3a and 2.3b, respectively.
We obtained these results with the RMSprop optimization algorithm [84], which uses the
same preconditioning scheme (equations 2.18 and 2.19) as SGLD that we will use later to
conduct Bayesian inference. Compared to vanilla SGD with a fixed stepsize, RMSprop is
an adaptive stepsize method conducive to the preconditioner introduced in equations 2.18
and 2.19. As with the SGLD updates, the gradient calculations involve a single randomly
selected shot record. As expected, compared to the MAP estimate with signal-to-noise
ratio (SNR) 8.79 dB, the MLE estimate (SNR 8.25 dB) lacks important details, e.g., weak
reflectors in deeper sections, and exhibits strong artifacts, including imaged reflectors that
are noisy and lack continuity. The latter is important since the estimated seismic image will

be used to automatically track horizons.

2.5.3 Bayesian inference with deep priors

As the comparison between MLE and MAP estimates clearly showed, regularization im-
proves the image but important issues remain. First, the use of deep priors can lead to
overfitting even when a Gaussian prior on the weights is included. As reported in the lit-
erature [51, 53], stopping early can be a remedy but a stopping criterion remains elusive

rendering this type of regularization less effective. Second, the uncertainty is not captured
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by the MAP estimation. As we will demonstrate, the ability to draw samples from the

posterior remedies these issues.

Conditional mean

As described earlier, samples from the posterior provide access to useful statistical infor-
mation including approximations to moments of the distribution such as the mean. With
the minor modifications proposed by [68] to the RMSprop optimization algorithm, the
posterior distribution can be sampled with Algorithm 2 after a warmup phase of about
25 data passes. The resulting samples for the weights are then used, after push forward
(see equation 2.11), to approximate the conditional mean, dmcy, by computing the sum in
equation 2.12. Compared to the MAP estimate (Figures 2.3b and 2.3c), the dmcy (SNR
9.66 dB) is tantamount to another significant improvement especially for weaker reflectors
in the deeper part of the image and for reflectors denoted by the arrows.

While there has been a debate in the literature on the accuracy of the MAP versus
conditional mean estimates in the context of regularization with handcrafted priors, such
as total variation [114], we find that the conditional mean estimate negates the need to stop

early and is also more robust with respect to noise.

Pointwise standard deviation and histograms

To assess variability among the different samples from the posterior, we include a plot of the
pointwise standard deviation o, (equation 2.13) in Figure 2.4a. This quantity is a measure
for uncertainty. To avoid bias by strong amplitudes in the estimated image, we also plot
the stabilized division of the standard deviation by the envelope of the conditional mean in
Figure 2.4b. From these plots in Figure 2.4, we observe that as expected uncertainty is large
in areas with a complex geology, e.g., along the faults and along the tortuous reflectors, and
in areas with relative poor illumination deep in the image and near the edges. On the other

hand, the shallow areas of the image exhibit low uncertainty, which is to be expected due
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Figure 2.3: Imaging with deep priors of a 2D subset of the Parihaka dataset (a) MLE, i.e.,
minimizer of equation 2.4 with respect to ém, with SNR 8.25dB. (b) The MAP estimate,
i.e., minimizer of equation 2.7, followed by a mapping onto the image space via g (equa-
tion 2.10), with SNR 8.79 dB. (c) The conditional (posterior) mean estimate, dmcy, with

SNR 9.66 dB. All figures are displayed with the same color clipping values.
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Figure 2.4: Imaging uncertainty quantification for the Parihaka example. (a) The pointwise
standard deviation among samples drawn from the posterior, opos. (b) Normalized point-
wise standard deviation by the conditional mean estimate (Figure 2.3c).

to proximity to the sources and receivers.

To illustrate how the posterior regularized by the deep prior is informed by the likeli-
hood, we also calculated histograms at three locations denoted by the white circles in Fig-
ure 2.4a. Histograms from the prior are calculated by randomly sampling network weights
from the prior distribution, i.e., N(w | 0, A72I), followed by computing the deep prior
network’s output for a random but fixed z. The resulting histograms are plotted in light
gray in Figure 2.5. Similarly, histograms for the posterior are computed (equation 2.11)
from samples of the posterior for the weights. These are plotted in dark gray. As expected,

the histograms for the posterior are considerably narrower than those of the prior, which
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means that the posterior is informed by the shot data. We also see that the width of the
histograms increases in areas with larger variability. For comparison, we added the con-
ditional mean estimates with dashed vertical line. When compared with the ground truth
values denoted by the solid vertical lines, we observe that the ground truth falls inside of

the nonzero pointwise posterior interval, which confirms the benefits of the prior.

2.5.4 Accuracy and convergence verification

Drawing samples from the posterior distribution via Markov chains can be subject to errors
when the chain is not long enough [93]. Unfortunately, the required length of the chain is
often infeasible in practice, certainly when the forward operators is expensive to calculate
as is the case with our imaging examples. As explained earlier, we qualitative verify the
accuracy of the Bayesian inversion by comparing MAP estimates with confidence intervals

[92] and by running different Markov chains [9].

Consistency with empirical confidence intervals

As a first assessment of the accuracy of the MCMC sampling, we computed the relative
errors of 15 MAP estimates with respect to the ground truth image obtained for a single
fixed z but different initializations of the network weights. The decay of the relative (5-
norm error for each run over 3k iterations are plotted in Figure 2.6a and show relatively
small variations from random realization to random realization. Vertical profiles of the
MAP estimates at two lateral positions confirm this behavior. With few exceptions, these
different MAP estimates fall well within the shaded 99% confidence intervals plotted in
Figures 2.6b and 2.6¢c. The confidence intervals themselves were derived from samples of
the posterior. Except for perhaps the deeper part of the model, we can be confident that the
Bayesian inference is reasonable certainly in the light of the nonlinearity of the deep prior

itself.
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Figure 2.5: Pointwise prior (light gray) and posterior (dark gray) histograms along
with the true perturbation values (solid black line) and conditional mean (dashed black
line) for points located at (a) (0.725km, 0.312km), (b) (1.550km, 1.175km), and (c)
(4.550km, 1.738 km).
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Chain to chain variations

To further assure our Bayesian inference is accurate, we conducted a second experiment
comparing estimates for the conditional mean and confidence intervals for three different
Markov chains computed from independent random initialization for the weights and z
fixed. Since we can not afford to run the Markov chains to convergence, we expect slightly
different results for the conditional mean and confidence intervals. As observed from Fig-
ure 2.7, this is indeed the case but the variations are relatively minor and confined to the
deeper part of the image. This qualitative observation, in conjunction with the behavior of
the MAP estimates, suggests that we can be confident that the presented Bayesian inference

is reasonably accurate certainly given the task of horizon tracking at hand.

2.6 Probabilistic horizon tracking

Typically, seismic images serve as input to a decision process involving identification of
certain attributes within the image preferably including an assessment of their uncertainty.
With very few exceptions [21], these assessments of risk are not based on a systematic ap-
proach where errors in shot data are propagated to uncertainty in the image and subsequent
tasks. To illustrate how the proposed Bayesian inference can serve to assess uncertainty
on downstream tasks, we consider horizon tracking, where reflector horizons are extracted
automatically from seismic images given a limited number of user specified control points.
Typically, these control points are either derived from well data available in the area or
from human interpretation. The horizon tracking can be deterministic, i.e., horizons are
determined uniquely given a seismic image, or more realistically, it may be nondetermin-
istic, i.e., multiple possible horizons explaining a single image. In either case, the task of
delineating the stratigraphy automatically with no to little intervention by interpreters is
challenging certainly in areas where the geology is complex, e.g., near faults. To resolve

these complex areas high quality images including information on uncertainty are essential.
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To set the stage to put tasks conducted on seismic images on a firm statistical footing,
we will make the assumption that these tasks are only informed by the estimated image and
not by the shot data explicitly. This means when given an estimated image the task, e.g., of
horizon tracking, is assumed to be statistically independent of the shot data. Formally, this

conditional independence can be expressed as

(h 1L d) | ém, (2.20)

where the random variable h encodes tracked horizons. The symbol L represents condi-
tional independence [115] in this case between the estimated horizons and shot records,
given the seismic image, i.e., the seismic images, )m, obtained from the shot records, d,
contain all the needed information to predict horizons, h. The assumed statistical indepen-
dence implies that the tracked horizons, h, can be predicted unequivocally from estimated
images. Because of the independence, shot data does not bring forth additional information
on the horizons. For the remainder of this chapter, we denote the task on the image by H,

which for horizon tracking implies h = H(dm).

2.6.1 Bayesian formulation

Given the mapping from image to horizons, let py (h | dm) represent the conditional PDF
of horizons given an estimate for the seismic image. This distribution is characterized by
the nondeterministic behavior of H and assigns probabilities to horizons in the image, dm.
In the case where H represents automatic horizon tracking this mapping requires control
points as an additional input. In this context, sampling from the conditional distribution
is equivalent to performing automatic horizon tracking with different realizations of the
control points. Alternatively, when H represents actions by human interpreters, samples
from py (h | 0m) can be thought of as horizons tracked by different individuals.

Provided samples from py, (h | dm) and assuming conditional independence between
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h and d given the seismic image described in equation 2.20, we can perform Bayesian
inference with the posterior distribution of horizons, denoted by pyos (h | d). Generally
speaking, for any arbitrary function of horizons, f, expectations with respect to ppos (h | d)

can be computed as follows:

Eney ey 1f ()] = / £ () ppos (b | ) dh = / / £ (h)p(h,ém | d)dhdém
— [ £ w1 50, ) s (50 | ) i
— [ #0) s 1] 510) s (50 | ) s

= Esm~ppos (5m|d) {/f (h) p (h | om) dh}

= Esmn~ppox (5m|d) EEthH(hwm) [f (h)].

~
uncertainty in
horizon tracking

TV
uncertainty in seismic imaging

(2.21)
The second equality in the first line of equation 2.21 follows from the law of total prob-
ability?, the second line is obtained by applying the chain rule of PDFs? to the joint den-
sity p (h, 0m | d), and the third line exploits the conditional independence assumption in
equation 2.20. Conceptually, equation 2.21 states that we can decompose the uncertainty
in horizon tracking into two parts, namely uncertainty in imaging and uncertainty in the
horizon tracking task itself. Based on equation 2.21, expectations over ppo (h | d) can
be calculated via Monte Carlo integration using samples from pyos (h | d). Thanks to the
conditional independence assumption in equation 2.20, we can sample from py. (h | d) by
sampling the imaging posterior, pyos (dm | d), followed by tracking the horizons in each
seismic image. This step yields an ensemble of possible horizons for each sampled image.
Using samples drawn from pyeq (h | d), we approximate the expectation in equation 2.21

by the sample mean. In the following sections, we break equation 2.21 down into two

p(x) = fy p(z,y) dy, where x € X and y € Y are two arbitrary random variables.
*p(z,y) =ple [ y)p(y), Vo € X,y €.
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cases where the horizon tracker yields an unique set of horizons or multiple sets of likely

horizons, given one seismic image.

Case 1: horizons are unique given an image

In the simplest case, where horizon tracking uniquely determines the horizons given a
seismic image, the conditional PDF py (h | dm) corresponds to a delta function, i.e., we

have

pr(h | 6m) = dp=py(5m) (h), (2.22)

where H represent the deterministic horizon tracking map and 0(-) stands for the delta

Dirac distribution. Substituting equation 2.22 into equation 2.21 yields

Enppos(ild) [f (1)] = Esmeppo(smla) [ / S () dp=r(smmy) () dh |,
= Eémwpp(,m(5m|d) [f (H (5m))] ) (223)

~ Y F ().

where {dm;}"™, ~ ppos(dm | d) are n,, samples from the posterior distribution. Equa-
tion 2.23 essentially means that in case of a deterministic horizon tracker uncertainty in
imaging can be translated to uncertainty in horizon tracking by simply drawing samples
from the seismic imaging posterior and tracking horizons in each image. This procedure
results in samples from the posterior distribution of horizons and inference of this posterior

distribution is done via the equation above.

Case 2: multiple likely horizons given an image

The probabilistic horizon tracking approach, described in equation 2.21, also admits nonde-

terministic horizon trackers, e.g., automatic horizon tracking with uncertain control points,
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e.g., points provided by multiple human interpreters. In this case, instead of having one
set of horizons for each seismic image, we have multiple realizations of horizons that each
agree with a seismic image, i.e., they are samples from py (h | dm). With these samples,
the inner expectation in equation 2.21 can be estimated. Assuming that for each image
we have ny, different realizations of tracked horizons, namely, h,(fm) ~py(h| dm), k=

1,--- ,np, equation 2.21 becomes

Enppon(mjay [f (h)] = Eamwm(amm)EhWH(h|6m) Lf (h)]

Z f ( wﬂl))] (2.24)
nhnw"zwim )

7j=1 k=1

~ Esm~ppo (6m|d)

where h is the kth sample from py, (h | dm;) and dm, is the jth sample from pyos (0m | d).
Because it has an extra sum over the different realizations of tracked horizons for a fixed
image, equation 2.24 differs from equation 2.23. In the ensuing sections, we show how
equations 2.23 and 2.24 can be used to calculate pointwise estimates for the first two mo-

ments of the posterior distribution over horizons.

Uncertainty quantification in horizon tracking

It is often beneficial to express uncertainty in the form of confidence intervals. For this
purpose, equation 2.23 or 2.24 is evaluated first for f(h) = h. This yields the conditional

mean estimate for the horizons denoted by

= Enepy njay[h]- (2.25)
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Similarly, the pointwise standard deviation of the horizons can be computed by choosing

f(h) = (h — pn) © (h — py). This latter point estimate can be calculated via

i = Enppoutnia[(h = pn) © (h — )], (2.26)

where o}, denotes the pointwise standard deviation. The 99% confidence interval for hori-
zons is the interval py, £ 2.576 o,. Contrary to most existing automatic horizon trackers,
the uncertainty estimates we provide here are determined by uncertainties in the image due

to noise, and possibly linearization errors, in the shot records.

2.7 Probabilistic horizon tracking—*‘ideal low-noise” Parihaka example

The main goal of this chapter is to derive a systematic approach to propagate uncertainty in
imaging to the task at hand. For this purpose, we first consider the relatively ideal case of
uncertainty due to additive random noise in the shot data. To illustrate how the presence of
this noise affects the task of horizon tracking, we apply the proposed probabilistic frame-
work to the Parihaka imaging example discussed earlier. Because the seismic shot data for
this example is relatively low-frequency (30 Hz source peak frequency) and the geology
relatively simple, horizons are not that challenging to track. However, there is a substantial
amount of noise in the shot data that we need to contend with when tracking the imaged
horizons. For the latter task, we deploy the tracking approach introduced by [69], which
requires the user to provide control points on the seismic horizons of interest.

To setup this tasked imaging experiment, we select 25 horizons from the conditional
mean estimate (Figure 2.3c) calculated for the Parihaka seismic imaging example. Next,
control points are picked for the selected horizons at various horizontal positions, separated
by 1 km. We group the control points with the same horizontal location, yielding five sets
of control points. Figure 2.8 shows these five sets located at lateral positions 0.5, 1.5, 2.5,

3.5, and 4.5 km.
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Figure 2.8: Five sets of control points identifying 25 horizons of interest.

To separate the effect of errors in the shot data and variations amongst provided control
points, we consider noisy shot data first, followed by the situation where there is uncertainty

due to noise in the shot data and due to variations in the control points.

2.7.1 Uncertainty due to noise in shot data (case 1)

To calculate noise-induced uncertainties in horizon tracking (case 1), we pass samples from
the imaging posterior distribution, ppos (0m | d), to the automatic horizon tracking soft-
ware [69]. Given the five sets of selected control points (Figure 2.8), the tracker generates
for each sample of the imaging posterior 25 horizons according to equation 2.23. For each
set of control points, the conditional mean and 99% confidence intervals are calculated
included in Figure 2.9. Each plot (Figures 2.9a — 2.9¢) corresponds to tracked horizons
with confidence intervals derived from different sets of control points. As expected, the
results exhibit more uncertainty for horizons tracked in the deeper parts of the image and
close to boundaries, which is consistent with the relative poor illumination in these areas.
Moreover, uncertainty in the tracked locations increases away from the control points. This
increase in uncertainty agrees with the inherent challenge of automatic horizon tracking
across areas of poor illumination, faults and tortuous reflectors. This behavior is observed
for each set of control points.

Aside from shot noise induced uncertainty, variations in the control point may also

contribute to uncertainty in the horizon tracking. This corresponds to case 2, which we
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Figure 2.9: Uncertainty in horizon tracking only due noise in the shot data (equation 2.23).
Control points are located at (a) 500 m, (b) 1500 m, (¢) 2500 m, (d) 3500 m, and (e) 4500 m
horizontal location. Conditional mean estimates and 99% confidence intervals are shown
in solid and shaded colors, respectively.
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consider in the next section.

2.7.2 Uncertainty due to noise and uncertain control points (case 2)

The presence of noise in shot data is often not the only cause of uncertainty within the
task of (automatic) horizon tracking. Human errors, or better variations in the selection of
control points by interpreters, may also contribute to uncertainty. To mimic differences in
selected control points, we impose a distribution over the control points. For simplicity, in
this example we assume that the five sets of control points are equally likely to be accurate.
This is to say, we are equally certain of the accuracy of the picked control points. This
can be related to the case where we have access to wells in the seismic survey area and
we are certain of the well tying procedure. Other sources of error such as uncertainty in
location of the control points, multiple human interpreters, etc, can also be incorporated
in the equation 2.24, but will not be considered here. Given the above assumption on the
probability distribution, each realization of the seismic image gives rise to multiple equally
likely tracked horizons for each of the five sets of control points.

Given these multiple tracked horizons for each image, pointwise first and second mo-
ments of py (h | dm) are calculated via equations 2.25 and 2.26 by tracking horizons in
each sample from the imaging posterior. The horizon tracker yields five sets of horizons
for each seismic image, each obtained using one of the five sets of control points. Results
of this procedure are summarized in Figure 2.10. As in the earlier examples, we observe
an increase in uncertainty with depth and at the boundaries. Contrary to small uncertainties
near the control points, we now observe uncertainty everywhere along the tracked hori-
zons, which suggests increased variability amongst horizons. The variability comes from
not trusting only one set of control points, but incorporating information from all the fives

sets of control points.
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2.8 Probabilistic horizon tracking—*‘noisy” high-resolution Compass model exam-

ple

While the seismic imaging examples considered so far were directly obtained from mi-
grated shot data of the Parihaka dataset, the linearization errors, i.e., errors due to lin-
earizing the wave equation with respect to the background squared-slowness model, were
ignored because the quasi-real data was generated through the demigration process for a
made-up background model. Aside from this simplification, the geology of the examples
discussed so far was relatively simple and imaged at low resolution. To account for a more
realistic setting, involving complex geology and high-resolution imaging, we will quantify
imaging and horizon tracking uncertainty given high-frequency but noisy synthetic shot
data. To mimic the complexities of field data, noisy shot data—generated with nonlinear
forward modeling on a 2D subset of the Compass model [116]—is used as input to the
proposed imaging scheme. We select the synthetic Compass model because it contains
realistic heterogeneity derived from both seismic and well data collected in the North Sea
[116]. Aside from a low signal-to-noise ratio of —9.17dB, this example is affected by
linearization errors.

As before, we first describe the problem setup, followed by a comparison between the

unregularized MLE and deep-prior regularized MAP and conditional mean estimates. After
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presenting results on uncertainty quantification on the image, results of our probabilistic

horizon tracking framework will be discussed below.

2.8.1 Problem setup

Split spread raw data, consisting of 101 shot records sampled with a source spacing of
25m and a receiver sampling 12.5 m, is generated by solving the acoustic wave equation
for the 2D subset of the Compass model. To mimic broadband data, the source is a Ricker
wavelet with a central frequency of 40 Hz. Each shot is 1.6 seconds long.

To image the shot data, we first derive a kinematically correct background model via
smoothing. Next, linearized data is created by subtracting shot data simulated in this
smooth background model from the shot data simulated in the actual model. This data

serves as input to our imaging scheme.

2.8.2 Imaging with uncertainty quantification

To arrive at the MLE and MAP estimates for the image, we follow the procedure outlined
before. The MLE estimate is obtained by minimizing equation 2.5 with stochastic opti-
mization limiting the number of iterations to six passes over the 101 shots. Equation 3.2 is
minimized with respect to w with the RMSprop optimization algorithm [84] for stepsize of
10~2 and five thousand iterations (about 50 passes over all shots). We stopped the iterations
after no further visual improvement to the image was observed. The value for the tradeoff
off parameter, \=2 = 3 x 1075, was set after extensive parameter testing guided by a value
that leads to the least amount of visual imaging artifacts.

Compared to the previous example, the MLE image estimate is of poor quality (SNR
2.80dB) and contains many imaging artifacts stemming from the noise and linearization
errors. The MAP estimate, on the other hand, is improved (SNR 3.91 dB) thanks to reg-
ularization by the deep prior but it does contain unrealistic artifacts and misses details

especially in the deeper parts of the image (juxtapose Figures 2.11a and 2.11b). By run-
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ning Algorithm 2 for ten thousand iterations, we compute five thousand samples from the
posterior distribution on the image following the stepsize strategy of equation 2.16 with
v = % and a, b chosen such the stepsize decreases from 5 x 1072 to 1073, This took ap-
proximately 18 hours on a quad-core machine. The resulting estimate for the conditional
mean, included in Figure 2.11c, represents a considerable visual improvement with a SNR
of 4.12dB. Compared to the MLE and MAP estimates, the conditional mean estimate ex-
hibits more continuous reflectors and significantly fewer artifacts. This example confirms
that images yielded by the conditional mean of inverse problems regularized by the deep
prior are relatively robust to noise.

The available samples from the posterior also allows us to calculate an estimate for the
pointwise standard deviation of the image. This quantity is plotted in Figure 2.12a. To
avoid overprint by the strong reflectors, we also included a plot of the normalized stan-
dard deviation obtained by stabilized division by the conditional mean. Both plots for the
pointwise standard deviations show a distinct correlation between difficult to image areas
of complex geology, such as channels, and areas affected by relatively poor illumination
near the edges and for the deep parts of the image. In the next section, we will show how

the samples from the posterior inform the task of horizon tracking.

2.8.3 Horizon tracking with uncertainty quantification

Similar to the previous horizon tracking example 14 horizons are selected from the condi-
tional mean estimate for the image (Figure 2.11c). As before, control points are picked for
each horizon at the horizontal locations 62.5, 562.5, 1062.5, 1562.5, and 2062.5 m. Control
points with the same horizontal position are grouped together, yielding five sets of control
points. As before, we distinguish between uncertainties related to noise and now also lin-
earization errors in the data and uncertainty related to errors in the control parameters and

in the shot data due to noise and linearization errors.
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Figure 2.11: Imaging a 2D subset of the Compass model with deep priors. (a) MLE, i.e.,
minimizer of equation 2.4 with respect to ém, with SNR 2.80 dB. (b) The MAP estimate,
i.e., minimizer of equation 2.7, following by mapping onto the image space via g (equa-
tion 2.10), with SNR 3.91 dB. (c¢) The conditional (posterior) mean estimate, dmcy, with
SNR 4.12dB.
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Uncertainty due to noise and linearization errors in the shot data (case 1)

Tracked horizons plus 99% confidence intervals for the five sets of control points are in-
cluded in Figures 2.13a — 2.13e. These results were computed by sampling the posterior
distribution for horizon tracking, pyos (h | d), following the procedure described above.
Not unexpected, we consistently observe increases in uncertainty as we move further away
from the control points and deeper into the image. This increase in the size of the con-
fidence interval is due to the increased variability amongst the samples of the imaging
posterior especially in regions that are more difficult to image, e.g., near the boundaries of

the image, at the deeper parts and near regions of complex geology.

Uncertainty due to noise, linearization errors, and uncertain control points

Following the procedure described above, we also consider the effect of randomness in the
horizon tracking task itself. We mimic this by imposing a distribution over the location
of control points. As before, we consider the case where we are equally confident in the
location of control points. The results for the conditional mean and the 99% confidence
interval are presented in Figure 2.14. As expected, uncertainties increase consistently with
depth, close to the boundaries, and in areas of complex geology. Compared to the previous
example, these effects are more pronounced, which we argue is due to an increase in lin-
earization errors at later times in the shot data. This increase leads to more uncertainty in

deeper sections.

2.9 Discussion

The examples presented in this chapter demonstrate the beneficial regularization properties
of deep priors as long as overfitting of noisy data is avoided. Unfortunately, preventing
overfit is challenging in practice. To mitigate this issue, we proposed the use of conditional

mean estimates rather than maximum a posteriori (MAP) estimation even though the former
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Figure 2.13: Uncertainty in horizon tracking due uncertainties in imaging (equation 2.23).
Control points are located at (a) 62.5m, (b) 562.5m, (c¢) 1062.5m, (d) 1562.5m, and (e)
2062.5 m horizontal location. Conditional mean estimates and 99% confidence intervals
are shown in solid and shaded colors, respectively.
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Figure 2.14: Uncertainty in horizon tracking due to a combination of uncertainties in imag-
ing and control points (equation 2.24).

relies on sampling the posterior distribution, which is computationally expensive. Based
on our experience and other studies [53, 117], estimates based on the conditional mean are
comparatively robust to overfitting and yield superior results.

Even though having access to samples from the posterior has many advantages, e.g.,
it gives us access to the conditional mean and pointwise standard deviation estimates, its
computational cost becomes typically prohibitive for large dimensional problems with ex-
pensive forward modeling operators. By using techniques from stochastic optimization, we
managed to partly offset these costs by avoiding exact calculation of the multi-source data
likelihood function. Similar to stochastic optimization, sometimes employed to solve wave-
equation based optimization problems [16, 99, 100, 101, 102, 103], the gradient of the data
misfit is calculated for artificially constructed simultaneous source experiments. This re-
duces the number of wave-equation solves for each gradient calculation significantly. In the
context of Langevin dynamics—the theory undergirding our Markov chain Monte Carlo
(MCMC) method to sample from the posterior—this stochastic approximation corresponds
to the stochastic gradient Langevin dynamics (SGLD) method proposed by [67]. This ap-
proach, in combination with a preconditioning scheme and stepsize schedule, eliminates

computationally prohibitive Metropolis-Hasting acceptance steps. By means of several nu-
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merical experiments and empirical accuracy measures, we established that the proposed
SGLD algorithm is capable of drawing samples from the posterior with a reasonable ac-
curacy. Aside from providing a reasonable assessment of the uncertainty, with pointwise
standard deviation increasing in complex areas or in areas of relatively poor illumination,
the samples from the posterior also allowed us to propagate uncertainties due to errors in
the shot data all the way to the task of automatic horizon tracking or other tasks. With very
few exceptions, we are not aware of this type of work on relatively large scale problems
[70, 118].

While uncertainty quantification based on Bayesian inference certainly has its merits,
it comes at a significant computational price even for 2D problems. These computational
costs are compounded by the fact that the parameterization of seismic images in terms of
a deep neural network is highly overparameterized, making it more difficult to solve the
uncertainty quantification problem. Notwithstanding these challenges, the use of deep pri-
ors has several distinct advantages. First, the regularization comes from the inductive bias
of the network architecture itself, which is designed to favor natural images. Second, this
approach eliminates the need of having access to training data when compared to method
that really prior information encoded in pretrained networks. Third, imposing a Gaus-
sian prior on the networks weights is a common regularization strategy [65, 66]. Despite
these advantages, the number of iterations needed by the SGLD algorithm remains high
and prohibitive for imaging problems in 3D. For this reason, reducing the computational
complexity of Bayesian inference over the weights of deep prior networks remains an ac-
tivate area of research. For instance, [119] proposes to project the network weights onto a
low-dimensional subspace and perform posterior inference within this reduced subspace.
Unfortunately, construction of this reduced space can also be costly. For the purpose of
applying this work to 3D seismic imaging, one possibility is to combine this dimensional-
ity reduction approach with a different form of CNNs that exhibit similar inductive biases

to those that we used in this work [51] but has fewer weights than the image dimension-
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ality [120]. As a result, we may be able to exploit the inductive bias of CNNs at a lower
computational cost.

Despite the fact that Bayesian inference based on MCMC methods, such as SGLD,
is well-studied and widely employed, it is challenging for high-dimensional inverse prob-
lems that involve expensive forward operator. Variational (Bayesian) inference [109, 121],
also known as distribution learning, can potentially overcome these challenges. In this
approach, a neural network is trained to synthesize new samples from a target distribution
based on a collection of training samples. Typically these samples are obtained by applying
a series of learned nonlinear functions to random realizations from a canonical distribution.
Early work on variational inference [122, 123, 124, 32, 125, 126, 33, 34, 48, 127] shows
encouraging results, which opens enticing new perspectives on uncertainty quantification
in the field of wave-equation based inversion.

Uncertainty in solving (linear) inverse problems including seismic imaging comes in
two flavors. On the one hand, there is uncertainty related to noise in the input (shot) data.
On the other hand, there may be modeling errors, such as linearization errors, which de-
crease with the accuracy of the background velocity model. We plan to study how these two
types of uncertainty specifically affect the results in future work, with a certain regard for
the impact of the background velocity model. Compared to the problem addressed in this
chapter, this would entail multiple imaging experiments for different background velocity
models and is therefore more challenging. Recent developments in full subsurface offset
image volumes [128] and Fourier neural operators [129] may prove essential in addressing

this problem.

2.10 Conclusions

Bayesian inference on high-dimensional inverse problems with computationally expensive
forward modeling operators, has been, and continues to be a major challenge in the field of

seismic imaging. Aside from obvious computational challenges, the selection of effective
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priors is problematic given the heterogeneity across geological scenarios and scales exhib-
ited by elastic properties of the Earth’s subsurface. To limit the possibly heavy-handed bias
induced by a handcrafted prior, we propose regularization via deep priors. During this type
of regularization, seismic images are restricted to the range of an untrained convolutional
neural network with a fixed input, randomly initialized. Compared to conventional reg-
ularization, which tends to bias solutions towards sometimes restrictive choices made in
defining these prior distributions, nonlinear deep priors derive regularizing properties from
their overparameterized network architecture. The reparameterization of the seismic image
by means of a deep prior leads to a Bayesian formulation where the prior is a Gaussian
distribution of the weights of the network.

As long as overfitting can be avoided, regularization with deep priors is known to pro-
duce perceptually accurate results, an observation we confirmed in the context of controlled
seismic imaging experiments. Unfortunately, preventing fitting the noise is difficult in prac-
tice. In addition, there is always the question how errors, e.g., bandwidth-limited noise or
linearization errors, propagate to uncertainty in the image and to certain tasks to be car-
ried out on the image, which for instance includes the task of automatic horizon tracking.
To answer this question and to avoid the issue of overfitting, we propose to sample from
the imaging posterior distribution and use the samples to compute the conditional mean
estimate, which in our experiments exhibited more robustness to noise, and to obtain con-
fidence intervals for the tracked horizons via our probabilistic horizon tracking framework.

Even though drawing samples from the posterior is computationally burdensome, it
allows us to mitigate the imprint of overfitting while it is also conducive to a systematic
framework mapping errors in shot data to uncertainty on the image and task at hand. By
means of two imaging experiments derived from imaged seismic data volumes, we corrob-
orated findings in the literature that the conditional mean estimate, i.e., the average over
samples from the posterior distribution on the image, is more robust to overfitting than

the maximum a posteriori estimate. The latter is the product of deterministic inversion.
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Aside from improving the image quality itself with the conditional mean estimate, access
to samples from the posterior also allows us to compute pointwise standard deviation on
the image and confidence intervals on automatically tracked horizons.

With few exceptions as of yet, no systematic attempts have been made to account for
uncertainties in the task of horizon tracking due to errors in the seismic imaging itself.
These errors are caused by noise, linearization approximations, and uncertainty in the hori-
zon tracking process itself, the latter being possibly related to differences in the selection
of control points by different interpreters as part of the task of automatic horizon tracking.

To validate the proposed probabilistic tasked imaging framework, we considered re-
alistic scenarios that are representative of two different geological settings. Our findings
include: empirical verification of the accuracy of the samples from the posterior distribu-
tion; establishment of the conditional mean as a robust estimate for the image; reasonable
estimates for the pointwise standard deviation on the image, showing an expected increase
in variability in complex geological areas and in areas with poor illumination; and finally
confidence intervals for the automatic horizon tracking given the uncertainty on the image

and errors in the selection of control points guiding automatic horizon tracking.

2.11 Related material

The SGLD iterations (equation 2.15) require computing gradient of the negative-log poste-
rior with respect to the CNN weights. This requires actions of the linearized Born scattering
operator and its adjoint. For maximal numerical performance, the just-in-time Devito [130,
131] compiler was used for the wave-equation based simulations. To have access to the
automatic differentiation utilities of PyTorch, we expose Devito’s matrix-free implemen-
tations for the migration operator and its adjoint to PyTorch. In this way, we are able
to compute the gradients required by equation 2.15 with automatic differentiation while
exploiting Devito’s highly optimized migration and demigration operators. For the CNN

architecture, we followed [51]. For the automated horizon tracking we made use of soft-
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ware written by [69]. For more details on our implementation, please refer to our code on

GitHub.
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CHAPTER 3
WEAK DEEP PRIORS FOR SEISMIC IMAGING

3.1 Summary

Incorporating prior knowledge on model unknowns of interest is essential when dealing
with ill-posed inverse problems due to the nonuniqueness of the solution and data noise.
Unfortunately, it is not trivial to fully describe our priors in a convenient and analytical way.
Parameterizing the unknowns with a convolutional neural network (CNN), and assuming an
uninformative Gaussian prior on its weights, leads to a variational prior on the output space
that favors “natural” images and excludes noisy artifacts, as long as overfitting is prevented.
This is the so-called deep-prior approach. In seismic imaging, however, evaluating the
forward operator is computationally expensive, and training a randomly initialized CNN
becomes infeasible. We propose, instead, a weak version of deep priors, which consists
of relaxing the requirement that reflectivity models must lie in the network range, and
letting the unknowns deviate from the network output according to a Gaussian distribution.
Finally, we jointly solve for the reflectivity model and CNN weights. The chief advantage
of this approach is that the updates for the CNN weights do not involve the modeling
operator, and become relatively cheap. Our synthetic numerical experiments demonstrate
that the weak deep prior is more robust with respect to noise than conventional least-squares
imaging approaches, with roughly twice the computational cost of reverse-time migration,

which is the affordable computational budget in large-scale imaging problems.

3.2 Introduction

Linearized seismic imaging involves an inconsistent, ill-conditioned linear inverse prob-

lem due to presence of shadow zones and complex structures in the subsurface, coherent

81



linearization errors, and noisy data. Due to nonuniqueness, using prior information as reg-
ularization is essential. This particular choice is crucial because it typically affects the final
result. Conventional methods mostly rely on handcrafted and unrealistic priors, such as a
Gaussian or Laplace distributed model parameters (in the physical or in a transform do-
main). These simplifying assumptions, while being practical, negatively bias the outcome
of the inversion.

Recent proposals [1, 2, 3, 4, 5, 6, 7] make use of convolutional neural networks (CNN)
as a prior. Specifically, [7] reparameterize the unknown reflectivity model by a CNN and
impose a Gaussian prior on its weights. These authors show that the combination of the
functional form of a CNN and a Gaussian prior on its weights is a suitable prior for seismic
imaging. However, since every update to CNN weights requires the action of the forward
operator and its adjoint, tuning randomly initialized CNN weights need many stochastic
optimization steps. In seismic imaging, computing the action of the forward operator—i.e.,
linearized Born scattering operator, and its adjoint is computationally expensive, which
might limit the application of deep priors.

We propose the weak deep prior, a computationally convenient formulation that relaxes
deep priors. Instead of reparameterizing the unknowns with CNNs, we let the unknown
reflectivity to be distributed according to a Gaussian distribution centered at the CNN net-
work output. Next, we jointly solve for the reflectivity model and CNN weights. This
formulation decouples the forward operator with the CNN, allowing for fast and forward-
operator free updates of CNN weights, while partially keeping the advantages of the deep
prior. The proposed formulation additionally allows for imposing handcrafted or physical
hard constraints on the unknowns, which is often not feasible when imposing deep priors
[8].

In general, numerous efforts involve the incorporation of ideas from deep learning in
seismic processing and inversion [9, 10, 11, 12, 13, 14, 15]. Deep prior itself have been uti-

lized by [4] to perform seismic data reconstruction. [5] propose to pretrain a randomly ini-
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tialized CNN before reparameterizing the velocity model in the context of Full-Waveform
Inversion. [6] use the deep priors in the context of denoising. Finally, [7] proposes a
deep-prior based Bayesian framework for seismic imaging and perform uncertainty quan-
tification.

Our work is organized as follows. We first introduce the original concept of deep prior
and how it can be integrated in seismic imaging. Next, we develop the weak deep prior
framework and the associated optimization problem. We conclude by showcasing the pro-
posed method using a synthetic example involving a 2D portion of a real migrated image

of the 3D Parihaka dataset [16, 17] in the presence of strong noise.

3.3 Seismic imaging

Seismic imaging is the problem of estimating the short-wavelength structure of the Earth’s
subsurface, denoted by dm given data recorded at the surface, 6d;, i = 1,2,--- , N, where
N 1is the number of shot records. Besides observed data, this inverse problem requires
a smooth background squared-slowness model, m,, and estimated source signatures, q;.
When noise in the data can be approximated by a zero-mean Gaussian random variable, /-
norm data discrepancy defines the likelihood function [18]. Assuming the noise covariance

is 021, we can write the negative log-likelihood of the observed data as follows:

N
~1ogpike ({0d: 1Y, om) = = > log pise (6;{om)

i=1

T (3.1
= 2_21 |6d; — J(myg, q;)dm||5 + const .

Ind. of dm

In these expressions, pjik. denotes the likelihood probability density function, and J is the
linearized Born scattering operator. The maximum likelihood estimate (MLE), denoted by
5/1;1MLE, is obtained by minimizing the negative-log likelihood defined in Equation 3.1 with

respect to dm. Notoriously, MLE estimators tend to produce imaging artifacts. To address
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this issue, we discuss a special kind of prior based on neural networks: the so-called deep

priors.

3.4 Imaging with deep priors

Parameterizing the unknown variables with a CNN, with a fixed input, has shown promising
results in inverse problems [1, 2, 3, 4, 5, 6, 7]. In this approach, weights and biases are
Gaussian random variables and they are tuned to fit the observed data. The success of
this approach hinges on the special structure of the CNN, which tends to favor noise-free
looking images. Despite this feature, it should be noted that a stopping criteria is still
essential to avoid overfitting the noise in observed data. Notwithstanding this challenge, we
propose to parameterize the unknown reflectivity model by a CNN—i.e., dm = ¢(z, w),
where z ~ N(0, I) is the fixed input to the CNN and w denotes the unknown CNN weights.
Imposing a Gaussian prior on w with covariance matrix A\~2I allows us to formulate the

negative log-posterior distribution for w as follows:

N

Dpost <W| {6di}ij\il> X [leike (5di|w)] Pw (W),

=1

(3.2)
where p,, (W) = N(w|0, \%I).

In the equation above, p,, and pp., denote the prior and posterior probability density func-
tions, respectively. The maximum a posteriori estimator (MAP), denoted by Wecp, is 0b-
tained by maximizing Equation 3.2 with respect to w.

As stated before, there are two challenges in employing deep priors in seismic imag-
ing. The first challenge is finding a stopping criteria while maximizing the posterior in
Equation 3.2 to prevent noise overfit. [7] propose to perform stochastic gradient Langevin
dynamics [SGLD, 19] steps to obtain samples from this posterior distribution. Using these
samples, these authors approximate the conditional mean estimator, which prevents over-

fitting and at the same time, yields a seismic image that has less imaging artifacts compared
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to the MAP estimator. However, sampling the posterior is a challenging feat in and of itself
and is outside of the scope of this discussion. Another challenge associated with deep-prior
based imaging is the number of iterations needed to optimize the CNN weights. Unless
the CNN is pretrained, its weights are initialized randomly, hence, solving for w requires
many iterations involving the seismic modeling operator and its adjoint and may not be
computationally practical. Unfortunately, unlike other imaging modalities, such as medical
imaging, we generally do not have access to detailed information on the subsurface. This
limits the scope of the pretraining phase, which in turn might adversely bias the outcome of
the inversion, and contradicts the premises of this work. In the next section, we introduce
our proposed method and discuss how to address the computational challenges associated
with optimizing the CNN’s randomly initialized weights, while keeping the advantages of

the deep-prior based imaging.

3.5 Imaging with weak deep prior

The deep-prior based imaging problem can equivalently be casted as the following con-

strained optimization problem:

1 [& A2
arg min —— 5d; — J(myg, q;)om|? | + =|w||?
nin s (35— 3mo.q)omi -+ 5wl .

subjectto  dm = g(z, w),

where we restrict the feasible model to the output of g(z, w). To address the computational
challenge associated with deep-prior based imaging, we propose to relax the constraint in
problem 3.3 and let )m be a random variable distributed according to a Gaussian distri-
bution centered at g(z, w) with covariance matrix 7~ 2I. We denote the defined prior on
om as the weak deep prior. By decoupling the forward operator and the CNN weights,

observed data becomes conditionally independent from w, given )m. We can write the
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joint posterior distribution for (dm, w) using the defined prior as follows:
DPpost (5m, w| {5di}£\i1>

i=1

N
S [H Piike <5dz-\5m>] Pueak (610|W) py (W), (3.4)
where  pyea (0m|w) = N(dm|g(z, w), vy *I).

In Equation 3.4, pye. (0m|w) denotes the weak deep prior, which is equivalent to a Gaus-
sian distribution centered at g(z, w) with covariance matrix 1. 7 is a hyperparameter
that needs to be tuned. We solve the imaging with weak deep prior problem by minimizing
the negative log-posterior defined in Equation 3.4 as follows:

N
—~ R ) 1 2
5mweak7 Wyeak = ag%n{r‘i’ln @ ; H6d1 - J(m()? ql)5m||2

(3.5)

2 2

y
1o — g(z, w5 + 5 Iwlls

Ty
where 5/r\nweak and Wy are the obtained reflectivity and CNN weights by solving the
imaging with weak deep prior problem. We consider (S/I\nweak as the final estimate in this
approach. When v — oo, the solution to problem 3.5 is the same as the solution to prob-
lem 3.3.

In formulation above, updating the parameters w does not involve the action of the
forward operator, hence, weights of the CNN can be quickly and independently updated.
Moreover, the optimization problem 3.5 offers flexibility to impose any intersection of
physical or handcrafted hard constraints, C, by limiting the search space to 0m € C while
minimizing the objective with respect to dm, using standard constrained optimization tech-
niques [20]. In a similar fashion, [8] use a Total-Variation constraint in the context of
seismic imaging to jointly solve the imaging problem and train a generative model capa-

ble of directly sampling the posterior using the Expectation-Maximization method. As the
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main contribution of this work, we choose not to utilize hard constraints and focus on the

computational aspect of the weak deep prior.

3.6 Algorithm and implementation details

To limit the computational cost—i.e., number of wave-equation solves, we use stochastic
optimization algorithms to solve the optimization problems 3.3 and 3.5. We approximate
the negative-log likelihood term (see Equation 3.1) using a single simultaneous source,
made of a Gaussian weighted source aggregate. While we could use stochastic gradient
descent algorithm [SGD, 21], we avoid it because of several challenges associated with it.
For example, even though SGD’s “noisy” (approximate) gradient is an unbiased estimate
of true gradient, its variance is proportional to square of the step size. Therefore, choosing
the step size is a trade-off between convergence speed and accuracy. Additionally, SGD
updates different components of the unknown with the same step size—i.e., no precondi-
tioning, which is not desirable when the objective has varying sensitivity with respect to
different components of the unknowns. Various stochastic optimization algorithms to some
extent address these issues by diagonally weighting the gradient by the norm of the past
gradients [22] or the (weighted) mean of past squared gradients [23]. We use Adagrad [22]
with step size 2 x 1073 to update m while estimating cS/r\nMLE, and when solving optimiza-
tion problem 3.5. To update w, either in optimization problem 3.3 or 3.5, we use RMSprop
[23] with step size 1073. We set the step sizes by extensive hyper-parameter tuning. In
Algorithm 2, which summarizes our proposed approach, Adagrad and RMSprop are op-
timization subroutines that given the objective value and the step size, provide an update
for )m and w, respectively.

As mentioned before, the weak deep prior allows for fast updates of the CNN weights
(see the inner loop in lines 5 — 8 of Algorithm 2). However, choosing the number of
updates for w per each édm update is a trade-off between reducing computational cost

(many w updates) and preserving the the deep prior advantages (maintained by employing
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Algorithm 2 Seismic imaging with weak deep prior.

Input:
z ~ N(0,I): fixed input to the CNN
A, 7y: trade-off parameters
o?: estimated noise variance
T': stochastic optimization steps for m
K inner loop stochastic optimization steps for w
7, T: step sizes to update )m and w, respectively
{8d;,0q;}. : observed data and source signatures
my: smooth background squared-slowness model
Adagrad: Adagrad algorithm to update dm
RMSprop: RMSprop algorithm to update w
Initialization:
Randomly initialize CNN parameters, w
om =20
l.fort =1to7 do
2. Randomly sample (d, q) from {dd;, q;}1 ,
3. L(6m) = 53516 — J(mo, q)dml [} + 7 [|m — g(z, w)|1
4. 0m < Adagrad (L(0m),n)
5
6
7

for k =1to K do

L(w) = F[|6m — gz, w)|3 + 5 [[wl3
. W < RMSprop (L(w),T)
8. end for
9. end for
Output: )m
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several w updates). In the extreme case, if we update w once per dm update, there is no
computational gain compared to the deep-prior based approach. On the other hand, if we
solve for w after each update to dm—i.e., ||[0m — g(z, w)||3 ~ 0, the CNN has almost no
effect in the next update for dm. To strike a balance between the number of updates to dm
and w, we choose to alternatingly take one gradient step for 4m and ten gradient steps for
w.

We use Devito [24, 25] to compute matrix-free actions of the linearized Born scattering
operator and its adjoint. By integrating these operators into PyTorch, we are able to solve
the optimization problems 3.3 and 3.5 with automatic differentiation. We follow [1] for the

CNN architecture. We provide more details regarding to our implementation on GitHub.

3.7 Numerical experiments

We compare the seismic images obtained by solving problems 3.3 and 3.5, when applied to
a “quasi” real field data example consisting of a 2D portion of the Kirchoff time migrated
3D Parihaka dataset (see Figure 3.1a). These imaging results are set as the ground truth for
the experiment here discussed. Synthetic data is obtained by applying the linearized Born
scattering operator to this “true” reflectivity image. The dataset includes 205 shot records
sampled with a source spacing of 25 m and 1.5 seconds recording time. There are 410 fixed
receivers sampled at 12.5m spread across the survey area. The source is a Ricker wavelet
with a central frequency of 30 Hz. To demonstrate the regularization effect of our method,
we add a significant amount of noise to the shot records, yielding a low signal-to-noise
ratio of the “observed” data of —18.01 dB. To limit the computational costs, we mix the
shot records according to normally distributed source encodings. By conducting extensive
parameter tuning, we set A2 = 2 x 10% (Equations 3.3 and 3.5) throughout all experiments.
We also set 02 = 0.01 (Equations 3.1, 3.3, and 3.5), which is equal to the variance of the
measurement noise. To provide evidence regarding to the computational feasibility of the

weak deep prior formulation, we fix the number of passes over the dataset—i.e., we use
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roughly twice the computational cost of reverse-time migration (computational budget for
large-scale least-squares imaging) However, as mentioned before, the deep prior formula-
tion requires more iterations to generate a reasonable image. We use 15 passes over the
dataset to solve problem 3.3—i.e., to compute Wp,. Note that taking one gradient step
for dm takes roughly 60 times more time than one update of w, without GPU acceleration.
Therefore, we neglect the CNN weights update times in our comparisons.

The imaging results are included in Figure 7.4.2. Figure 3.1a indicates the reflectiv-
ity that we have used to generate linearized data. Figure 3.1b is the MLE image—i.e.,
conventional least-squares reverse-time migration, 5/r\nMLE, obtained by minimizing Equa-
tion 3.1 with Adagrad for two passes over the dataset. Figures 3.1c shows the the deep-prior
based image, ¢(z, Weep), computed by running RMSprop for 15 passes over the dataset.
Figures 3.1d and 3.1e show the obtained results using the proposed method by solving
problem 3.5 for two passes over the dataset using values v = 10% and v = 3 x 103, respec-
tively.

We make the following observations. As expected, Figure 3.1b contains imaging arti-
facts since no prior regularization is in effect. Although the deep prior has been successful
in generating a realistic result (Figures 3.3), computing the solution required 15 passes over
the source experiments, which is practically not attainable for larger problems. The solution
to the weak deep prior imaging problem, with v = 10% (Equation 3.5), generates a seismic
image with considerably less artifacts compared to MLE (compare Figures 3.1b and 3.1d),
using the same number of wave-equation solves. By comparing Figure 3.1d with the image
obtained by deep prior based imaging (Figure 3.1c), we observe that the proposed method is
able to provide the benefits of deep prior while remaining computationally feasible. How-
ever, Figure 3.1d is slightly less smooth compared to the true reflectivity (Figure 3.1a)
and deep prior based recovery (Figure 3.1d). We can increase the the deep prior penalty
by increasing v to 3 x 10 (Figure 3.1e) to get an image with less artifacts compared to

Figure 3.1d. The cost of heavier penalty is amplitude underestimation compared to the
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Figure 3.1: Imaging with the proposed method. a) True model. b) Sy k. ©) 9(Z, Weeep)-
d, €) 0myeq, With v = 103 and 3 x 103, respectively.

deep-prior result (Figure 3.1c).

3.8 Conclusions

The proposed method is an alternative to classical constrained optimization, where hand-
crafted regularization is considered instead. While practical and ubiquitous, the latter ap-
proach is based on heavy-handed assumptions, which inevitably leaves a strong imprint
on the final result. Conversely, constraints by deep priors only requires an uninformative
Gaussian prior on the network weights. While deep priors have been recently proven suc-

cessful for many imaging problems, a naive implementation for seismic imaging, which
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involves lengthy wave-equation solvers, leads to a computationally expensive scheme. By
relaxing the deep prior, we decouple model and network updates when optimizing, hence
a relatively cheap training phase. As verified by our numerical experiment, we are still
able to resolve the imaging artifacts present in conventional least-squares imaging when
data is contaminated by strong noise. Compared to reverse-time migration, the deep weak
prior approach requires twice its computational cost, an affordable computational budget

in large-scale imaging problems.
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CHAPTER 4
PRECONDITIONED TRAINING OF NORMALIZING FLOWS FOR
VARIATIONAL INFERENCE IN INVERSE PROBLEMS

4.1 Summary

Obtaining samples from the posterior distribution of inverse problems with expensive for-
ward operators is challenging especially when the unknowns involve the strongly hetero-
geneous Earth. To meet these challenges, we propose a preconditioning scheme involving
a conditional normalizing flow (NF) capable of sampling from a low-fidelity posterior dis-
tribution directly. This conditional NF is used to speed up the training of the high-fidelity
objective involving minimization of the Kullback-Leibler divergence between the predicted
and the desired high-fidelity posterior density for indirect measurements at hand. To mini-
mize costs associated with the forward operator, we initialize the high-fidelity NF with the
weights of the pretrained low-fidelity NF, which is trained beforehand on available model
and data pairs. Our numerical experiments, including a 2D toy and a seismic compressed
sensing example, demonstrate that thanks to the preconditioning considerable speed-ups

are achievable compared to training NFs from scratch.

4.2 Introduction

Our aim is to perform approximate Bayesian inference for inverse problems characterized
by computationally expensive forward operators, F' : X — ), with a data likelihood,
Tike (Y | @):

y=F(x) +¢, 4.1)

where € X is the unknown model, y € ) the observed data, and € ~ N(0,02I) the

measurement noise. Given a prior density, Wprior(:c), variational inference [VI, 1] based
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on normalizing flows [NFs, 2] can be used where the Kullback-Leibler (KL) divergence
is minimized between the predicted and the target—i.e., high-fidelity, posterior density

Toost(@ | Y) [3,4,5,6,7]:
. 1 2
min E 2or.(2) %57 HF(T@(Z)) — yH2 — log Wprior(Tg(Z)) — log ‘ det VZTg(z)) . 42

In the above expression, Ty : Z, — X denotes a NF with parameters 8 and a Gaussian
latent variable z € Z,. The above objective consists of the data likelihood term, regular-
ization on the output of the NF, and a log-determinant term that is related to the entropy of
the NF output. The last term is necessarily to prevent the output of the NF from collapsing
on the maximum a posteriori estimate. For details regarding the derivation of the objective
in Equation (4.2), we refer to Appendix A. During training, we replace the expectation by
Monte-Carlo averaging using mini-batches of z. After training, samples from the approxi-
mated posterior, my(x | Y) ~ Tpost(Z | Y), can be drawn by evaluating T (z) for z ~ 7,(2)
[4]. It is important to note that Equation (4.2) trains a NF specific to the observed data y.
While the above VI formulation in principle allows us to train a NF to generate samples
from the posterior given a single observation y, this variational estimate requires access
to a prior density, and the training calls for repeated evaluations of the forward operator,
F, as well as the adjoint of its Jacobian, V F' T, Asin multi-fidelity Markov chain Monte
Carlo (MCMC) sampling [8], the costs associated with the forward operator may become
prohibitive even though VI-based methods are known to have computational advantages
over MCMC [9].

Aside from the above computational considerations, reliance on having access to a prior
may be problematic especially when dealing with images of the Earth’s subsurface, which
are the result of complex geological processes that do not lend themselves to be easily
captured by hand-crafted priors. Under these circumstances, data-driven priors—or even

better data-driven posteriors obtained by training over model and data pairs sampled from
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the joint distribution, 7, ,(y, )—are preferable. More specifically, we follow [4], [10],
and [11], and formulate the objective function in terms of a block-triangular conditional
NE G, : Y x X = Z, x Z,, with latent space Z, X Z,:

. 1
000 s,y |5 [Go(0.) [~ log |40t 9, Gofy.)]

4.3)
G
where Gy(y,x) = o) , ¢ = {0y, .}

Gy, (y, )

Thanks to the block-triangular structure of G4, samples of the approximated posterior,
e(x | Y) = mpos(x | y) can be drawn by evaluating G;j(G%(y),z) for z ~ m,(2)
[12]. Unlike the objective in Equation (4.2), training GG, does not involve multiple evalu-
ations of F'and VF' ", nor does it require specifying a prior density. However, its success
during inference heavily relies on having access to training pairs from the joint distribu-
tion, y, & ~ %y’z(y, x). Unfortunately, unlike medical imaging, where data is abundant
and variability among patients is relatively limited, samples from the joint distribution are
unavailable in geophysical applications. Attempts have been made to address this lack
of training pairs including the generation of simplified artificial geological models [13],
but these approaches cannot capture the true heterogeneity exhibited by the Earth’s sub-
surface. This is illustrated in Figure 4.1, which shows several true seismic image patches
drawn from the Parihaka dataset. Even though samples are drawn from a single data set,
they illustrate significant differences between shallow (Figures 4.1a and 4.1b) and deeper
(Figures 4.1c and 4.1d) sections.

To meet the challenges of computational cost, heterogeneity and lack of access to train-
ing pairs, we propose a preconditioning scheme where the two described VI methods are

combined to:

1. take maximum advantage of available samples from the joint distribution 7, ,(y, x),

to pretrain G, by minimizing Equation (4.3). We only incur these costs once, by
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(a) (b) (c) (d)

Figure 4.1: Subsurface images estimated from a real seismic survey, indicating strong het-
erogeneity between (a), (b) shallow and (c), (d) deep parts of the same survey area.

training this NF beforehand. As these samples typically come from a different

(neighboring) region, they are considered as low-fidelity;

2. exploit the invertibility of G4, (y, - ), which gives us access to a low-fidelity posterior
density, m4(x | y). For a given y, this trained (conditional) prior can be used in

Equation (4.2);

3. initialize Ty with weights from the pretrained G;j This initialization can be consid-
ered as an instance of transfer learning [14], and we expect a considerable speed-up
when solving Equation (4.2). This is important since it involves inverting £, which

is computationally expensive.

4.3 Related work

In the context of variational inference for inverse problems with expensive forward opera-
tors, [15] train a generative model to sample from the posterior distribution, given indirect
measurements of the unknown model. This approach is based on an Expectation Maximiza-
tion technique, which infers the latent representation directly instead of using an inference
encoding model. While that approach allows for inclusion of hand-crafted priors, capturing
the posterior is not fully developed. Like [10], we also use a block-triangular map between
the joint model and data distribution and their respective latent spaces to train a network

to generate samples from the conditional posterior. By imposing an additional monotonic-
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ity constraint, these authors train a generative adversarial network [GAN, 16] to directly
sample from the posterior distribution. To allow for scalability to large scale problems,
we work with NFs instead, because they allow for more memory efficient training [17, 18,
19, 20]. Our contribution essentially corresponds to a reformulation of [21] and [8]. In
that work, transport-based maps are used as non-Gaussian proposal distributions during
MCMC sampling. As part of the MCMC, this transport map is then tuned to match the
target density, which improves the efficiency of the sampling. [8] extend this approach by
proposing a preconditioned MCMC sampling technique where a transport-map trained to
sample from a low-fidelity posterior distribution is used as a preconditioner. This idea of
multi-fidelity preconditioned MCMC inspired our work where we setup a VI objective in-
stead. We argue that this formulation can be faster and may be easier to scale to large-scale
Bayesian inference problems [9].

Finally, there is a conceptional connection between our work and previous contributions
on amortized variational inference [22], including an iterative refinement step [23, 24, 25,
26]. Although similar in spirit, our approach is different from these attempts because we
adapt the weights of our conditional generative model to account for the inference errors

instead of correcting the inaccurate latent representation of the out-of-distribution data.

4.4 Multi-fidelity preconditioning scheme

For an observation y, we defineaNF T}, : Z, — X as

Ty, (z) :== G, (G, (y), 2), (4.4)

where we obtain ¢ = {¢,, ¢,} by training G4 through minimizing the objective func-
tion in Equation (4.3). To train G4, we use available low-fidelity training pairs y,x ~
Ty(Y,x). We perform this training phase beforehand, similar to the pretraining phase

during transfer learning [14]. Thanks to the invertibility of G, it provides an expression
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for the posterior. We refer to this posterior as low-fidelity because the network is trained
with often scarce and out-of-distribution training pairs. Because the Earth’s heterogeneity
does not lend itself to be easily captured by hand-crafted priors, we argue that this NF can

still serve as a (conditional) prior in Equation (4.2):

Tprior (X) 1= T (G%(y, m)) ‘ det V, Gy, (y, )| 4.5)

To train the high-fidelity NF given observed data y, we minimize the KL divergence be-

tween the predicted and the high-fidelity posterior density, s (x | ¥) [3, 4]
. 1 2
n%m Esr.(2) ) ||F(T¢I(z)) — yH2 —log Wprior(T% (z)) —log ) det V. T}, (2) H , (4.6)

where the prior density of Equation (4.5) is used. Notice that this minimization problem
differs from the one stated in Equation (4.2). Here, the optimization involves “fine-tuning”
the low-fidelity network parameters ¢, introduced in Equation (4.3). Moreover, this low-
fidelity network is also used as a prior. While other choices exist for the latter—e.g., it
could be replaced or combined with a hand-crafted prior in the form of constraints [27]
or by a separately trained data-driven prior [13], using the low-fidelity posterior as a prior
(cf. Equation (4.5)) has certain distinct advantages. First, it removes the need for training a
separate data-driven prior model. Second, use of the low-fidelity posterior may be more in-
formative [28] than its unconditional counterpart because it is conditioned by the observed
data y. In addition, our multi-fidelity approach has strong connections with online varia-
tional Bayes [29] where data arrives sequentially and previous posterior approximates are
used as priors for subsequent approximations.

In summary, the problem in Equation (4.6) can be interpreted as an instance of trans-
fer learning [14] for conditional NFs. This formulation is particularly useful for inverse
problems with expensive forward operators, where access to high fidelity training samples,

i.e. samples from the target distribution, is limited. In the next section, we present two nu-
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merical experiments designed to show the speed-up and accuracy gained with our proposed

multi-fidelity formulation.

4.5 Numerical experiments

We present two synthetic examples aimed at verifying the anticipated speed-up and in-
crease in accuracy of the predicted posterior density via our multi-fidelity preconditioning
scheme. The first example is a two-dimensional problem where the posterior density can be
accurately and cheaply sampled via MCMC. The second example demonstrates the effect
of the preconditioning scheme in a seismic compressed sensing [30, 31] problem. Details
regarding training hyperparameters and the NF architectures are included in Appendix B.
Code to reproduce our results are made available on GitHub. Our implementation relies on
InvertibleNetworks.jl [32], a recently-developed memory-efficient framework for training

invertible networks in the Julia programming language.

4.5.1 2D toy example

To illustrate, the advantages of working with our multi-fidelity scheme, we consider the
2D Rosenbrock distribution, myior(2) o exp (—%x% — (w9 — x%)2> , plotted in Figure 4.2a.
High-fidelity data y € R? are generated via y = A x + €, where € ~ N(0,0.42T) and
A € R**? is a forward operator. To control the discrepancy between the low- and high-
fidelity samples, we set A equal to A / p(A), where p(-) is the spectral radius of A =
I +~I, T € R**? has independent and normally distributed entries, and v = 3. By
choosing smaller values for v, we make A more dissimilar to the identity matrix, therefore
increasing the discrepancy between the low- and high-fidelity posterior.

Figure 4.2b depicts the low- (purple) and high-fidelity (red) data densities. The dark star
represents the unknown model. Low-fidelity data samples are generated with the identity

as the forward operator. During the pretraining phase conducted beforehand, we minimize

the objective function in Equation (4.3) for 25 epochs.
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Figure 4.2: (a) Prior, (b) low- and high-fidelity data, (c) low- (blue) and high-fidelity
(orange) approximated posterior densities, and (d) approximated posterior densities via
MCMC (dark circles), and objectives in Equations (4.2) in green and (4.6) in orange. (e)
Objective value during training via Equations (4.2) in green and (4.6) in orange.
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The pretrained low-fidelity posterior is subsequently used to precondition the minimiza-
tion of (4.6) given observed data y. The resulting low- and high-fidelity estimates for the
posterior as plotted in Figure 4.2c differ significantly. In Figure (4.2d), the accuracy of the
proposed method is verified by comparing the approximated high-fidelity posterior density
(orange contours) with the approximation (in green) obtained by minimizing the objective
of Equation (4.2). The overlap between the orange contours and the green shaded area
confirms consistency between the two methods. To assess the accuracy of the estimated
densities themselves, we also include samples from the posterior (dark circles) obtained
via stochastic gradient Langevin dynamics [33], an MCMC sampling technique. As ex-
pected, the estimated posterior densities with and without the preconditioning scheme are
in agreement with the MCMC samples.

Finally, to illustrate the performance our multi-fidelity scheme, we consider the con-
vergence plot in Figure 4.2e where the objective values of Equations (4.2) and (4.6) are
compared. As explained in Appendix A, the values of the objective functions correspond
to the KL divergence (plus a constant) between the posterior given by Equation (4.2) and
the posterior distribution obtained by our multi-fidelity approach (Equation (4.6)). As ex-
pected, the multi-fidelity objective converges much faster because of the “warm start”. In
addition, the updates of 7}, via Equation (4.6) succeed in bringing down the KL divergence
within only five epochs (see orange curve), whereas it takes 25 epochs via the objective in
Equation (4.2) to reach approximately the same KL divergence. This pattern holds for
smaller values of ~y too as indicated in Table 4.1. According to Table 4.1, the improvements
by our multi-fidelity method become more pronounced if we decrease the +. This behavior
is to be expected since the samples used for pretraining are more and more out of distri-

bution in that case. We refer to Appendix C for additional figures for different values of

Y.
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Table 4.1: The KL divergence (plus some constant, see Appendix A) between different
estimated posterior densities and high-fidelity posterior distribution for different values of
~. Second column corresponds to the low-fidelity posterior estimate obtained via Equa-
tion (4.3), third column relates to the posterior estimate via Equation (4.2), and finally, the
last column shows the same quantity for the posterior estimate via the multi-fidelity pre-
conditioned scheme.

v Low-fidelity Without preconditioning With preconditioning
3 6.13 4.88 4.66
2 8.43 5.60 5.26
1 8.84 6.26 6.51
0 14.73 8.41 8.45

4.5.2 Seismic compressed sensing example

This experiment is designed to show challenges with geophysical inverse problems due
to the Earth’s strong heterogeneity. We consider the inversion of noisy indirect measure-

ments of image patches x € R256%2%6

sampled from deeper parts of the Parihaka seismic
dataset. The observed measurements are given by y = Ax + € where € ~ N(0,0.221).
For simplicity, we chose A = M T M with M a compressing sensing matrix with 66.66 %
subsampling. The measurement vector y corresponds to a pseudo-recovered model con-
taminated with noise.

To mimic a realistic situation in practice, we change the likelihood distribution by re-
ducing the standard deviation of the noise to 0.01 in combination with using image patches
sampled from the shallow part of the Parihaka dataset. As we have seen in Figure 4.1, these
patches differ in texture. Given pairs y, x ~ 7, ,(y, ), we pretrain our network by min-
imizing Equation (4.3). Figures 4.3a and 4.3b contain a pair not used during pretraining.
Estimates for the conditional mean and standard deviation obtained by drawing 1000 sam-
ples from the pretrained conditional NF for the noisy indirect measurement (Figure 4.3b)
are included in Figures 4.3c and 4.3d. Both estimates exhibit the expected behavior be-
cause the examples in Figure 4.3a and 4.3b are within the distribution. As anticipated, this

observation no longer holds if we apply this pretrained network to indirect data depicted in
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Figure 4.3: Seismic compressed sensing. First row indicates the performance of the
pretrained network on data not used during pretraining. Second row is compares the
pretraining-based recovery with the accelerated scheme result. Last row compares the re-
covery errors and pointwise STDs for the two recoveries.

Figure 4.3f, which is sampled from the deeper part. However, these results are significantly
improved when the pretrained network is fine-tuned by minimizing Equation (4.6). After
fine tuning, the fine details in the image are recovered (compare Figures 4.3g and 4.3h).
This improvement is confirmed by the relative errors plotted in Figures 4.31 and 4.3j, as

well as by the reduced standard deviation (compare Figures 4.3k and 4.31).

106



4.6 Conclusions

Inverse problems in fields such as seismology are challenging for several reasons. The
forward operators are complex and expensive to evaluate numerically while the Earth is
highly heterogeneous. To handle this situation and to quantify uncertainty, we propose a
preconditioned scheme for training normalizing flows for Bayesian inference. The pro-
posed scheme is designed to take full advantage of having access to training pairs drawn
from a joint distribution, which for the reasons stated above is close but not equal to the
actual joint distribution. We use these samples to train a normalizing flow via likelihood
maximization leveraging the normalizing property. We use this pretrained low-fidelity es-
timate for the posterior as a prior and preconditioner for the actual variational inference
on the observed data, which minimizes the Kullback-Leibler divergence between the pre-
dicted and the desired posterior density. By means of a series of examples, we demonstrate
that our preconditioned scheme leads to considerable speed-ups compared to training a

normalizing flow from scratch.
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CHAPTER §
RELIABLE AMORTIZED VARIATIONAL INFERENCE WITH
PHYSICS-BASED LATENT DISTRIBUTION CORRECTION

5.1 Summary

Bayesian inference for high-dimensional inverse problems is challenged by the computa-
tional costs associated with the forward operator during posterior sampling, as well as the
selection of an appropriate prior distribution that encodes our prior knowledge about the
unknown. Amortized variational inference addresses these challenges where a deep neural
network is trained to approximate the posterior distribution over existing pairs of model and
data. When fed previously unseen data and normally distributed latent samples as input,
the pretrained deep neural network—in our case a conditional normalizing flow—provides
posterior samples associated with the input data virtually for free. However, the accuracy
of this approach solely relies on the availability of high-fidelity training data, which sel-
dom exists in geophysical inverse problems because of the highly heterogeneous structure
of the Earth. In addition, the ability of amortized variational inference to approximate the
posterior distribution for a previously unseen data hinges on the data being drawn from
the training data distribution. As such, we offer a solution that increases the resilience of
amortized variational inference when faced with data distribution shifts, e.g., changes in
the forward model or prior distribution. Our proposed method involves learning a physics-
based correction to the conditional normalizing flow latent distribution to provide a more
accurate approximation to the posterior distribution for the observed data at hand, which
might be drawn from a slightly shifted data distribution. To accomplish this, instead of
feeding standard Gaussian latent samples to the pretrained conditional normalizing flow,

we parameterize the latent distribution by a Gaussian distribution with an unknown mean
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and diagonal covariance. These unknown quantities are then estimated through solving a
variational inference objective that involves minimizing the Kullback-Leibler divergence
between the corrected posterior distribution estimate and the true posterior distribution. By
means of a realistic seismic imaging example, we show that our correction step improves
the robustness of amortized variational inference with respect to a certain class of data
distribution shifts, e.g., changes in number of source experiments and noise variance as
well as shifts in the prior distribution. While generic and applicable to other inverse prob-
lems, our proposed latent distribution correction when applied to least squares imaging
provides a seismic image with limited artifacts and an assessment of its uncertainty with
approximately the same cost as five reverse-time migrations, which might be affordable in

large-scale problems.

5.2 Introduction

Inverse problems involve the estimation of an unknown quantity based on noisy indirect ob-
servations. The problem is typically solved by minimizing the difference between observed
and predicted data, where predicted data can be computed by modeling the underlying data
generation process through a forward operator. Due to the presence of noise in the data,
forward modeling errors, and the inherent nullspace of the forward operator, minimization
of the data misfit alone negatively impacts the quality of the obtained solution [1]. Casting
inverse problems into a probabilistic Bayesian framework allows for a more comprehensive
description of their solution, where instead of finding one single solution, a distribution of
solutions to the inverse problem—known as the posterior distribution—is obtained whose
samples are consistent with the observed data [2]. The posterior distribution can be sampled
to extract statistical information that allows for quantification of uncertainty, i.e., assessing
the variability among the possible solutions to the inverse problem.

Uncertainty qualification and Bayesian inference in inverse problems often require

high-dimensional posterior distribution sampling, for instance through the use of Markov
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chain Monte Carlo [MCMC, 3, 4, 5, 6]. Because of their sequential nature, MCMC sam-
pling methods require a large number of sampling steps to perform accurate Bayesian
inference [7], which reduces their applicability to large-scale problems due to the costs
associated with the forward operator [8, 9, 4, 5, 10, 11, 12, 13, 14]. As an alternative,
variational inference methods [15, 16, 17, 18, 19, 20, 21, 22, 23] approximate the posterior
distribution with a surrogate and easy-to-sample distribution. By means of this approxi-
mation, sampling is turned into an optimization problem, in which the parameters of the
surrogate distribution are tuned in order to minimize the divergence between the surrogate
and posterior distributions. This surrogate distribution is then used for conducting Bayesian
inference. While variational inference methods may have computational advantages over
MCMC methods in high-dimensional inverse problems [24, 25], the resulting approxima-
tion to the posterior distribution is typically non-amortized, i.e., it is specific to the observed
data used in solving the variational inference optimization problem. Thus, the variational
inference optimization problem must be solved again for every new set of observations.
Solving this optimization problem may require numerous iterations [19, 20], which may
not be feasible in inverse problems with computationally costly forward operators, such as
seismic imaging.

On the other hand, amortized variational inference [26, 27, 28, 29, 30, 31, 32, 33, 34,
35] reduces Bayesian inference computational costs by incurring an up-front optimization
cost for finding a surrogate conditional distribution, typically parameterized by deep neural
networks [31], that approximate the posterior distribution across a family of observed data
instead of being specific to a single observed dataset. This optimization problem involves
maximization of the probability density function (PDF) of the surrogate conditional distri-
bution over existing pairs model and data [28]. Following optimization, samples from the
posterior distribution for previously unseen data may be obtained by sampling the surro-
gate conditional distribution, which does not require further optimization or MCMC sam-

pling. While drastically reducing the cost of Bayesian inference, amortized variational
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inference can only be used for inverse problems where a dataset of model and data pairs is
available that sufficiently captures the underlying joint distribution. In reality, such an as-
sumption is rarely true in geophysical applications due to the Earth’s strong heterogeneity
across geological scenarios and our lack of access to its interior [29, 36, 37]. Addition-
ally, the accuracy of Bayesian inference with data-driven amortized variational inference
methods degrades as the distribution of the data shifts with respect to pretraining data [38].
Among these shifts are changes in the distribution of noise, the number of observed data in
multi-source inverse problems, and the distribution of unknowns, in other words, the prior
distribution.

In this work, we leverage amortized variational inference to accelerate Bayesian in-
ference while building resilience against data distribution shifts through a data-specific
physics-based latent distribution correction method. During this process, the latent dis-
tribution of a normalizing-flow-based surrogate conditional distribution [31] is adapted to
minimize the Kullback-Leibler (KL) divergence between the predicted and true posterior
distributions. The invertibility of the conditional normalizing flow—a family of invertible
neural networks [39]—guarantees the existence of an adapted latent distribution [40] that
when “pushed forward” by the conditional normalization flow matches the posterior dis-
tribution. During pretraining, the conditional normalizing flow learns to Gaussianize the
input model and data joint samples [31], resulting in a standard Gaussian latent distribu-
tion. As a result, for slightly shifted data distributions, the conditional normalization flow
can provide samples from the the posterior distribution given an “approximately Gaussian”
latent distribution as input [41, 42]. Motivated by this, and to limit the costs of the latent
distribution correction step, we learn a simple diagonal (elementwise) scaling and shift to
the latent distribution through a physic-based objective that minimizes the KL divergence
between the predicted and true posterior distributions. As with amortized variational infer-
ence, after latent distribution correction, we gain cheap access to corrected posterior sam-

ples. Besides offering computational advantages, our proposed method implicitly learns
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Figure 5.1: Schematic representation of our proposed method. We modify the standard
Gaussian latent distribution of a pretrained conditional normalizing flow through a compu-
tationally cheap diagonal physics-based correction procedure to mitigate the errors due to
data distribution shifts. Upon correction, the new latent samples result in corrected poste-
rior samples when fed into the pretrained conditional normalizing flow.

the prior distribution during conditional normalizing flow pretraining. As advocated in the
literature [43, 40] learned priors have the potential to better describe the prior information
when compared to generic handcrafted priors that are chosen purely for their simplicity and

applicability. A schematic representation of our proposed method is shown in Figure 5.1.

5.2.1 Related work

In the context of variational inference for inverse problems, [19], [44], [45], [46], and [47]
proposed a non-amortized variational inference approach to approximate posterior distri-
butions through the use of normalizing flows. These methods do not require training data,
however they require choosing a prior distribution and repeated computationally expen-
sive evaluation of the forward operator and the adjoint of its Jacobian. Therefore, the
proposed methods may prove computationally expensive when applied to inverse prob-
lems involving computationally expensive forward operators. To speed up the convergence
of non-amortized variational inference, [29] introduces a normalizing-flow-based nonlin-
ear preconditioning scheme. In this approach, a pretrained conditional normalizing flow

capable of providing a low-fidelity approximation to the posterior distribution is used to
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warm-start the variational inference optimization procedure. In a related work, [48] par-
tially address challenges associated with non-amortized variational inference by learning a
normalizing-flow-based prior distribution in a learned low-dimensional space via an injec-
tive network. Additionally to learning a prior, this approach also allowed non-amortized
variational inference in a lower dimensional space, which could potentially have computa-
tional benefits.

Alternatively, amortized variational inference was applied by [49], [31], [32], [30], and
[33] to further reduce the computational costs associated with Bayesian inference. These
methods learn an implicit prior distribution from training data and provide posterior sam-
ples for previously unseen data for a negligible cost due to the low cost of forward eval-
uation of neural networks. The success of such techniques hinges on having access to
high-quality training data, including pairs of model and data that sufficiently capture the
underlying model and data joint distribution. To address this limitation, [29] take amortized
variational inference a step further by proposing a two-stage multifidelity approach where
during the first stage a conditional normalizing flow is trained in the context of amortized
variational inference. To account for any potential shift in data distribution, the weights of
this pretrained conditional normalizing flow are then further finetuned during an optional
second stage of physics-based variational inference, which is customized for the specific
imaging problem at hand. While limiting the risk of errors caused by shifts in the distribu-
tion of data, the second physics-based stage can be computationally expensive due to the
high dimensionality of the weight space of conditional normalizing flows. Our work differs
from the proposed method in [29] in that we learn to correct the latent distribution of the
conditional normalizing flow, which typically has a much smaller dimensionality (approx-
imately x90 in our case) than the dimension of the conditional normalizing flow weight
space.

The work we present is principally motivated by [40], which demonstrates that nor-

malizing flows—due to their invertibility—can mitigate biases caused by shifts in the data
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distribution. This is achieved by reparameterizing the unknown by a pretrained normaliz-
ing flow with fixed weights while optimizing over the latent variable in order to fit the data.
The reparameterization together with a Gaussian prior on the latent variable act as a regu-
larization while the invertibility ensures the existence of a latent variable that fits the data.
[40] exploit this property using a normalizing flow that is pretrained to capture the prior
distribution associated with an inverse problem. By computing the maximum-a-posterior
estimate in the latent space, [40], as well as [23] and [34], limit biases originating from data
distribution shifts while utilizing the prior knowledge of the normalizing flow. We extend
this method by obtaining an approximation to the full posterior distribution of an inverse
problem instead of a point estimate, e.g., maximum-a-posteriori.

Our work is also closely related to the non-amortized variational inference techniques
presented by [50] and [48], in which the latent distribution of a normalizing flow is altered
in order to perform Bayesian inference. In contrast to our approach, these methods employ
a pretrained normalizing flow that approximates the prior distribution. As a result, it is
necessary to significantly alter the latent distribution in order to adapt the pretrained nor-
malizing flow to sample from the posterior distribution. In response, [50] and [48] train a
second normalizing flow aimed at learning a latent distribution that approximates the poste-
rior distribution after passing through the pretrained normalizing flow. Our study, however,
utilizes a conditional normalizing flow, which, before any corrections are applied, already
approximates the posterior distribution. We argue that our approach requires a simpler cor-
rection in the latent space to mitigate biases caused by shifts in the data distribution. This
is crucial when dealing with large-scale inverse problems with computationally expensive

forward operators.

5.2.2 Main contributions

The main contribution of our work involves a variational inference formulation for solving

probabilistic Bayesian inverse problems that leverages the benefits of data-driven learned
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posteriors whilst being informed by physics and data. The advantages of this formulation

include

* Enhancing the solution quality of inverse problems by implicitly learning the prior

distribution from the data;

* Reliably reducing the cost of uncertainty quantification and Bayesian inference; and

* Providing safeguards against data distribution shifts.

5.2.3 Outline

In the sections below, we first formulate multi-source inverse problems mathematically
and cast them within a Bayesian framework. We then describe variational inference and
examine how existing model and data pairs can be used to obtain an approximation to the
posterior distribution that is amortized, i.e., the approximation holds over a distribution of
data rather than a specific set of observations. We showcase amortized variational inference
on a high-dimensional seismic imaging example in a controlled setting where we assume
observed data during inference is drawn from the same distribution as training seismic
data. As means to mitigate potential errors due to data distribution shifts, we introduce
our proposed correction approach to amortized variational inference, which exploits the
advantages of learned posteriors while reducing potential errors induced by certain data
distribution shifts. Two realistic seismic imaging examples are presented, in which the
distribution of the data is shifted by altering the forward model and the prior distribution.
These numerical experiments are intended to demonstrate the ability of the proposed latent
distribution correction method to correct for errors caused by shifts in the distribution of
data. Finally, we verify our proposed Bayesian inference method by conducting posterior

contraction experiments.
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5.3 Theory

Our purpose is to present a technique for using deep neural networks to accelerate Bayesian
inference for ill-posed inverse problems while ensuring that the inference is robust with re-
spect to data distribution shifts through the use of physics. We begin with an introduction to
Bayesian inverse problems and discuss variational inference [15] as a probabilistic frame-

work for solving Bayesian inverse problems.

5.3.1 Inverse problems

We are concerned with estimating an unknown multidimensional quantity x* € X, often
referred to as the unknown model, given N noisy and indirect observed data (e.g, shot
records in seismic imaging) y = {y;}~, with y; € V. Here X and X" denote the space of
unknown models and data, respectively. The physical underlying data generation process
is assumed to be encoded in forward modeling operators, F; : X — ), which relates the

unknown model to the observed data via the forward model

yi=Fi(x*)+€, i=1,...,N. .1

In the above expression, €; is a vector of measurement noise, which might also include
errors in the forward modeling operator. Solving ill-posed inverse problems is challenged
by noise in the observed data, potential errors in the forward modeling operator, and the
intrinsic nontrivial nullspace of the forward operator [1]. These challenges can lead to non-
unique solutions where different estimates of the unknown model may fit the observed data
equally well. Under such conditions, the use of a single model estimate ignores the intrinsic
variability within inverse problem solutions, which increases the risk of overfitting the data.
Therefore, not only does the process of estimating x* fromy require regularization, but it
also calls for a statistical inference framework that allows us to characterize the variability

among the solutions by quantifying the solution uncertainty [2].
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5.3.2 Bayesian inference for solving inverse problems

To systematically quantify the uncertainty, we cast the inverse problem into a Bayesian
framework [2]. In this framework, instead of having a single estimate of the unknown,
the solution is characterized by a probability distribution over the solution space X that
is conditioned on data, namely the posterior distribution. This conditional distribution,

denoted by ppost(x | y), can according to the Bayes’ rule be written as follows:

Piike (Y | X) Pprior(X)
ost \ X = 5 (52)
pp t( | Y) pdata(}’)

which equivalently can be expressed as

N
—log ppost(x | ¥) = — Z 10g Piike (¥i | X) — 10g Pprior(X) + 108 Pdaa(¥)
i=1
1 & (5.3)
2
T 902 Z Hy’ - Fi(x)”g — log Pprior(X) + const.
i=1

In equations 5.2 and 5.3, the likelihood function pj(y | x) quantifies how well the pre-
dicted data fits the observed data given the PDF of the noise distribution. For simplicity, we
assume the distribution of the noise is a zero-mean Gaussian distribution with covariance
o1 but other choices can be incorporated. The prior distribution Pprior(X) €ncodes prior be-
liefs on the unknown quantity, which can also be interpreted as a regularizer for the inverse
problem. Finally, pg..(y) denotes the data PDF, which is a normalization constant that is
independent of x.

Acquiring statistical information regarding the posterior distribution requires access to
samples from the posterior distribution. Sampling the posterior distribution, commonly
achieved via MCMC [3] or variational inference techniques [15], is computationally costly
in high-dimensional inverse problems due to the costs associated with many needed eval-

uations of the forward operator [51, 2, 52, 4, 24, 53, 5, 54, 11, 12, 25]. For multi-source
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inverse problem the costs are especially high as evaluating the likelihood function involves
N forward operator evaluations (equation 5.3). Stochastic gradient Langevin dynamics
[SGLD; 9, 55, 6] alleviates the need to evaluate the likelihood for all the N forward oper-
ators by allowing for stochastic approximations to the likelihood, i.e., evaluating the likeli-
hood over randomly selected indices ¢ € {1,..., N}. While SGLD can provably provide
accurate posterior samples with more favorable computational costs [9], due to the sequen-
tial nature of MCMC methods, SGLD still requires numerous iterations to fully traverse
the probability space [7], which is computationally challenging in large-scale multi-source
inverse problems. In the next section, we introduce variational inference as an alternative
Bayesian inference method that has the potential to scale better than MCMC-methods in

inverse problems with costly forward operators [24, 25].

5.3.3 Variational inference

As an alternative to MCMC-based methods, variational inference methods [15] reduce the
problem of sampling from the posterior distribution pp(x | y) to an optimization prob-
lem. The optimization problem involves approximating the posterior PDF via the PDF of a
tractable surrogate distribution p4(x) with parameters ¢ by minimizing a divergence (read
“distance”) between py(x) and ppos(Xx | y) with respect to surrogate distribution parame-
ters ¢. This optimization problem can be solved approximately, which allows for trading
off computational cost for accuracy [15]. After optimization, we gain access to samples
from the posterior distribution by sampling ps(x) instead, which does not involve forward
operator evaluations.

Due to its simplicity and connections to the maximum likelihood principle [56], we for-
mulate variational inference via the Kullback-Leibler (KL) divergence. The KL divergence
can be explained as the cross-entropy of pposi(x | y) relative to ps(x) minus the entropy
of py(x). This definition describes the reverse KL divergence, denoted by KL (p,(x) ||

Ppost(x | ¥)), which is not equal to the forward KL divergence, KL (pos(x | ¥) || ps(x)).
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This non-symmetry in KL divergence leads to different computational and approximation
properties during variational inference, which we describe in detail in the following sec-
tions. We will first describe the reverse KL divergence, followed by the forward KL di-
vergence. Finally, we will describe normalizing flows as a way of parameterized surrogate

distributions to facilitate variational inference.

Non-amortized variational inference

The reverse KL divergence is the common choice for formulating variational inference [19,
44, 45, 46, 47] in which the the physically-informed posterior density guides the optimiza-

tion over ¢. The reverse KL divergence can be mathematically stated as

KL (pd)(x) || ppost(x | YObs)) = ]Exwp(/) x) |: 1Og ppost(x | YOb§> + 10g p¢( )} (5.4

where yops ~ Paaa(y) refers to a specific single observed data. x in the right hand side
of the expression in equation 5.4 is a random variable obtained by sampling the surrogate
distribution p,(x), over which we evaluate the expectation. Variational inference using the
reverse KL divergence involves minimizing equation 5.4 with respect to ¢ during which
the logarithm of the posterior PDF is approximated by the logarithm of the surrogate PDF,
when evaluated over samples from the surrogate distribution. By expanding the negative-
log posterior density via Bayes’ rule (equation 5.3), we write the non-amortized variational

inference optimization problem as

1
P = arg(;nin Exnpy(x) 557 Z Hyobsﬂ- — ||2 10g Pprior (x) +logps(x)| . (5.5)
i=1

The expectation in the above equation is approximated with a sample mean over samples
drawn from p,(x). The optimization problem in equation 5.5 can be solved using stochastic
gradient descent and its variants [57, 58, 59, 60] where at each iteration the objective func-

tion is evaluated over a batch of samples drawn from p,(x) and randomly selected (without
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replacement) indices i € {1,..., N}. To solve this optimization problem, there are two
considerations to take into account. First consideration involves the tractable computation
of the surrogate PDF and its gradient with respect to ¢. As described in the following
sections, normalizing flows [17], which are a family of specially designed invertible neu-
ral networks [39], facilitate the computation of these quantities via the change-of-variable
formula in probability distributions [61]. The second consideration involves differentiating
(with respect to ¢) the expectation (sample mean) operation in equation 5.5. Evaluating
this expectation requires sampling from the surrogate distribution p,(x), which depends
¢. Differentiating through the sampling procedure from the surrogate distribution py(x)
can be facilitated through the reparameterization trick [62]. In this approach sampling
from p,(x) is interpreted as passing latent samples z € Z from a simple base distribution,
such as standard Gaussian distribution, through a parametric function parameterized by ¢
[62]. With this interpretation, the expectation over ps(x) can be computed over the latent
distribution instead, which does not depend on ¢, followed by a mapping of latent sam-
ples through the parametric function. This process enables computing the gradient of the
expression in equation 5.5 with respect to ¢ [62].

Following optimization, p,-(x) provides unlimited samples from the posterior distribution—
virtually for free. While there are indications that this approach can be computationally fa-
vorable compared to MCMC sampling methods [24, 25], each iteration during optimization
problem 5.5 involves evaluating the forward operator and the adjoint of its Jacobian, which
can be computationally costly depending on /N and the number of iterations required to
solve 5.5. In addition, and more importantly, this approach is non-amortized—i.e., the re-
sulting surrogate distribution p,«(x) approximates the posterior distribution for the specific
data y that is used to solve optimization problem 5.5. This necessitates the optimization
problem to be solved again for a new instance of the inverse problem with different data. In
the next section, we introduce an amortized variational inference approach that addresses

these limitations.
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Amortized variational inference

Similarly to reverse KL divergence, forward KL divergence involves calculating the dif-
ference between the logarithms of the surrogate PDF and the posterior PDF. In contrast
to reverse KL divergence, however, to compute the forward KL divergence the PDFs are
evaluated over samples from the posterior distribution rather than the surrogate distribution

samples (see equation 5.4). The forward KL divergence can be written as follows

KL (ppost(X | ¥) 1| 26(X)) = Exppuueiy) | — 108 Po(X) + log ppou(x [ y)]. (5.6)

Following the expression above, it is infeasible to evaluate the forward KL divergence in
inverse problems as it requires access to samples from the posterior distribution—the sam-
ples that we are ultimately after and do not have access to. However, the average (over data)
forward KL divergence can be computed using available model and data pairs in the form
of samples from the joint distribution p(x,y). This involves integrating (marginalizing) the

forward KL divergence over existing data y ~ paaa(y):

Eypia(y) [KL (ppost(x | y) |l p¢(x))]

= By pia () Excppon (xly) [ —log py(x [ y) +log ppos(x | ¥)
—_——

constant w.r.t. ¢

(5.7)
= / / Paaa (Y ) Ppost (X | ) [— log py (x| y)}dx dy + const
=p?ry)

= Egxy)mpxy) [ — log py(x | y)} + const.

In the above expression p,(x | y) represents a surrogate conditional distribution that ap-
proximates the posterior distribution for any data y ~ pgu.(y). The third line in equa-
tion 5.7 is the result of applying the chain rule of PDFs'. By minimizing the average KL

divergence we obtain the following amortized variational inference objective:

'p(x,y) =plx | y)py), Ve e X,y e V.
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¢" = argmin Ey,,. (v [K]L (Ppost (X | ¥) |] po(x | y))}
¢ (5.8)

= arg;nin Exy)~pixy) [ — logpo(x | ¥)].

The above optimization problem represent a supervised learning framework to for ob-
taining fully-learned posteriors using existing pairs of model and data. The expectation is
approximated with a sample mean over available model and data joint samples. Note that
this method does not impose any explicit assumption on the noise distribution (see equa-
tion 5.3), and the information about the forward model is implicitly encoded in the model
and data pairs. As a result, this formulation is an instance of likelihood-free simulation-
based inference methods [63, 64] that allows us to approximate the posterior distribution

for previously unseen data as,

p¢* (X ‘ YObs) ~ ppost(x ‘ yobs)> v}’obs ~ pdata(}’)- (59)

Equation 5.9 holds for previously unseen data drawn from py,,(y) provided that the op-
timization problem 5.8 is solved accurately [31, 38], i.e., Eypu(y) [KL (Pposi(x | ¥) ||
pe-(x | y))] = 0. Following an one-time upfront cost of training, equation 5.9 can be
used to samples the posterior distribution with no additional forward operator evaluations.
While computationally cheap, the accuracy of the amortized variational inference approach
in equation 5.8 is directly linked to the quality and quantity of model and data pairs used
during optimization [63]. This raises questions regarding the reliability of this approach in
domains that sufficiently capturing the underlying joint model and data distribution is chal-
lenging, e.g., in geophysical applications due to the Earth’s strong heterogeneity across
geological scenarios and our lack of access to its interior [29, 36, 37]. To increases the
resilience of amortized variational inference when faced with data distribution shifts, e.g.,
changes in the forward model or prior distribution, we propose a latent distribution cor-

rection to physically inform the inference. Before describing our proposed physics-based
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latent distribution correction approach, we introduce conditional normalizing flows [31] to

parameterize the surrogate conditional distribution for amortized variational inference.

5.3.4 Conditional normalizing flows for amortized variational inference

To limit the computational cost of amortized variational inference, both during optimization
and inference, it is imperative that the surrogate conditional distribution be able to: (1) ap-
proximate complex distributions, i.e., it should have a high representation power, which is
required to represent possibly multi-modal distributions; (2) support cheap density estima-
tion, which involves computing the density p,(x | y) for given x and y; and (3) permit fast
sampling from p,(x | y) for cheap posterior sampling during inference. These character-
istics are provided by conditional normalizing flows [31], which are a family of invertible
neural networks [39] that are capable of approximating complex conditional distributions
[65, 66].

A conditional normalizing flows—in the context of amortized variational inference—
aims to map input samples z from a latent standard multivariate Gaussian distribution N(z |
0,I) to samples from the posterior distribution given the observed data y ~ py,,(y) as an
additional input. This nonlinear mapping can formally be stated as f, 'y 2 = &,
with f- !(z;y) being the inverse of the conditional normalizing flow with respect to its first
argument. Due to the low computational cost of evaluating invertible neural networks in
reverse [39], using conditional normalizing flows as a surrogate conditional distribution
ps(x | y) allows for extremely fast sampling from p,(x | y). In addition to low-cost
sampling, the invertibility of conditional normalizing flows permits straightforward and
cheap estimation of the density p,(x | y). This allows for tractable amortized variational
inference via equation 5.8 through the following change-of-variable formula in probability

distributions [61],
po(x|y) =N (fs(x;y)|0,1) ‘det Vils(xy)|, Vx,y ~p(x,y). (5.10)
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In the above formula, N ( fs(x3y) | 0, I) represents the PDF for a multivariate standard
Gaussian distribution evaluated at f,(x;y). Thanks to the special design of invertible neu-
ral networks [39], density estimation via equation 5.10 is cheap since evaluating the con-
ditional normalizing flow and the determinant of its Jacobian det V f(x;y) are almost
free of cost. Given the expression for ps(x | y) in equation 5.10, we derive the following

training objective for amrotized conditional normalizing flows:

¢* = argmin Ex y)p(xy) [ — log ps(x | }’)]
¢ (5.11)

: 1
= argnin Bpey)~ptu 5 106 ) —log | det Fufoty) |

In the above objective, the ¢5-norm follows from a standard Gaussian distribution assump-
tion on the latent variable, i.e., the output of the normalizing flow. The second term quan-
tifies the relative change of density volume [papamakarios2021] and can be interpreted as
an entropy regularization of p,(x | y), which prevents the conditional normalizing flow
from converging to solutions, e.g., f4(x;y) := 0. Due to the particular design of invertible
networks [39, 31], computing the gradient of det Vy f;(x;y) has a negligible extra cost.
Figure 5.2 illustrates the pretraining phase as a schematic.

After training, given a previously unseen observed data yops ~ Pyaa(y) We sample from
the posterior distribution using the inverse of the conditional normalizing flow. We achieve
this by by feeding latent samples z ~ N(z | 0,I) to the conditional normalizing flow’s

inverse f 5 ! (z; yobs) While conditioning on the observed data yps,

f;l(z;y'obs) ~ ppost(x | YObs)7 Z ~ N(Z | 071) (512)

As the process above does not involve forward operator evaluations, sampling with pre-
trained conditional normalizing flows is fast once an upfront cost of amortized variational
inference is incurred. In the next section, we apply the above amortized variational in-

ference to a seismic imaging example in a controlled setting in which we assume no data
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Figure 5.2: A schematic representation of pretraining conditional normalizing flows in the
context of amortized variational inference. During pretraining, joint model and data joint
samples x,y ~ p(x,y) from the training dataset and are fed to the conditional normalizing
flow. The training objective (equation 5.11) enforces the conditional normalizing flow to
Gaussianize its input.

Pprior (x)

distribution shifts during inference

5.4 Validating amortized variational inference

The objective of this example is to apply amortized variational inference to the high-
dimensional seismic imaging problem. We show that a relatively good pretrained con-
ditional normalizing flow within the context of amortized variational inference can be used
to provide approximate posterior samples for previously unseen seismic data that is drawn
from the same distribution as training seismic data. We begin by introducing seismic imag-

ing and describe challenges with Bayesian inference in this problem.

5.4.1 Seismic imaging

We are concerned with constructing an image of the Earth’s subsurface using indirect sur-

face measurements that record the Earth’s response to synthetic sources being fired on the
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surface. The nonlinear relationship between these measurements, known as shot records,
and the squared-slowness model of the Earth’s subsurface is governed by the wave equa-
tion. By linearizing this nonlinear relation, seismic imaging aims to estimates the short-
wavelength component of the Earth’s subsurface squared-slowness model. In its simplest
acoustic form, the linearization with respect to the slowness model—around a known,
smooth background squared slowness model my—Ieads to the following linear forward
problem:

We invert the above forward model to estimate the ground truth seismic image dm* from N
processed (linearized) shot records {di}i]il where J(my, q;) represents the linearized Born
scattering operator [67]. This operator is parameterized by the source signature q; and the
smooth background squared-slowness model m,. Noise is denoted by €;, and represents
measurement noise and linearization errors. While amortized variational inference does
not require knowing the distribution of the noise, to simulate pairs of data and model for
simplicity we assume the noise distribution is a zero-centered Gaussian distribution with
known covariance o2I. Due to the presence of shadow zones and noisy finite-aperture
shot data, seismic imaging corresponds to solving an inconsistent and ill-conditioned linear
inverse problem [68, 69, 70]. To avoid the risk of overfitting the data and to quantify
uncertainty, we cast the seismic imaging problem into a Bayesian inverse problem [2].

To address the challenge of Bayesian inference in this high-dimensional inverse prob-
lem, we adhere to our amortized variational inference framework. Within this approach,
for an one-time upfront cost of training a conditional normalizing flow, we get access to
posterior samples for previously unseen observed data that are drawn from the same distri-
bution as the distribution of training seismic data. This includes data acquired in areas of
the Earth with similar geologies, e.g. in neighboring surveys. In addition, in our framework
no explicit prior distribution needs to chosen as the conditional normalizing flow learns the

prior distribution during pretraining. The implicitly learned prior distribution by the condi-
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tional normalizing flow minimizes the risk of negatively biasing the outcome of Bayesian
inference by using overly simplistic priors. In the next section, we describe the setup for

our amortized variational inference for seismic imaging.

Acquisition geometry

To mimic the complexity of real seismic images, we propose a “quasi’-real data example
in which we generate synthetic data by applying the linearized Born scattering operator
to 4750 2D sections with size 3075 m x 5120 m extracted from the shallow section of the
Kirchhoff migrated Parihaka-3D field dataset [71, 72]. We consider a 12.5 m vertical and
20m horizontal grid spacing, and we augment an artificial 125 m water column on top
of these images. We parameterize the linearized Born scattering operator via a fictitious
background squared-slowness model, derived from the Kirchhoff migrated images. To
ensure good coverage, we simulate 102 shot records with a source spacing of 50 m. Each
shot is recorded for two seconds with 204 fixed receivers sampled at 25 m spread on top of
the model. The source is a Ricker wavelet with a central frequency of 30 Hz. To mimic a
more realistic imaging scenario, we add band-limited noise to the shot records, where the

noise is obtained by filtering white noise with the source wavelet (Figure 5.4b).

Training configuration

Casting seismic imaging into amortized variational inference, as described in this chapter,
is hampered by the high-dimensionality of the data due to the multi-source nature of this
inverse problem. To avoid computational complexities associated with directly using N
shot records as input to the conditional normalizing flow, we choose to condition the con-
ditional normalizing flow on the reverse-time migrated image, which can be estimated by

applying the adjoint of the linearized Born scattering operator to the shot records,

N
5mRTM = ZJ(mo,ql)le (514)

i=1
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While d; in the above expression is defined according to the linearized forward model in
equation 7.1, which does not involve linearization errors, our method can handle observed
data simulated from wave-equation based nonlinear forward modeling. Conditioning on
the reverse-time migrated image and not on the shot records directly may result in learning
an approximation to the true posterior distribution [73]. While technique from statistics
involving learned summary functions [28, 38] can reduce the dimensionality of the ob-
served data, we propose to limit the Bayesian inference bias induced by conditioning on
the reverse-time migrated image via our physics-based latent variable correction approach.
We leave utilizing summary functions in the context of seismic imaging Bayesian inference
to future work.

To create training pairs, (5m(i), 6ml(gM), 1 =1,...,4750, we first simulate (see Fig-
ure 5.2) noisy seismic data according to the above-mentioned acquisition design for all ex-
tracted seismic images dm() from shallow sections of the imaged Parihaka dataset. Next,
we compute § ml(f%M by applying reverse-time-migration to the observed data for each image
sm(. We train a conditional normalizing flow on the resulting pairs (dm®, sm{,,), i =
1,...,4750 according to the objective function in equation 5.11 with the Adam stochastic
optimization method [60] with a batchsize of 16 for one thousand passes over the train-
ing dataset (epochs). We use an initial stepsize of 10~ and decrease it after each epoch
until reaching the final stepsize of 107, To monitor overfitting, we evaluate the objective
function at the end of every epoch over random subsets of the validation set, consisting of
530 seismic images extracted from the shallow sections of the imaged Parihaka dataset and
the associated reverse-time migrated images. As illustrated in Figure 5.3, the training and
validation objective values exhibit a decreasing trend, which suggests no overfitting. We
stopped the training after one thousand epochs due to a slowdown in the decrease of the

training and validation objective values.
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Figure 5.3: Training and validation objective values as a function of epochs. The validation
objective value is computed over randomly selected batched of the validation set at the end
of each epoch.

5.4.2 Results and observations

Following training, the pretrained conditional normalizing flow is able to produce samples
from the posterior distribution for seismic data not used in training. To demonstrate this,
we simulate seismic data for a previously unseen perturbation model using the forward
model 7.1 with the same noise variance. Figure 5.4 shows an example of a single noise-
free (Figure 5.4a) and noisy (Figure 5.4b) shot record for one of 102 sources.

We perform reverse-time migration to obtain the necessary input for the conditional
normalizing flow to obtain posterior samples. We show the ground-truth seismic image
(to be estimated) and the resulting reverse-time migrated image in Figures 5.5a and 7.2,
respectively. Clearly, the reverse-time migrated image has grossly wrong amplitudes, and
more importantly, due to limited-aperture shot data, the edges of the image are not well
illuminated.

We obtain one thousand posterior samples by providing the reverse-time migrated im-
age and latent samples drawn from the standard Gaussian distribution to the pretrained
conditional normalizing flow (equation 5.9). This process is fast as it does not require any
forward operator evaluations. To illustrate the variability among the posterior samples, we

show six of them in Figure 5.6. As shown in Figure 5.6, these image samples have ampli-
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Figure 5.4: A shot record generated from an image extracted from the Parihaka dataset. (a)
Noise-free linearized data. (b) Linearized data with bandwidth-limited noise.
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Figure 5.5: Amortized variational inference testing phase setup. (a) High-fidelity ground-
truth image. (b) Reverse-time migrated image with SNR —12.17 dB.
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tudes in the same range as the ground-truth image and better predict the reflectors at the
edges of the image compared to the reverse-time migration image (Figure 7.2). In addition,
the posterior samples indicate improve imaging in deep regions, which is typically more
difficult due to the placement of the sources and receiver near the surface.

Samples from the posterior provide access to useful statistical information including
approximations to moments of the distribution such as the mean and pointwise standard
deviation (Figure 5.7). We compute the mean of the posterior samples to obtain the con-
ditional mean estimate, i.e., the expected value of the posterior distribution. This estimate
is depicted in Figure 5.7a. From Figure 5.7a, we observe that the overall amplitudes are
well recovered by the conditional mean estimate, which includes partially recovered re-
flectors in badly illuminated areas close to the boundaries. Although the reconstructions
are not perfect, they significantly improve upon the reverse-time migrations estimate. We
did not observe a significant increase in the signal-to-noise ratio (SNR) of the conditional
mean estimate when more than one thousand samples from the posterior are drawn. We use
the one thousand samples to also estimate the pointwise standard deviation (Figure 5.7b),
which serves as an assessment of the uncertainty. To avoid bias from strong amplitudes
in the estimated image, we also plot the stabilized division of the standard deviation by
the envelope of the conditional mean in Figure 5.7c. As expected, the pointwise standard
deviation in Figures 5.7b and 5.7c indicate that we have the most uncertainty in areas of
complex geology—e.g., near channels and tortuous reflectors, and in areas with a relatively
poor illumination (deep and close to boundaries). The areas with large uncertainty align
well with difficult-to-image parts of the model.

After incurring an upfront cost of training the conditional normalizing flow, the compu-
tational cost of sampling the posterior distribution is low as it does not involve any forward
operator evaluations. However, the accuracy of the presented results is directly linked to the
availability of high-quality training data that fully represent the joint distribution for model

and data. Due to our lack of access to the subsurface of the Earth, obtaining high-quality
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Figure 5.6: Samples drawn from posterior distribution using the pretrained conditional
normalizing flow via equation 5.9 with SNRs ranging from 8.08 dB to 8.92 dB.
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training data is challenging when dealing with geophysical inverse problems. To address
this issue, we propose to supplement amortized variational inference with a physics-based
latent distribution correction technique that increases the reliability of this approach when

dealing with moderate shifts in the data distribution during inference.

5.5 A physics-based treatment to data distribution shifts during inference

For accurate Bayesian inference in the context of amortized variational inference, the sur-
rogate conditional distribution p4(x | y) must yield a zero amortized variational inference
objective value (equation 5.8). Achieving this objective is challenging due to lack of ac-
cess to model and data pairs that sufficiently captures the underlying joint distribution in
equation 5.8. Additionally, due to potential shifts to the joint distribution during inference,
i.e., shifts in the prior distribution or the forward (likelihood) model (equation 5.1), the
conditional normalizing flow can no longer reliably provide samples from the posterior
distribution due to lack of generalization. Under such conditions feeding latent samples
drawn from a standard Gaussian distribution to the conditional normalizing flow may lead
to posterior sampling errors. To quantify the posterior distribution approximation error and
to propose our correction method, we will use the invariance of the KL divergence to dif-
ferentiable and invertible mappings [74]. This property allows use to relate the errors that
the conditional normalizing flow makes in approximating the posterior distribution to the

errors that it makes in Gaussianizing the input model and data pairs.

5.5.1 KL divergence invariance relation

The errors that the pretrained conditional normalizing flows makes in approximating the
posterior distribution can be formally quantified using the invariance of the KL diver-
gence under diffeomorphism mappings [74]. Using this relation, we relate the poste-
rior distribution approximation errors to the errors that the conditional normalizing flow

makes in turning its inputs to latent samples drawn from a standard multivariate Gaussian
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distribution. Specifically, for observed data y,,s drawn from a shifted data distribution

Daaa(Y) 7 Paaa(¥ ), the invariance relation states

KL (p¢(Z | YObS) || N(Z | 071)) =KL (ppost(x ’ yobs) || pgb(X ‘ yobs>> > 0. (515)

In this expression, ps(z | yobs) representing the distribution of conditional normalizing
flow output z = f,(X; Yobs) for inputs x ~ p(x | yobs). We refer to this distribution as the
shifted latent distribution as it is the result of a data distribution shift translated through the
conditional normalizing flow to the latent space. Equation 5.15 states that the conditional
normalizing flow fails to accurately Gaussianize the input models x ~ p(x | yobs) for the
given data ys. Failure to take into account the mismatch between the shifted latent distri-
bution py(z | yobs) and N(z | 0, ) leads to posterior sampling errors as the KL divergence
between the predicted and true posterior distributions is nonzero (equation 5.15). In other
words, feeding latent samples drawn from a standard Gaussian distribution to f; (25 Yobs)
produces samples from p, (X | ¥obs), Which does not accurately approximate the true poste-
rior distribution under the assumption of data distribution shift. On the other hand, with the
same reasoning via the KL divergence invariance relation, feeding samples from the shifted
latent distribution p4(z | yons) to the conditional normalizing flow yields accurate posterior
samples. However, obtaining samples from p,(z | yobs) is not trivial as we do not have a
closed-form expression for its density. In the next section, we introduce a physics-based

approximation to the shifted-latent distribution.

5.5.2 Physics-based latent distribution correction

Ideally, performing accurate posterior sampling via the pretrained conditional normalizing
flow—in the presence of data distribution shifts—requires passing samples from the shifted
latent distribution py(z | yobs) to f '(2; Yons). Unfortunately, accurately sampling p(z |

Yobs) Tequires access to the true posterior distribution, which we are ultimately after and do
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not have access to. Alternatively, we propose to quantify p,(z | yobs) using Bayes’ rule,

Dilike (YObs | Z) ppri0r<z)

= (5.16)
Pdata (YObs)

p¢(Z ’ YObs) -

where the physics-informed likelihood function pjie(yops | z) and the prior distribution

Dprior(2) Over the latent variable are defined as

- 10g pqﬁ (Z | YObq - Z 1Og Diike YObq ) ‘ Z) - log pprior(z) + log ﬁdata(YObs)
(5.17)

QUQleyObsz Foo £ iy + g o]l + const.

In the above expression, the physics-informed likelihood function pjye(yobs | z) follows
from the forward model in equation 5.1 with a Gaussian assumption on the noise with
mean zero and covariance matrix oI, and the prior distribution pprior(z) is chosen as a
standard Gaussian distribution with mean zero and covariance matrix I. The choice of the
likelihood function ensures physics and data fidelity by giving more importance to latent
variables that once passed through the pretrained conditional normalizing flow and the
forward operator provide smaller data misfits while the prior distribution pyior(2z) injects
our prior beliefs about the latent variable, which is by design chosen to be distributed
according to a standard Gaussian distribution.

Due to our choice of the likelihood function and prior distribution above, the effec-
tive prior distribution over the unknown x is in fact a conditional prior characterized by
the pretrained conditional normalizing flow [40]. As observed by [75] and [34], using a
conditional prior may be more informative than its unconditional counterpart because it is
conditioned by the observed data y.,s. Our approach can be also viewed as an instance
of online variational Bayes [76] where data arrives sequentially and previous posterior ap-
proximates are used as priors for subsequent approximations.

In the next section, we improve the available amortized approximation to the posterior
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distribution by relaxing the standard Gaussian distribution assumption of the conditional

normalizing flow latent distribution.

Gaussian relaxation of the latent distribution

By definition, feeding samples from py(z | yobs) to the pretrained amortized conditional
normalizing flows provides samples from the posterior distribution (see discussion beneath
equation 5.15). To maintain the low computational cost of sampling with amortized vari-
ational inference, it is imperative that p,(z | yons) is sampled as cheaply as possible. To
this end, we exploit the fact that conditional normalizing flows in the context of amortized
variational inference are trained to Gaussianize the input model random variable (equa-
tion 5.11). This suggests that the shifted latent distribution ps(z | yo.ns) Will be close to
a standard Gaussian distribution for a certain class of data distribution shifts. We exploit
this property and approximate the shifted latent distribution p,(z | yobs) via a Gaussian

distribution with an unknown mean and diagonal covariance matrix,

Po(2Z | Yobs) & N(z ] u,,diag(s)Q), z € Z. (5.18)

In the above expression, the vector p corresponds to the mean and the vector diag(s)?
represents a diagonal covariance matrix with diagonal entries s ® s (with the symbol ©
denoting elementwise multiplication) that need to be determined. We estimate these quan-
tities by minimizing the reverse KL divergence between the relaxed Gaussian latent distri-
bution N(z | p, diag(s)?) and the shifted latent distribution p,(z | yobs). According to the

variational inference objective function associated with the reverse KL divergence in equa-
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tion 5.5, this correction can be achieved by solving the following optimization problem,

p*, s = arg min KIL (N(z | u,diag(s)Q) || po(z | yobs))

H,s

| N
= arg min B, njon {@ S yorsi = Fio fo(s@z+ miyas)|; (519
K-S i=1
+ %Hs Oz+ qu — log ’ det diag(s)” :

We solve optimization problem 5.19 with the Adam optimizer where we select random
batches of latent variable variables z ~ N(z | 0,I) and data indices. We initialize the
optimization problem 5.19 by g = 0 and diag(s)> = I. This initialization acts as a
warm-start and an implicit regularization [40] since f 5 1(z; Yobs) for standard Gaussian dis-
tributed latent samples z provides approximate samples from the posterior distribution—
thanks to amortization over different observed data y. As a result, we expect the opti-
mization problem 5.19 to be solved relatively cheaply. Additionally, the imposed standard
Gaussian distribution prior on s ® z + p regularizes inversion for the corrections since
KL (py(z | yobs) || N(z | 0,1)) is minimized during amortized variational inference (equa-
tion 5.15). To relax the (conditional) prior imposed by the pretrained conditional normal-
izing flow, instead of a standard Gaussian prior, a Gaussian prior with a larger variance
can be imposed on the corrected latent variable. Conditional normalizing flows’ inherent
invertibility allows the normalizing flow to represent any solution x € X in the solution
space. This has the additional benefit of limiting the adverse affects of imperfect pretrain-
ing of f; in domains where access to high-fidelity training data is limited, which is often the
case in practice. Figure 5.8 summarizes our proposed method latent distribution correction

method.

Inference with corrected latent distribution

Once the optimization problem 5.19 is solved with respect to p and s, we obtain cor-

rected posterior samples by passing samples from the corrected latent distribution N(z |
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Figure 5.8: A schematic representation of out proposed method. When dealing with
nonzero amortized variational inference objective value (equation 5.7) or in presence of
data distribution shifts during inference, we adapt the latent distribution of the pretrained
conditional normalizing flow via a diagonal physics-based correction. After the correction,
the new latent samples result in corrected posterior samples when fed to the pretrained nor-
malizing flow.

p, diag(s*)?) & ps(z | yobs) to the conditional normalizing flow,
x=f'(s" Oz 4+ p;yoms), 2z~N(z|0,T). (5.20)

These corrected posterior samples are implicitly regularized by the reparameterization with
the pretrained conditional normalizing flow and the standard Gaussian distribution prior on
z [40, 34]. Next section applies this physics-based correction to a seismic imaging example,

in which we use the pretrained conditional normalizing flow from the earlier example.

5.6 Latent distribution correction applied to seismic imaging

The purpose of our proposed latent distribution correction approach is to accelerate Bayesian
inference while maintaining fidelity to a specific observed dataset and physics. While this
method is generic and can be applied to a variety of inverse problems, it is particularly
relevant when solving geophysical inverse problems, where the unknown quantity is high
dimensional, the forward operator is computationally costly to evaluate, and there is a lack

of access to high-quality training data that represents the true heterogeneity of the Earth’s
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subsurface. Therefore, we apply this approach to seismic imaging to utilize the advantages
of generative models for solving inverse problems, including fast conditional sampling and
learned prior distributions, while limiting the negative bias induced by shifts in data distri-
butions.

The results are presented for two cases. The first case involves introducing a series of
changes in the distribution of observed data, for example changing the number of sources
and the noise levels. This is followed by correcting for the error in predictions made by the
pretrained conditional normalizing flow using our proposed method. In the second case,
in addition to the shifts in the distribution of the observed data (forward model), we also
introduce a shift in the prior distribution. We accomplish this by selecting a ground-truth
image from a deeper section of the Parihaka dataset that has different image characteristics
than the training images, such as tortuous reflectors and more complex geological features.
In both cases, we expect the outcome of the Bayesian algorithm to improve following the
correction of latent distributions described above. We provide qualitative and quantitative

evaluations of the Bayesian inference results.

5.6.1 Shift in the forward model

In the following example, we introduce shifts in the distribution of observed data—compared
to the pretraining phase—by changing the forward model. The shift involves reducing the
number of sources (/V in equation 5.1) by a factor of two to four, while adding band-limited
noise with 1.5 to three times larger standard deviation (¢ in equation 5.3). We will demon-
strate the potential pitfalls of relying solely on the pretrained conditional normalizing flows
in circumstances where the distribution of observed data has shifted. With the use of our
latent distribution correction, we will demonstrate that we are able to correct for errors
that are made by the pretrained conditional normalizing flow as a result of changes to data
distribution.

Following the description of the problem setup, we will also provide comparisons be-
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tween the conditional mean estimation quality before and after the latent distribution cor-
rection step. Before moving on to our results relating to uncertainty quantification on the
image, we demonstrate the importance of the correction step by visualizing the improve-
ments in fitting the observed data. Lastly, we perform a series of experiments to verify our

Bayesian inference results.

Problem setup

To induce shifts in the data distribution, we reduce the number of sources and increase the
standard deviation of the added band-limited noise. Consequently, we have reduced the
amount of data (due to having fewer source experiments) and decreased the SNR of each
shot record (due to being contaminated with stronger noise). As a consequence, seismic
imaging becomes more challenging, i.e., more difficult to estimate the ground truth image,
and it is expected that the uncertainty associated with the problem will also increase.

We use the same ground-truth image as in the previous example (Figure 5.5a), while
experimenting with 25, 51, 102 sources and adding band-limited noise that has 1.5, 2.0, 2.5,
and 3.0 times larger standard deviation than the pretraining setup. For each combination
of source number and noise level (12 combinations in total), we compute the reverse-time
migrated image corresponding to that combination. Next, we perform latent distribution
corrections for each of the 12 seismic imaging instances. All latent distribution correction
optimization problems (equation 5.19) are solved using the Adam optimization algorithm
[60] for five passes over the shot records (epochs). We did not observe a significant decrease
in the objective function after five epochs. The objective function is evaluated each iteration
by drawing a single latent sample from the standard Gaussian distribution and randomly
selecting (without replacement) a data index 7 € {1,...,25}. We use a stepsize of 10!
and decrease it by a factor of 0.9 at the end of every two epochs.

After solving the optimization problem 5.19 for the different seismic imaging instances,

we obtain corrected posterior samples for each instance. The next section provides a de-
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tailed discussion of the latent distribution correction that was applied to one such instance

that had a significant shift in data distribution.

Improved Bayesian inference via latent distribution correction

The aim of this section is to demonstrate how latent distribution correction can be used
to mitigate errors induced by data distribution shifts. Specifically, we present the results
for the case where the number of sources is reduced by a factor of four (N = 25) as
compared to the pretrained data generation setup. The 25 sources are spread periodically
over the survey area with a source sampling of approximately 200 meters. Moreover, we
contaminate the resulting shot records with band-limited noise with an increased standard
deviation of 2.5 times when compared to the pretraining phase. The overall SNR for the
data thus becomes —2.78 dB, which is 7.95 dB lower that the SNR of the observed data
during pretraining (Figure 5.4b). Figure 5.9 shows one of the ‘25 shot records.

Utilizing the above observed dataset, we compute the reverse-time migrated image as
an input to our pretrained conditional normalizing flow (Figure 5.10a). In contrast to the
reverse-time migrated image shown in Figure 5.4b, this migrated image is, as expected,
noisier, and it displays visible near-source imaging artifacts as a result of coarse source
sampling. Additionally, we compute the least-squares migrated seismic image that is ob-
tained by minimizing the negative-log likelihood (see the likelihood term in equation 5.3).
This image, shown in Figure 5.10b, was constructed by fitting the data without incorpo-
rating any prior information. It is evident from this image that there are strong artifacts
caused by noise in the data, underscoring the importance of incorporating prior knowledge

into solving seismic imaging.

Improvements in posterior samples and conditional mean estimate To obtain amor-
tized (uncorrected) posterior samples, we feed the reverse-time migrated image (Figure 5.10a)

and latent samples drawn from the standard Gaussian distribution to the pretrained normal-

147



Noise free data

i
! mm%:" L
A Lo
RN A
% j“'f‘l\f‘frft’,’?ﬁﬁ*ﬁw‘m
e (oA

A O

N ;‘bn RN,

e

m:_~f~‘/ .&C’m‘.’:‘“ V \\.I g N A
A N A
-2 -1 0 1 2
Offset (km) Offset (km)
(@) (b)

Figure 5.9: A shot record from the shifted data distribution. (a) Noise-free linearized data
(same as Figure 5.4a). (b) Noisy linearized data with 2.5 larger band-limited noise standard
deviation (SNR —2.78 dB).
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Figure 5.10: Latent distribution correction experiment setup. (a) Reverse-time migrated
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izing flow. These samples, which are shown in the left column of Figure 5.11, contain arti-
facts near the top of the image. These artifacts are related to the near-source reverse-time
migrated image artifacts (Figure 5.10a). Since the reverse-time migrated images used dur-
ing pretraining do not contain near-source imaging artifacts—due to fine source sampling—
the pretrained normalizing flow fails to eliminate them. Further, the uncorrected posterior
samples do not accurately predict reflectors as they approach the boundaries and deeper
sections of the image.

To illustrate the improved posterior sample quality following latent distribution correc-
tion, we feed latent samples drawn from the corrected latent distribution to the pretrained
normalizing flow (right column of Figure 5.11). Comparing the left and right columns in
Figure 5.11 indicates an improvement in the quality of samples from the posterior distribu-
tion, which can be attributed to the attenuation of near-top artifacts and an improvement in
the image quality close to the boundary and deeper reflectors in the image. Moreover, the
SNR values of the posterior samples after correction are approximately 3 dB higher, which
represents a significant improvement.

To compute the conditional mean estimate, we simulate one thousand posterior sam-
ples before and after latent distribution correction. As with the posterior samples before
correction, drawing samples after correction is very cheap once the correction is done as
it only requires evaluating the conditional normalizing flow over the corrected latent sam-
ples. Figures 5.12a and 5.12b show conditional mean estimates before and after latent
distribution correction, respectively. The conditional mean estimate before correction re-
veals similar artifacts as the posterior samples before correction, in particular, near-top
imaging artifacts due to coarse sources sampling and less illumination of reflectors located
closer to the boundary and deeper portions of the image. The importance of our proposed
latent distribution correction can be observed by juxtaposing the conditional mean estimate
before (Figure 5.12a) and after correction (Figure 5.12b). The conditional mean estimate

obtained after latent distribution correction eliminates the aforementioned inaccuracies and
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Figure 5.11: Samples from the posterior distribution (left) without latent distribution cor-
rection with SNRs ranging from 4.57dB to 5.21 dB; and (right) after latent distribution
correction with SNRs ranging from 7.80 dB to 8.53 dB.
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enhances the quality of the image by approximately 4 dB. We gain similar improvements in
SNR compared to the least-squares migrated image (Figure 5.10b) with virtually the same
cost, i.e., five passes over the shot records. This is significant improvement in SNR also is

complimented by access to information regarding the uncertainty of the image.

Data-space quality control As the latent distribution correction step involves finding la-
tent samples that are better suited to fit the data (equation 5.19), we can expect an improve-
ment in fitting the observed data after correction. Predicted data is obtained by applying
the forward operator to the conditional mean estimates, before and after latent distribution
correction. Figures 5.13a and 5.13b show the predicted shot records before and after cor-
rection, respectively. In spite of the fact that both predicted data appear to be similar to
ideal noise-free data (Figure 5.9a), the data residual associated with the conditional mean
without correction reveals several coherent events that contain valuable information about
the unknown seismic image. The latent distribution correction allows us to fit these coher-
ent events as indicated by the data residual associated with the corrected conditional mean

estimate.

Uncertainty quantification—pointwise standard deviation and histograms We ex-
ploit cheap access to corrected samples from the posterior in order to extract information
regarding uncertainty in the image estimates. Figure 5.14a displays the pointwise standard
deviation among the one thousand corrected posterior samples. The overprint by the strong
reflectors can be reduced by normalizing the standard deviation using a stabilized division
by the conditional mean (Figure 5.14b). The pointwise standard deviation plots indicate
high uncertainty in areas near the boundaries of the image and in the deep parts of the im-
age where illumination is relatively poor. This observation is more evident in Figure 5.15,
which displays three vertical profiles as 99% confidence intervals (orange colored shading)
illustrating the expected increasing trend of uncertainty with depth. We additionally ob-

serve that the ground truth (dashed black) falls within the confidence intervals for most of
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Figure 5.12: Improvements in conditional mean estimate due to latent distribution correc-
tion. (a) The conditional (posterior) mean estimate using the pretrained conditional nor-
malizing flow without correction (SNR 6.29 dB). (b) The conditional mean estimate after
latent distribution correction (SNR 10.36 dB).
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Figure 5.13: Quality control in data space. Data is simulated by applying the forward
operator to the conditional mean estimate (a) before (SNR 11.62 dB); and (b) after latent
distribution correction (SNR 16.57 dB). (c) Prediction errors associated with Figure 5.13a.
(d) Prediction errors associated with Figure 5.13b (after latent distribution correction).
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Figure 5.14: Uncertainty quantification with latent distribution correction. (a) The point-
wise standard deviation among samples drawn from the posterior after latent distribution
correction. (b) Normalized pointwise standard deviation by the conditional mean estimate
(Figure 5.12b).

the areas.

To demonstrate how the corrected posterior is informed by the observed data, we cal-
culated histograms at three locations in Figure 5.14a. Prior histograms are calculated by
feeding latent samples drawn from the standard Gaussian distribution to the pretrained
conditional normalizing flow without using data conditioning (see [31] and [30] for more
information). These samples in the image spaces are indicative of samples from the prior

distribution implicitly learned by the conditional normalizing flow during pretraining. The

resulting prior histograms are shown in Figure 5.16. Corresponding histograms are also ob-
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Figure 5.15: Confidence intervals for three vertical profiles. Traces of 99% confidence
interval (shaded orange color), corrected conditional mean (solid blue), and ground truth
(dashed black) at (a) 1.28 km, (b) 2.56 km, and (c) 3.84 km horizontal location.
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tained for the uncorrected amortized posterior distribution (equation 5.12). As mentioned
before, the uncorrected posterior distribution serves as an implicit conditional prior for
the subsequent step of correction of the latent distribution. The green histograms in Fig-
ure 5.16 represent the uncorrected amortized posterior distribution. A similar procedure
is followed to obtain histograms after latent distribution correction (blue histograms). As
expected, the histograms of the posterior distribution are considerably narrower than those
of the learned prior, which indicates that the posterior is further informed by the specific
observed dataset and physics. As a means of evaluating the effect of latent distribution
correction, we provide a vertical solid line showing the ground truth value’s location. All
three corrected posterior histograms for each location are shifted towards the ground truth,
and their (conditional) mean plotted with the dashed vertical line indicates improved recov-
ery of the ground truth. Compared to the amortized uncorrected histograms, the corrected
histograms in Figures 5.16a — 5.16b are further contracted, suggesting that the latent distri-

bution correction step has further informed the inference by the data.

Bayesian inference verification

While we investigated the accuracy of the conditional mean estimate after correction, we
do not have access to the underlying true posterior distribution to verify our proposed pos-
terior sampling method. This is partly due to our learned prior and the implicit conditional
prior used in latent variable correction, which make traditional MCMC-based comparisons
challenging. To further validate our Bayesian inference procedure, we conduct a series of
experiments in which we investigate the effect of gradual increase in the number of sources
(V) and reduction of the noise level. As the number of sources increases and the noise
level decreases, we expect to see an increase in seismic image quality and a decrease in

uncertainty.
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Figure 5.16: Pointwise prior (red), uncorrected amortized posterior (green), and latent dis-
tribution corrected posterior (blue) histograms along with the true perturbation values (solid
black line) and the corrected conditional mean (dashed black line) for points located at (a)
(1.2km, 0.875km), (b) (1.4km, 2.5km), and (c) (4.0 km, 1.875km).
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Estimation accuracy The accuracy of the Bayesian parameter estimation method is di-
rectly affected by the amount of data that has been collected [2]. That is to say with more
observed data (larger N), we should be able to obtain a more accurate seismic image es-
timate. The same principle allows us to stack out noise when increasing the fold in seis-
mic data acquisition. In order to assess whether our Bayesian inference approach has this
property, we repeat the latent distribution correction process while varying the number of
sources (using N = 25,51, 102 sources) and the amount of band-limited noise (standard
deviations 1.5, 2.0, 2.5, and 3.0 times greater than the noise standard deviation during pre-
training). Each of the 12 instances of latent distribution correction problems is treated
similarly with respect to the number of passes made over the shot records and other opti-
mization parameters. For each of the 12 combinations of source numbers and noise levels,
we calculate the corrected conditional mean estimate and plot the SNRs as a function of
the noise’s standard deviation in Figure 5.17.

For a fixed number of sources (25, 51, and 102 sources shown with red, green, and
blue colors respectively), we plot the corrected conditional means SNR as a function of the
noise standard deviation. There is a clear increase in SNR trend as we decrease the noise
level. In the same way, for each fixed noise level, the SNR increases with the number of
sources. This verifies the our Bayesian inference method yields a more accurate estimate

of the conditional mean for larger number of sources and smaller noise levels.

Bayesian posterior contraction An alternative Bayesian inference verification method
involves analyzing the Bayesian posterior contraction, that is, the decrease of uncertainty
with more data. To examine whether or not our Bayesian inference method possesses this
property, we visually inspect the resulting pointwise standard deviation plots in Figure 5.18
for the 12 possible combinations of source numbers and noise levels. Each row corresponds
to the pointwise standard deviation plot for a fixed noise standard deviation (o), where

the number of sources (/V) decreases from left to right. In each column, we maintain
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Figure 5.17: Estimation accuracy as a function of number of sources and noise levels.
Colors correspond to different source numbers.

the number of sources and we plot the pointwise standard deviation as we increase the
noise standard deviation from top to bottom. There is a consistent increase in standard
deviation values as we move from the top-left to the bottom-right corner. In other words, the
posterior contract (shrinks) when we have more data (more numbers of sources, Figure 5.18
from right to left) and when we have less noise (Figure 5.18 from bottom to top), which
effectively means more data.

Figure 5.19 offers an alternate method of visualizing posterior contraction, displaying
box plots of the standard deviation values for each of the 12 images in Figure 5.18. In
each of the three box plots, the vertical axis corresponds to the noise standard deviation,
and the horizontal axis represents the possible values in the posterior pointwise standard
deviation plots. The box indicates the values that are between the first and third quartiles
(where half of the possible values fall) and the line in the middle indicates the median
value. Figures 5.19a to 5.19¢ show box plots for experiments with 25, 51, and 102 sources,
respectively, with each box plot color reflecting a particular noise level. In each of the
Figures 5.19a to 5.19¢, we observe a decrease in the range of posterior standard deviation

values, including median and quantiles, as we lower the noise level from left to right. Sim-
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N = 102, o = 3000.0 N = 51, 0 = 3000.0 N = 25,0 = 3000.0

N = 51, 0 = 5000.0 N = 25,0 = 5000.0

N = 25,0 = 6000.0

Figure 5.18: Bayesian posterior contraction: visual inspection. Pointwise standard devia-
tions for varying number of sources (decreasing left to right) and noise variances (increases
top to bottom).
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Figure 5.19: Box plots of pointwise standard deviation values as a function of noise level
for number of sources (a) N = 25, (b) N = 51, and (¢) N = 102.

ilarly, for the same noise levels, that is, box plots of the same color, the standard deviations
decrease from Figure 5.19a to Figure 5.19¢ (increasing number of sources). The observed
trends in Figures 5.18 and 5.19 verify that our Bayesian inference method exhibits the

Bayesian posterior contraction property.

5.6.2  Shift in the forward model and prior distribution

This example is intended to demonstrate how our latent distribution correction method
can perform Bayesian inference when the unknown ground truth image has properties that
differ from the seismic images in the pretraining dataset. This expectation is based on
the invertible nature of conditional normalizing flows, which allows them to represent any
image in the image space [40].

As a means to mimic this scenario, unlike images used in pretraining, we have extracted
two 2D seismic images from deeper sections of the Parihaka dataset. In these sections,
there are fewer continuous reflectors and more complex geological features. Figures 5.20a
and 5.20b show two images with drastically different geological features when compared
to Figure 5.5a. Following the pretraining data acquisition setup, we add a water column on
top of these images to reduce the near-source artifacts. Similar to the previous experiment

involving forward model shifts, we use only 25 sources with 200 meters sampling distance
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and add noise with a 2.5 fold larger standard deviation than during the pretraining phase.
With this setup, the noisy observed data associated with experiments involving seismic
images in Figures 5.20a and 5.20b have a SNR of —1.56 dB and —2.41 dB, respectively.
As part of our analysis, we compute the reverse-time (second row in Figure 5.10) and
least-squares (third row in Figure 5.10) migrated images for these two ground-truth images,
where the former images serve as inputs to the pretrained conditional normalizing flows.
Similar to the previous example, the reverse-time migrated images contain the near-source
artifacts and are contaminated by the input noise. Moreover, the least-squares migrated
images highlight the importance of including prior information in this imaging problem,
since this image contains strong noise-related artifacts, which might impact downstream

tasks, such as horizon tracking.

Conditional mean and pointwise standard deviations

To obtain samples from the posterior distribution, we feed the reverse-time migrated im-
ages (Figures 5.20c and 5.20d) into the pretrained conditional normalizing flow. The pos-
terior is sampled using either standard Gaussian distributions or corrected latent samples.
It is apparent, once more, that the uncorrected conditional mean estimates are significantly
contaminated by artifacts in the near-source region (Figures 5.21a and 5.21b). Another
type of noticeable error in these predicted images includes lower amplitudes in deeper and
closer to boundary reflectors. A comparison of the conditional means estimates before
(Figures 5.21a and 5.21b) and after (Figures 5.21c and 5.21d) latent distribution correction
indicates attenuation of near-source artifacts as well as an improvement in reflector illumi-
nation near the boundary and deeper sections where images are more difficult to capture.
Following latent distribution correction, the conditional mean estimate SNR is improved
by three to four decibels for both images.

Careful inspection at the boundaries in the corrected conditional mean estimates reveals

some nonrealistic events near the boundaries. The plots of pointwise standard deviations
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Figure 5.20: Setup for experiments involving shifts in the prior distribution. (a) and (b) Two
high-fidelity ground-truth images from deeper sections of the Parihaka dataset. (c) and (d)
Reverse-time migrated image corresponding ground-truth images in Figures 5.20a (SNR
—8.02dB) and 5.20b (SNR —8.49 dB), respectively. (d) Least squares imaging results

(no regularization) corresponding ground-truth images in Figures 5.20a (SNR 4.94 dB)
and 5.20b (SNR 5.59 dB), respectively.
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Figure 5.21: The improvement in conditional mean estimate due to latent distribution cor-
rection. (a) and (b) Amortized uncorrected conditional (posterior) mean estimates with
SNRs 5.47\, \mathrm{dB} and 6.17 dB, respectively. (c) and (d) Conditional (poste-
rior) mean estimates after latent distribution correction with SNRs 9.40 dB and 9.11 dB,
respectively.
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Figure 5.22: Uncertainty quantification with latent distribution correction. (a) and (b) The
pointwise standard deviation estimates among samples drawn from the posterior after latent
distribution correction. (b) Pointwise standard deviations normalized by the envelop of
conditional mean estimates.

(Figures 5.22a and 5.22b) associated with corrected conditional means, however, clearly
indicate that there is uncertainty for these events. This illustrates the importance of uncer-
tainty quantification and not relying on a single estimate when addressing ill-posed inverse
problems. To diminish the imprint of strong reflectors in the pointwise standard deviations
plots, we also display these images when normalized with respect to the envelopes of the

conditional mean estimates in Figures 5.22c and 5.22d.

Data residuals

As before, we confirm that the latent distribution correction improves the fit of the data.
Figure 5.23 shows the predicted data as well as the data residuals for all conditional mean

estimates. The predicted data are obtained by applying the forward operator to the condi-
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tional mean estimates, both before and after latent distribution correction. The predicted
data before and after correction are presented in the first and second columns, respec-
tively. The corresponding data residuals before and after correction, which are computed
by subtracting the predicted data from ideal noise-free data, can be seen in the third and
last columns of Figure 5.23. Evidently, the latent distribution correction stage has resulted
in a better fit with the observed data, as coherent data events show up in Figures 5.23c

and 5.23g, but are attenuated in the corrected residual plots (Figures 5.23d and 5.23h).

5.7 Discussion

The examples presented demonstrate that deep neural networks trained in the context of
amortized variational inference can facilitate solving inverse problems in two ways: (1)
incorporating prior knowledge gained through pretraining; and (2) accelerating Bayesian
inference and uncertainty quantification. Despite the fact that amortized variational infer-
ence is capable of sampling the posterior distribution without requiring forward operator
evaluations during inference, the extent to which it is considered reliable is dependent upon
the availability of high quality training data. We demonstrate this limitation of amortized
variational inference via a seismic imaging example where we alter the number of sources
and variance of noise in comparison to the pretraining phase. The obtained posterior sam-
ples via amortized variational inference had unusual near-source artifacts, which we can be
attributed to lack of these artifacts in the training reverse-time migrated images.

As part of our efforts to extend the application of these models to domains with limited
access to high-quality training data, we developed a physics-based variational inference for-
mulation over the latent space of a pretrained conditional normalizing flow that mitigates
some of the posterior sampling errors induced by data distribution shifts. In this approach, a
diagonal correction to the latent distribution is learned that ensures that the conditional nor-
malizing flow output distribution better matches the desired posterior distribution. Based

on observations and other research [40, 34], we found that normalizing flows, because of
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Figure 5.23: Quality control in data space. The first and second row correspond to exper-
iments involving Figures 5.20a and 5.20b, respectively. (a) and (e) Predicted data before
correction with SNRs 9.13 dB and 9.02 dB, respectively. (b) and (f) Predicted data after
latent distribution correction with SNRs 15.27 dB and 14.52 dB, respectively. (c) and (g)
Data residuals (before correction) associated with Figures 5.23a and 5.23e, respectively.
(d) and (h) Data residuals (after correction) associated with Figures 5.23b and 5.23f, re-
spectively.
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their invertibility, are capable of partially mitigating errors related to changes in data dis-
tributions when they are used to solve inverse problems. We leave the delineation of which
data distribution shifts can be handled by our diagonal correction approach to future work.
Needless to say, by adhering to more complex transformations in the latent space, e.g.,
via a neural network, a wide range of data distribution shifts can be handled but it would
potentially require a more computationally costly correction step.

Latent distribution correction requires several passes over the data (five in our example),
which includes evaluation of the forward operator and the adjoint of its Jacobian. Due to the
amortized nature of our approach, these costs are significantly lower than those incurred by
other non-amortized variational inference methods [19, 44, 45, 46, 47]. By amortizing over
the data, the pretrained conditional normalizing flow provides posterior samples for previ-
ously unseen data (drawn from the same distribution as training data) without the need for
latent distribution correction. In presence of moderate data distribution shifts, the learned
posterior is adjusted to new observed data via the latent distribution correction step, which
could be considered an instance of transfer learning [77]. In contrast, existing methods
that perform variational inference in the latent space [50, 48] require a more substantial
modification to the latent distribution, as the pretrained model in these methods originally
provides samples from the prior distribution. For large-scale inverse problems, such as
seismic imaging, where solving a partial differential equation is required to evaluate the
forward operator, reduced computational costs of Bayesian inference are particularly im-
portant. Our approach reduces the computational costs associated with Bayesian inference
in such problems while also complementing the inversion with a learned prior. In order to
quantify the extent to which a diagonal correction to the latent distribution mitigates errors
resulting from data distribution shifts, more research is required.

As far as seismic imaging is concerned, uncertainty can be attributed to two main
sources [78, 79, 80]: (1) data errors, including measurement noise; (2) modeling errors,

including linearization errors, which diminish with the accuracy of the background veloc-
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ity model. The scope of our research is focused on the first source of uncertainty, and we
will explore how variational inference models can be used to capture errors in background
models in future work. In contrast to the problem highlighted in this chapter, capturing the
uncertainty caused by errors in the background model would require generating training
data involving imaging experiments for a variety of plausible background velocity mod-
els, which would be computationally intensive. Recent developments in Fourier neural

operators [81, 82] may prove to be useful in addressing this problem.

5.8 Conclusions

In high-dimensional inverse problems with computationally expensive forward modeling
operators, Bayesian inference is challenging due to the cost of sampling the high-dimensional
posterior distribution. The computational costs associated with the forward operator often
limit the applicability of sampling the posterior distribution with traditional Markov chain
Monte Carlo and variational inference methods. Added to the computational challenges are
the difficulties associated with selecting a prior distribution that encodes our prior knowl-
edge while not negatively biasing the outcome of Bayesian inference. Amortized varia-
tional inference addresses these challenges by incurring an offline initial training cost for a
deep neural network that can approximate the posterior distribution for previously unseen
observed data, distributed according to the training data distribution. When high-quality
training data is readily available, and as long as there are no shifts in the data distribution,
the pretrained network is capable of providing samples from the posterior distribution for
previously unknown data virtually free of additional costs.

Unfortunately, in certain domains, such as geophysical inverse problems, where the
structure of the Earth’s subsurface is unknown, it can be challenging to obtain a training
dataset, e.g., a collection of images of the subsurface, which statistically captures the strong
heterogeneity exhibited by the Earth’s subsurface. Furthermore, changes to the data gener-

ation process could negatively influence the quality of Bayesian inferences with amortized
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variational inferences due to generalization errors associated with neural networks. To
address these challenges while exploiting the computational benefits of amortized varia-
tional inference, we proposed a data-specific, physics-based, and computationally cheap
correction to the latent distribution of a conditional normalizing flow, pretrained to via an
amortized variational inference objective. This correction involves solving a variational
inference problem in the latent space of the pretrained conditional normalizing flow where
we obtain a diagonal correction to the latent distribution such that the predicted posterior
distribution more closely matches the desired posterior distribution.

Using a seismic imaging example, we demonstrate that the proposed latent distribution
correction, at a cost of five reverse-time migrations, can be used to mitigate the effects of
data distribution shifts, which includes changes in the forward model as well as the prior
distribution. Our evaluation indicated improvements in seismic image quality, comparable
to least squares imaging, after the latent distribution correction step, as well as estimate
on on the uncertainty of the image. We presented the pointwise standard deviation as a
measure of uncertainty in the image, which indicated an increase in variability in complex
geological areas and poorly illuminated areas. This approach will enable computationally
feasible uncertainty quantification in large-scale inverse problems, which otherwise would

be computationally expensive to achieve.

5.9 Related material

The latent distribution correction optimization problem (equation 5.19) involves computing
gradients of the composition of the forward operator and the pretrained conditional normal-
izing flow with respect to the latent variable. Computing this gradient requires actions of
the forward operator and the adjoint of its Jacobian. In our numerical experiments, these
operations involved solving wave equations. For maximal numerical performance, we use
JUDI [83] to construct wave-equation solvers, which utilizes the just-in-time Devito [84,

85] compiler for the wave-equation based simulations. The invertible network architectures
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are implemented using InvertibleNetworks.jl [86], a memory-efficient framework for train-
ing invertible nets in Julia programming language. For more details on our implementation,

please refer to our code on GitHub.
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CHAPTER 6
THE IMPORTANCE OF TRANSFER LEARNING IN SEISMIC MODELING
AND IMAGING

6.1 Summary

Accurate forward modeling is essential for solving inverse problems in exploration seis-
mology. Unfortunately, it is often not possible to afford being physically or numerically
accurate. To overcome this conundrum, we make use of raw and processed data from
nearby surveys. We propose to use this data, consisting of shot records or velocity models,
to pre-train a neural network to correct for the effects of, for instance, the free surface or
numerical dispersion, both of which can be considered as proxies for incomplete or inaccu-
rate physics. Given this pre-trained neural network, we apply transfer learning to finetune
this pre-trained neural network so it performs well on its task of mapping low-cost, but low-
fidelity, solutions to high-fidelity solutions for the current survey. As long as we can limit
ourselves during finetuning to using only a small fraction of high-fidelity data, we gain pro-
cessing the current survey while using information from nearby surveys. We demonstrate
this principle by removing surface-related multiples and ghosts from shot records and the

effects of numerical dispersion from migrated images and wave simulations.

6.2 Introduction

In a perfect world, the wave equation should be able to inform us how to image seismic
field data. Often we are met with data behaving erratically or with imaging problems that
are too computationally demanding. For these reasons, lots of time and effort has been
devoted to wave-equation based imaging technology. We propose to map low-cost low-

fidelity solutions to high-fidelity ones whether this involves the free surface or inaccurate
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numerical wave simulations. Our goal is to do this by using information that is available
from nearby surveys.

Several attempts have been made to incorporate machine-learning techniques into seis-
mic processing, imaging, and inversion. Applications range from missing-trace interpola-
tion [1, 2] and low-frequency interpolation [3] to the use of a pre-trained neural network
as a prior for full-waveform inversion [4]. [5] demonstrate the possible application of deep
learning in seismic data processing. We extend ideas in [5] by utilizing transfer learning to
achieve more accurate results by utilizing nearby surveys.

Compared to other imaging modalities, such as medical imaging, we generally do not
have access to the ground truth whether this concerns ideal field data or detailed information
on the subsurface. This lack of information forces us to fundamentally rethink how to apply
machine learning. We combine established data-processing flows with transfer learning [6].
This allows us to map computationally cheap low-fidelity solutions to high-fidelity ones
with a pre-trained Convolutional Neural Network (CNN). We train this CNN with data from
a survey that is close so that it shares main geological features. Because of its proximity,
we assume that this nearby survey and the current survey have similar statistical properties
and thus we can use the nearby survey to pre-train our network. Since this assumption does
not hold completely, we use transfer learning to finetune this pre-trained network with a
small percentage of additional training data obtained from the current survey. This allows
us to replace computationally expensive processing steps with cheaper learned ones, when
processing the current survey.

This chapter is organized as follows. First, we describe three approaches for data,
gradient, and simulation conditioning designed to deal with cheap low-fidelity simulations.
Next, we explain our transfer learning technique, followed by an introduction to Generative
Adversarial Networks [GANSs, 7], which we use to map low-fidelity solutions to high-
fidelity ones. After describing the used CNN architecture, we demonstrate the capabilities

of our approach and the importance of transfer learning on the removal of the effects of the
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free surface and of a poorly discretized wave equation.

6.3 Theory

When solving inverse problems, we implicitly make assumptions on the data. For instance,
during seismic imaging we often assume the data to be generated without a free surface,
which is not the case in practice. We also assume our simulations as part of imaging free of
numerical dispersion, an assumption that may not always be computationally affordable.
If these assumptions are violated, wave-equation based inversions will suffer because our
simulations will be inconsistent with the observed data. Below we discuss our machine-
learning approach to data/gradient/simulation conditioning and how transfer learning and

GANSs factor into our approach.

6.3.1 Data/gradient/simulation conditioning

Let dgpserved be the observed data that we try to fit with forward modeling F'(m) parame-
terized by the model parameters m. In the ideal case, dgpserveq 1S NOise free and physically
accurate, so [ exactly describes the observed data when m = m* with m* the ground-truth
model parameters. In that ideal situation, we have dopservea = F'(IM*).

As stated before, we usually do not have access to the “true” forward modeling operator,
or if we do, its numerical evaluation can be too expensive. Let F(m) denote our low-
fidelity forward operator. Given true model parameters m = m*, this approximation does
not explain the observed data, i.e., dopserves 7 £'(m*) and even in the absence of noise,
inverting for m from observed data will not lead to m*.

To overcome this problem, we propose three different types of conditionings, namely
data conditioning, where we take out unmodeled components from the observed data, gra-
dient, and simulation conditioning, where we remove artifacts due to low-fidelity simula-
tions that suffer from numerical dispersion. Because of recent success of CNNs in “image-

to-image” mappings [8, 9], we propose to condition with CNNs, which we train on pairs
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of low- and high-fidelity simulations. Our examples with numerical dispersion serve as
proxies for situations where the numerical simulation for the physics may be inadequate.
However, we do not claim that our approach is superior to recent work by [10] on removing
the effects of temporal dispersion.

Let Go,» Go,, and Gy, be the CNNs used to condition the low-fidelity observed data,
gradients, and wavefield simulations, parameterized by 04, 6,, and 04, respectively. Math-

ematically, these conditionings take the following form:

dconditioned - ged (dobserved) s (61)
Econditioned = geg (iT(éd)) , and (62)
Uconditioned = gHA (A_1Q> (63)

where dgpserved TEpresents observed data including the effects of the free surface. The sym-
bol .J denotes the low-fidelity Jacobian (linearized Born scattering operator), which acts on
od the data residual—i.e., observed data after removal of the direct wave. The matrix A
corresponds to the low-fidelity discretized wave equation, and q to the source. In our exam-
ples, deonditioneds Econditioned> ANd Uconditioned T€Present shot records without free-surface effects,
single-shot reverse-time migrations, and wavefield snapshots after numerical-dispersion re-
moval, respectively.

The above operations are key to iterative wave-equation based inversion where observed
data are matched with simulated data. Because each operation involves the wave equation,
simulations either miss important physics or are too expensive to evaluate accurately. The
key idea now is to condition by training CNNs with pairs of low- and high-fidelity sim-
ulations. With these trained CNNs, we map low-fidelity data, gradients, and simulations
to high-fidelity ones. We assume that these low- and high-fidelity pairs are available from

nearby surveys to pre-train our network.
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6.3.2 Transfer learning

Since the Earth subsurface is unknown, finding suitable training sets is often a challenge in
the geosciences. We avoid this problem by working with low- and high-fidelity solutions
that are both assumed available, e.g., from nearby surveys, albeit the latter often at a higher
cost. Generally speaking, we gain if the costs of training and applying the CNNs to the
current survey are smaller than the gains we make by avoiding expensive processing, such
as the removal of surface-related multiples or conducting accurate high-fidelity simulations.
Obviously, this approach can become challenging because of dissimilarities that may exist
between the current and nearby surveys. Instead on relying on CNNs to generalize, which
may call for massive amounts of training or may not be feasible at all, we rely on transfer
learning [6] to handle the fact that the probability distributions for the nearby and current
surveys may not be the same.

During transfer learning, the weights of a pre-trained neural network from the nearby
surveys are finetuned to work with data from the current survey. Since transfer learning
can be done with a relatively small fraction (= 5%) of data from the pertinent survey, this
can lead to an economically viable workflow since this type of data can often be made
available, e.g., by applying more expensive conventional processing on a small fraction of
the data of the current survey. Following [11], we avoid overfitting by only finetuning the
deeper task-dependent CNN layers during transfer learning. We demonstrate the feasibility
of our approach by means of a series of synthetic examples, based on numerical solutions

of the wave equation. First, we discuss how we train our networks.

6.3.3 Training objective

Our main goal is to find nonlinear mappings for our three conditioning problems. For
this purpose, we use GANs [7]. This generative approach is capable of training CNNs
designed to conduct complex mappings [8, 9]. GANs derive their success from an adver-

sarial training procedure with two CNNs, the generator, which trains to do the mapping,
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and a discriminator, which trains to distinguish between mapped low-fidelity simulations
and true-high-fidelity simulations. We train by minimizing the following two stochastic

expectations:

mgin E [(1 — Dy (ge(x)))Q‘{’)\”gG(X) _yul] )
x~px (X),y~py (¥) (6.4)
min E [(Ds (Go(x)))* + (1 =Dy (v))°] -

¢ x~px(x),y~py (y)

The expectations are computed with respect to pairs {x, y} of low- and high-fidelity im-
ages drawn from the probability distributions px(x) and py (y). By alternating the above
minimizations, we simultaneously train the generator Gy to create a low-to-high fidelity
map and the discriminator D, to discern the low-to-high fidelity map from a true high-
fidelity one. Following [9], we include an additional ¢;-norm misfit term weighted by A.
This term is designed to ensure that each realization of Gy(x) maps to a particular y—i.e.,
x — y rather than solely fooling the discriminator.

We minimize the above objectives with a variant of Stochastic Gradient Descent known
as the Adam optimizer [12] with momentum parameter 5 = 0.9 and a linearly decaying
step size with initial value ;1 = 2 x 10~ for both the generator and discriminator networks.
During each iteration of the Adam optimizer, the expectations in the above expressions
are approximated by evaluations of the objective value and gradient for a single randomly

selected training pair. These pairs are selected without replacement.

6.3.4 CNN architecture

“Image-to-image” mappings typically call for a hierarchical neural network consisting of
encoder-decoder neural networks [9, 8]. Since the low- and high-fidelity data share a lot
of information, we use CNNs that contain skip connections that exploit similarities, which
allows for faster convergence during training [13]. We use the exact architecture provided

by [8], which includes Residual Blocks, the main building block of ResNets, introduced
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by [13], for the generator Gy. For the discriminator Dy, we utilize the “PatchGAN” ar-
chitecture, exactly as it was introduced by [9]. We designed and implemented our deep
architectures in TensorFlow!. To carry out our wave-equation simulations with finite dif-

ferences, we use Devito? [14, 15].

6.4 Numerical experiments

Wave-equation based imaging relies on the assumption that observed data and simulations
are consistent, which is often not the case. To handle this situation, we demonstrate how
CNNss can be used to remove the effects of the free surface and numerical dispersion. Our
data conditioning partly replaces the numerically expensive process of SRME [16] and
deghosting by the action of a transfer-trained CNN that removes the imprint of the free
surface. In the second and third examples, we correct migrated shot records and wave

simulations by CNNs trained to correct numerical dispersion.

6.4.1 Surface-related multiple elimination and deghosting

While wave-equation based techniques for removing the free surface are applied routinely,
these techniques are computationally expensive and often require dense sampling. Here,
we follow a different approach where we train a CNN to carry out the joint task of surface-
related multiple removal and source-receiver side deghosting.

Specifically, we consider the situation where we have access to pairs of shot records
from a neighboring survey before and after removal of the free-surface effects through
standard processing. These pairs of unprocessed and processed data allow us to pre-train
our CNN. To mimic this realistic scenario, we simulate pairs of shot records with and
without a free surface for nearby velocity models that differ by 25% in water depth from
the velocity model that we use for testing—i.e., we increase and decrease the water depth

by 50 m to simulate training pairs used to pre-train our network. We make this choice for

Thttps://www.tensorflow.org/
Zhttps://www.devitoproject.org/
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demonstration purposes only, other more realistic choices are possible. We simulate our
marine surveys with a Ricker wavelet centered at 50 Hz and with sources and receivers
towed at a depth of 9 m and 14 m, respectively. Considering the 50 m difference in water
depth between training and testing velocity models, shot records simulated on training
velocity models are cycle-skipped with respect to the testing shot records. This explains
the need for transfer training.

We finetune our CNN on only 5% of unprocessed/processed shot records from the cur-
rent survey—i.e., we only process a fraction of the data conventionally. We numerically
simulate this scenario by generating shot records in the true model (correct water depth)
with and without a free surface. While this additional training round requires extra pro-
cessing, we argue that we actually reduce the computational costs by as much as 95% if we
ignore the time it takes to apply our neural network and the time it takes to pre-train our
network on training pairs from nearby surveys. In Figure 6.1, we present our result for a
shot record not seen during training. We obtained this result by applying Equation 6.1 with
a CNN trained by minimizing objectives 6.4 for A = 1000 with 100 passes through 802
shot records from the nearby surveys, followed by a round of transfer learning involving
100 passes over only 21 shot records of the current survey. We find the value for \ after
extensive parameter testing. During the selection of the A-value, we make sure that the
output of the discriminator averages in the end to % (by choosing A not too large). We also
make certain that the training pairs map one-to-one (by choosing A large enough). As re-
ported in the literature by [17], training results typically do not vary by much when varying
this parameter. Our results confirm the ability of a (pre-)trained neural network to remove
both surface-related multiples and ghosts (cf. Figures 6.1c and 6.1d). We carry out this
training by using data from nearby surveys followed by transfer training on a small number
of data pairs from the current survey. Finally, we did extensive testing to make sure we are
not overfitting by monitoring the loss function over independently randomly selected shots

from the unprocessed 95% of the shot records.
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Figure 6.1: Joint removal of surface-related multiples and ghost. a) Modeled shot record

without free surface. b) Modeled shot record with free surface. ¢) Removal of the free-
surface effects. d) Difference between a) and c).
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6.4.2 Numerical dispersion removal

To demonstrate how CNNs handle incomplete and/or inaccurate physics, we consider two
examples where we use a poor discretization (only second order) for the Laplacian. Be-
cause of this choice, our low-fidelity wave simulations are numerically dispersed and we
aim to remove the effects of this dispersion by properly trained CNNs. For this purpose, we
first train a CNN on pairs of low- and high-fidelity single-shot reverse-time migrations from
a background velocity model that is obtained from a “nearby” survey. We perform high-
fidelity simulations by using a more expensive 20'"-order stencil. Secondly, we correct
wave simulations themselves with a neural network that is trained on a family of related
“nearby” velocity models. Both examples are not meant to claim possible speedups of
finite-difference calculations. Instead, they are intended to demonstrate how CNNs can
make non-trivial corrections such as the removal of numerical dispersion.

As an example of gradient conditioning, we pre-train a CNN by minimizing objec-
tives 6.4 with A = 100 for 100 passes over 804 pairs of low- and high-fidelity single-shot
reverse-time migrations simulated for four “nearby” surveys defined by four different ver-
tical 2D slices taken from the 3D BG Compass velocity model. As before, we find the
value for \ via extensive parameter testing. Because these 2D slices are different from the
current velocity model, we need to transfer train. We do this by carrying out an additional
training round via 20 passes over only 11 low- and high-fidelity gradient pairs, simulated
on one in every 20 shot locations, out of 201 available shot locations. This means we only
perform high-fidelity migration for 5% of the shots records in the current velocity model.
Given the few transfer training pairs, we prevent overfitting during transfer learning by only
finetuning the deeper task-dependent CNN layers. After this two-stage training procedure,
we apply corrections for each shot separately to numerically dispersed gradients computed
for the current model. Figure 6.2 depicts the image we obtain by summing over 95% of the
corrected gradients and over 5% of the high-fidelity gradients. As expected, there is a bias

in the image quality at the high-fidelity shot locations. While the low-fidelity migrations
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contain large errors in positioning and amplitudes, our transfer-trained CNN corrects these
errors, see for instance along the dotted lines in Figure 6.2, horizontal locations 800 m,
2500 m, and 3700 m.

In the final experiment, we remove numerical dispersion from low-fidelity wave sim-
ulations. We follow [3] and crop five pieces of the Marmousi model so that their size is
reduced to 10% of the original model. To make the size the same as the original model,
we interpolate the selected subsets. We generate from these models low- and high-fidelity
wavefield pairs for various time-steps and source positions.

We train a CNN by minimizing objectives 6.4 for 5 x 401 x 11 = 22055 low- and high-
fidelity wavefield snapshots simulated on these five training velocity models at 401 source
locations and 11 randomly selected time snapshots. Since the cropped velocity structures
are less complex than the original velocity model, an additional round of transfer learning
is required. We finetune the CNN by training on 1500 (5%) low- and high-fidelity snapshot
pairs. For training, we use A = 100 in objectives 6.4 and we made 4.5 passes through the
full data set (i.e., we touch all shots four times and half of them five times) followed by 11
passes during transfer learning. Figure 6.3 depicts the results of the wavefield corrections.
While the low-fidelity wave simulations show a heavy imprint of numerical dispersion, e.g.,
strong phase and amplitude distortions, the result depicted in Figure 6.3c, demonstrates that
the CNN has mostly corrected these errors. As we stated before, we do not claim to improve
on recent work by [10] with this example. We only want to demonstrate that CNNs can be

used for this purpose.

6.5 Conclusions

We showed that pre-trained convolutional neural networks (CNN), trained via an adversar-
ial objective function introduced by generative adversarial networks, can conduct complex
tasks including removal of the free-surface effects and mitigation of the effects of numerical

dispersion during reverse-time migration and wave simulations. We were able to achieve
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this by exposing our CNNs to only a small percentage of training data pertinent to the task
at hand. Our experiments are exclusively based on numerical simulations. They demon-
strate that as long as we are able to pre-train the neural network, e.g., by using data from
a neighboring survey or by wave simulations in related velocity models, we can get good
performance after finetuning this network with only a few low- and high-fidelity pairs perti-
nent to the current model. We argue that this may lead to future improvements in efficiency
where computationally expensive (e.g., wave-equation driven) processing can partly be re-
placed by a potentially numerically more efficient neural network. Even though seismic
data processing and imaging may differ significantly from location to location, seismic
waves and Earth models do share information allowing us to pre-train neural networks by
priming them for transfer learning. By following this approach, we rely less on generaliz-
ability of our CNNs and more on the availability of information from nearby surveys.

So far, our results are limited to two-dimensional image-to-image mappings, applied to
numerically modeled data, and the challenge will be to scale these mappings to higher di-
mensions. Key in this development will be the ability of these neural networks to generalize

sufficiently so that the cost of transfer learning remains small enough.
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CHAPTER 7
VELOCITY CONTINUATION WITH FOURIER NEURAL OPERATORS FOR
ACCELERATED UNCERTAINTY QUANTIFICATION

7.1 Summary

Seismic imaging is an ill-posed inverse problem that is challenged by noisy data and mod-
eling inaccuracies—due to errors in the background squared-slowness model. Uncertainty
quantification is essential for determining how variability in the background models affects
seismic imaging. Due to the costs associated with the forward Born modeling operator as
well as the high dimensionality of seismic images, quantification of uncertainty is com-
putationally expensive. As such, the main contribution of this work is a survey-specific
Fourier neural operator surrogate to velocity continuation that maps seismic images asso-
ciated with one background model to another virtually for free. While being trained with
only 200 background and seismic image pairs, this surrogate is able to accurately predict
seismic images associated with new background models, thus accelerating seismic imaging
uncertainty quantification. We support our method with a realistic data example in which
we quantify seismic imaging uncertainties using a Fourier neural operator surrogate, illus-
trating how variations in background models affect the position of reflectors in a seismic

image.

7.2 Introduction

Seismic imaging involves estimating the short-wavelength component of the Earth’s sub-
surface squared-slowness model—known as the seismic image—given shot records and
an estimation of the smooth background squared-slowness model. This linearized imag-

ing problem is challenged by the computationally expensive forward operator as well as
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presence of measurements noise, linearization errors, modeling errors, and the nontrivial
nullspace of the linearized forward Born modeling operator [1, 2, 3]. These challenges
highlight the importance of uncertainty quantification (UQ) in seismic imaging, where in-
stead of finding one seismic image estimate, a distribution of seismic images is obtained
that explains the observed data [4], consequently reducing the risk of data overfit and en-
abling UQ [5, 6,7, 8,9, 10, 11, 12, 13, 14, 15].

The seismic imaging uncertainty can be attributed to two main sources [16, 17, 18]:
(1) errors in the data, which include measurement and linearization errors; and (2) mod-
eling errors, which include errors in the estimation of the background squared-slowness
model. In this chapter, we focus on uncertainties with respect to the background model
as it has the main contributing factor to imaging uncertainty due to its effect on reflector
positioning [19, 20, 18]. To this end, we assume there are no measurement or linearization
errors and consider the map from shot records to the seismic image to be represented by
the deterministic reverse-time migration (RTM) algorithm. In this setup, quantifying the
uncertainty in seismic imaging—due to errors in the background model—involves comput-
ing numerous RTMs with all the background model posterior samples [8, 9]. Due to the
high-dimensionality of seismic images, the number of seismic imaging posterior samples
required to obtain accurate estimations of the imaging posterior moments is large, making
UQ with respect to the background model computationally expensive for 2D and unfeasible
for large 3D problems. These costs can be alleviated via velocity continuation methods [21,
22,23, 24, 25] that map seismic images associated with one background model to another,
without directly solving the imaging problem. Velocity continuation methods are designed
to be frugal compared to computing a new RTM for each new background model, which
makes them suitable for large-scale seismic imaging uncertainty quantification [19, 20].

While several velocity continuation methods have been proposed [21, 22, 23, 24, 25],
they typically involve solving partial differential equations (PDEs), which can be still costly

in the context of seismic imaging UQ. To address this challenge, we propose a neural net-

198



work surrogate for velocity continuation that is capable of mapping seismic images associ-
ated with one background model to another with negligible computational cost. Motivated
by the success of Fourier neural operators [FNOs, 26] in approximating the solution op-
erator of PDEs [27, 28, 29], we chose them as the architecture for our neural network
surrogate. Due to our main interest in accelerating velocity continuation in the context of
UQ, we train a survey-specific FNO that acts as a surrogate for velocity continuation for
the specific survey at hand. This choice, while not offering generalizations across differ-
ent survey areas in the Earth, can speed up seismic imaging UQ for the survey at hand,
which involves computing seismic images associated with many background model pos-
terior samples. We show that the FNO can be trained using 200 pairs of background and
seismic image pairs, making the survey-specific training procedure computationally viable.
To scale this method to industry size problems, transfer learning [30] can further reduce the
upfront costs of training the FNO. After training, the FNO can be used to obtain samples
from the imaging posterior almost free of cost.

In the next section, we describe seismic imaging by introducing the forward Born mod-
eling operator, through which the seismic image relates to the background model. Next, we
define velocity continuation, followed by describing our proposed FNO-based approach for
accelerating seismic imaging UQ. Finally, we evaluate the performance of the trained neu-
ral operator on a realistic dataset, and we demonstrate how the imaging uncertainty affects

the positioning of the reflectors in the seismic image.

7.3 Theory

We introduce a deep-network surrogate for velocity continuation in order to enable faster
quantification of uncertainty—due to errors in the background velocity model—in seismic
imaging. We begin with an introduction to seismic imaging and the linearized forward

model associated with it.
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7.3.1 Seismic imaging

The inverse problem that we tackle involves the process of estimating the short-wavelength
component of the Earth’s unknown subsurface squared-slowness model given measure-
ments recorded at the surface. This problem, also known as seismic imaging, can be for-
mulated as a linear inverse problem by linearizing the nonlinear relationship between shot
records and the squared-slowness model, governed by the wave-equation. In its simplest
acoustic form, the linearization with respect to the slowness model—around a background
squared slowness model my—Ieads to a linear inverse problem for estimating the ground

truth seismic image dm* with the following forward model,

Ns

In the above expression, dd = {dd; },>, are n linearized shot records and J(my, q;) repre-

sents the linearized Born scattering operator. This operator is parameterized by the source
signature q; and the background squared-slowness model mg, which is typically estimated
in the previous inversion steps [8, 9]. In this work, we focus on potential inaccuracies in the
background model, the main source of variability and uncertainty in seismic imaging [19,
20, 18]. Therefore, we assume there are not measurement and linearization errors, which
leads to a deterministic mapping from {dd;};*, to 0m for a given background model. We

use RTM for this deterministic map, which involves applying the adjoint linearized Born

scattering operator to the linearized shot records for all source experiments,
Ns
(SHIRTM = Z J(mo, qZ)T(SdZ (72)
i=1

Since this map is deterministic, the uncertainty in the background model can be translated
into uncertainty in seismic imaging by evaluating Equation 7.2 for the background models

sampled from the posterior distribution p(mg | d), where d represents the shot records
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with no linearization (the field data) [8, 9]. Bayesian inference involving high-dimensional
posterior distributions, for example seismic imaging and full-waveform inversion, requires
many samples from the posterior distribution for accurate Monte Carlo approximation of
high-dimensional integrals [31]. As a result, the mapping in Equation 7.2 must be evaluated
over numerous background model samples from p(my | d), which is computationally ex-
pensive due to costs of applying J(mg, q;)", i = 1,...,n,. To address this computational
challenge, our proposed method involves a FNO-based velocity continuation approach that
is capable of mapping seismic images associated with one background model to another,
effectively replacing a costly demingration-migration. We describe this approach in the

next section.

7.3.2  Velocity continuation

At its core, velocity continuation is a process which alters a seismic image based on changes
in the background model [21, 22, 24, 25]. Using this technique, an initial seismic image
associated with an initial background model my,; is altered to approximate the seismic
image associated with a target background model my,; Without computing Equation 7.2.

This process can be interpreted as a map [23]:

7Zn'linit:n'ltarge:l) : 5'/\/1 — 6'/\/17 (7.3)

where 0. M denotes the space of seismic images, and the velocity continuation map is pa-
rameterized by my,; and my,,. We take advantage of recent advances in deep learn-
ing to train a surrogate model for velocity continuation that approximates 7(m,, muge) =
J (Marger, Qi) T (I (M, q;) "), which can be evaluated virtually for free instead of solving
four PDEs. Through this approach, we are able to significantly accelerate velocity con-
tinuation, trading wave-equation solves for a simple neural network inference. This is of

considerable importance in the context of seismic imaging UQ. Before demonstrating the
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benefits of our approach, we introduce FNOs in the context of velocity continuation.

7.3.3  Fourier neural operators for velocity continuation

In light of their success in learning mesh-free solution operators to PDEs [27, 28, 29], we
choose FNOs [26] as a surrogate model for velocity continuation—a process that can be in-
terpreted as a double linearized PDE solve. The main components of FNOs are the Fourier
layers, which involve a Fourier transform over the spatial dimensions of their input, fol-
lowed by a learned pointwise multiplication and an inverse Fourier transform. These layers
act as long-kernel convolutional layer, akin to pseudo-spectral methods, which explains
the representation power of FNOs [29]. To train a FNO as a surrogate model for velocity

continuation, we define it as a map

Gw : M X M — 6 M, (7.4)

where G, denotes the FNO with weights w, and M is the space of background models.
In words, we design G, as a neural network that takes as input the target background
model and the initial seismic image, and outputs the target seismic image. This choice is

analogous to the structure of the velocity continuation map 7y, y (cf. Equation 7.3),

Miarget
except that we fix the initial background model m;,; to an arbitrary background model
posterior sample, hence making the dependence of G, to m;,; implicit. With this choice
of inputs and output for G, the FNO’s task is to perturb the input initial seismic image
according to the provided target background model in order to predict the target seismic
image.

Due to our interest in accelerating velocity continuation in the context of UQ, we train
a survey-specific FNO that acts as a surrogate for velocity continuation for the specific

survey at hand. This choice, while not offering generalizations across different survey

areas in the Earth, can speed up seismic imaging UQ for the survey at hand, which in-
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volves computing seismic images associated with many posterior background model sam-
ples my ~ p(my | d). By training the FNO on a small number of these background model
and seismic image pairs, i.e., approximately 200, we can accelerate the velocity continua-
tion process for the rest of the background model posterior samples while limiting the risk
of introducing generalization errors due to the strong heterogeneity of Earth. To achieve

this, we construct a set of NV training input-output pairs in the form of

{((m(()i)v 5mim),5m§§%M) ‘ i=1,... ,N}, (7.5)

where (m[()i), dmyy,;,) is the input target background and initial seismic image training pair,
and 5m§3M is the associated target seismic image. Training involves minimizing the squared
ly-norm of the difference between the FNO output and the target seismic image with re-

spect to FNO weights,
* 1 i i
W= argvgmn N ;:1 ||Qw(m(()), OMjniy) — 5m§{"1)“M||% (7.6)

We solve optimization problem 7.6 with the Adam stochastic optimization algorithm [32].
After training, the trained FNO approximates the velocity continuation map for a fixed

homogeneous initial background model, i.e.,
gw* (mtarget7 5minit) ~ ﬁmin“,mmget)(éminit) = 5mtarget> (77)

where myy; is fixed to an arbitrary background model posterior sample and dmy,e de-
notes the seismic image associated with dm;,;. Given background model samples mg, ~
p(my | d) as input, the FNO outputs samples from the imaging posterior, p(mg | éd).
This process accelerates seismic imaging uncertainty quantification as no further RTMs
(Equation 7.2) need to be computed. Training the FNO with as little as 200 training pairs

makes the survey-specific training procedure computationally viable. To further accelerate

203



the process, training of the FNO can be started as the same time as the background model
posterior sampling phase, using the already collected posterior samples as training data. In
the next section, we show the results of approximating the velocity continuation map with

a FNO via a quasi-real seismic experiment.

7.4 Numerical experiments

The purpose of the presented numerical experiments here is to demonstrate the ability to
approximate the velocity continuation map (Equation 7.3) using a FNO. We further show
how this trained FNO can be used for UQ by showing the effect of imaging uncertainty on
the positioning of the reflectors. We begin by describing the training setup, including the

seismic acquisition geometry.

7.4.1 Acquisition geometry and training configuration

Our examples involve imaging a 2D subset of the Parihaka [33, 34] prestrack Kirchhoff mi-
gration field dataset. We use this 2D section to create linearized data according to the linear
forward model in Equation 7.1, where we consider no measurement and linearization er-
rors. The model is discretized on a 12.5 m vertical and 20 m horizontal grid, and the data is
acquired with 102 equally spaced sources and 204 fixed receivers. We use a Ricker wavelet
with a central frequency of 30 Hz as the source signature. For presentation purposes, we
augment a 125 m water column on top of these models to limit the near source imaging
artifacts. We create background models by assuming access to an oracle, which provides
geologically consistent background models with the 2D section. Given 200 background
models, we migrate the simulated seismic data via Equation 7.2 to obtain the corresponding
seismic images. Figures 7.1a and 7.1b show the vertical profile of five randomly selected
background and seismic images at 2.50 km, respectively. These images, displaying strong
amplitude and phase differences, highlight the importance of quantifying the uncertainty in

imaging when dealing with errors in the background model. To reduce the costs associated
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Figure 7.1: Variation among five (a) background; and (b) seismic images (RTMs), plotted
as a vertical profile at 2.50 km.

with UQ, we train the FNO surrogate using the 200 training pairs (cf. Equation 7.5) for 500

epochs with the Adam optimizer [32].

7.4.2 Results

To evaluate the accuracy of the trained FNO in predicting seismic images, we compare its
output to the target seismic image, i.e., the RTM image obtained via Equation 7.2 when
using the target background model (Figure 7.2a) to parameterize the Born scattering for-
ward operator. This is conducted over the testing dataset, which is derived using the same
procedure as the training dataset using the background model creating oracle. Figures 7.2b
and 7.2c show the target and predicted seismic images, respectively, and Figures 7.2d in-
cludes the difference between them. We observe that the network has accurately predicted
the target image, where errors are mostly due to amplitude differences. The accuracy of the
prediction in terms of phase and amplitude can be further confirmed by focusing on two
vertical profiles, at 2.50 km (Figure 7.2e) and 4.125 km (Figure 7.2f) horizontal locations,
which include regions with fault and torturous reflectors. We use the trained FNO for UQ
by providing testing background models and predicting the associated seismic images. We
visualize the obtained uncertainties by showing the variability in the location of reflectors,
determined via an automatic horizon tracking software [35]. We pass the seismic images
predicted by the FNO to the horizon tracker for 25 selected horizons. As a result, we obtain

multiple instances of each horizons, from which we compute pointwise mean and standard
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Figure 7.2: Velocity continuation with FNOs. Target (a) background; and (b) seismic
images. (c) Predicted seismic image with the FNO. (d) Difference between target and pre-
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deviations. Figure 7.3 indicates the result where the solid lines correspond to the mean
among different instances of each horizons and shaded areas indicate the mean plus and
minus the pointwise standard deviation. These shaded areas indicate uncertainties in the
location of the reflectors, which are due to the variability in the background models. As
expected, we find a general increase of uncertainty with depth. We also observe that the
areas of high uncertainty are correlated with areas of poor illumination, faults and tortuous
reflectors.

In this example, we use Devito [36, 37] for the wave-equation based simulations. We
based our PyTorch FNO implementation on the original implementation. The code to re-

produce our results are made available on GitHub.
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7.5 Conclusions and discussion

Quantifying the uncertainty in seismic imaging due to errors in the background model in-
volves solving many seismic imaging problems that vary in the parameterization of the
background model of the forward operator. To reduce the computational cost of this
process—mainly due to the computational costs of the forward operator—we proposed
to train a survey-specific Fourier neural operator surrogate that mimics velocity continua-
tion. This surrogate model maps seismic images associated with one background model to
another virtually for free, which has the benefit of accelerating uncertainty quantification.
We showed that this surrogate model can be trained with as few as 200 training pairs while
still providing a good seismic image prediction accuracy. Further research is required in
training a reliable global surrogate, being able to generalize across other survey areas and

more realistic physics.
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CHAPTER 8
CONCLUSIONS

In summary, this thesis has contributed several methods based on the recent advancements
in machine learning to address the challenges associated with solving large-scale inverse
problems. These challenges are: (1) choosing a prior distribution that captures our prior
knowledge about the unknown, while preventing unwanted biases due to overly simplistic
priors; and (2) the computational costs associated with solving inverse problems, in partic-
ular costs of sampling the posterior distribution during Bayesian inference. I summarize
the findings and conclusions that were presented throughout this thesis in regard to these

research questions.

8.1 Deep priors for imaging and uncertainty quantification

Bayesian inference on high-dimensional inverse problems with computationally expensive
forward modeling operators, has been, and continues to be a major challenge in the field of
seismic imaging. Aside from obvious computational challenges, the selection of effective
priors is problematic given the heterogeneity across geological scenarios and scales exhib-
ited by elastic properties of the Earth’s subsurface. To limit the possibly heavy-handed
bias induced by a handcrafted prior, in chapter 2, I proposed regularization via deep priors.
I presented examples demonstrating the beneficial regularization properties of deep pri-
ors and proposed the use of conditional mean estimates rather than maximum a posteriori
(MAP) estimation due to its robustness to overfitting. To partly offset the costs associated
with Bayesian inference, I used stochastic gradient Langevin dynamics (SGLD) to avoid-
ing exact calculation of the multi-source data likelihood function. Aside from providing a
reasonable assessment of the uncertainty, with pointwise standard deviation increasing in

complex areas or in areas of relatively poor illumination, I also used the samples from the
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posterior to propagate uncertainties due to errors in the shot data all the way to the task of
automatic horizon tracking or other tasks.

While deep priors provide a favorable regularization property, it comes at a significant
computational price due to the large number of optimization steps required to update the
randomly initialized weights. These computational costs are compounded by the fact that
the parameterization of seismic images in terms of a deep neural network is highly overpa-
rameterized. To partially reduce the costs of employing deep priors, chapter 3 relaxes the
deep priors by decoupling seismic image and network weights updates during optimization,
hence reducing the costs of solving the inverse problem. Via numerical experiments I veri-
fied that this relaxation is still able to resolve the imaging artifacts present in conventional

least-squares imaging when data is contaminated by strong noise.

8.2 Low-cost and reliable Bayesian inference with amortized variational inference

Chapters 4 and 5 take a variational inference approach to reduce the computational costs
of Bayesian inference in large-scale inverse problems. These methods are fundamentally
different than the Markov chain Monte Carlo approach proposed in chapter 2 and have the
potential to reduce posterior sampling costs by incurring an up-front cost of pretraining
a conditional normalizing flow that fully learns the posterior distribution. These methods
are designed to take full advantage of having access to training pairs drawn from a joint
distribution, which in some domains such as geophysical inverse problems, is close but not
equal to the actual joint distribution of model and data. The pretrained network then can
be used preconditioning a physics-based variational inference formulation that involves ap-
proximating the target posterior distribution, after which, we gain cheap access to samples
from the posterior distribution.

Chapter 4 improves the data-driven posterior approximation via the pretrained condi-
tional flow by finetuning its weights such that its output better approximates the target

posterior distribution in KL divergence sense. By means of a series of examples, I demon-
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strated that this preconditioned scheme leads to considerable speed-ups compared to train-
ing a normalizing flow from scratch. On the other hand, chapter 5 proposes a correction to
the conditional normalizing flow latent distribution such that the predicted posterior distri-
bution more closely matches to the desired posterior distribution. Using a seismic imaging
example, I demonstrated that the proposed latent distribution correction can be used to mit-
igate the errors due to data distribution shifts, which includes changes in the forward model
as well as the prior distribution. Observations indicated improvements in seismic image
quality after the latent distribution correction step, as well as reasonable estimates of point-
wise standard deviations on the image, suggesting an increase in variability in complex

geological areas and poorly illuminated areas.

8.3 Mitigating forward modeling errors

Chapter 6 proposed a data-driven approach to mitigate numerical dispersion artifacts in
wave-equation simulations that are due to course finite-difference discretizations. I demon-
strates that as long as we are able to pre-train the neural network, e.g., by using data from a
neighboring survey or by wave simulations in related velocity models, we can get good per-
formance after finetuning this network with only a few low- and high-fidelity pairs pertinent
to the current model. This may lead to improvements in efficiency where computationally
expensive (e.g., wave-equation driven) processing can partly be replaced by a potentially
numerically more efficient neural network.

Chapter 7 reduces the computational cost of seismic imaging uncertainty quantification
due to errors in the wave-equation squared-slowness parameterization. This source of un-
certainty is fundamentally different than the uncertainty quantified in chapters 2, 4 and 5 in
which we assumed access to accurate background squared-slowness models. Quantifying
the uncertainty due to errors in the background model requires solving numerous seismic
imaging problems, which is computationally burdensome. To reduce the computational

costs, I proposed to train a survey-specific Fourier neural operator surrogate that mimics
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velocity continuation—a mapping that translates seismic images associated with one back-
ground model to another. I showed that this surrogate model can be trained with as few as

200 training pairs while still providing a good seismic image prediction accuracy.

8.4 Current limitations and future directions

* In the context of Bayesian inference with deep priors, the number of iterations needed
by the SGLD algorithm remains high and prohibitive for imaging problems involving
3D seismic images. These costs can be potentially reduced by projecting the network
weights onto a low-dimensional subspace and performing posterior inference within
this reduced subspace [1]. Alternatively, a Gaussian variational inference approxi-

mation to the the deep prior network weights might be a promising alternative.

* In the context of reliable data-driven variational inference for large-scale inverse
problems, quantifying the extent to which finetuning the pretrained conditional nor-
malizing flow weights and the diagonal correction to the latent distribution can mit-
igates errors resulting from data distribution shifts. A theoretical analysis for this

approach would be an interesting future research direction.

* The neural surrogate for velocity continuation is specific to the survey that is trained
on. To further reduce the computational cost of Bayesian inference, the surrogate
model can be trained on a family of survey areas and later can be adapted to the

specific survey of interest with a fewer training pairs.
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APPENDIX A
DEEP-PRIOR NETWORK ARCHITECTURE

The CNN architecture proposed by [1] is a variation of the widely used U-net architecture,
as described by [2]. The U-net architecture is composed of an encoder and a decoder mod-
ule, where information, i.e., intermediate values, from the encoder module is also passed
to the decoder through skip connections.

The following are the major differences between the deep prior architecture [1] and the
U-net architecture. Contrary to U-net, the convolutional layers in the decoding module of
the deep prior architecture do not increase the dimensionality of the intermediate values.
Rather, dimensionality-preserving convolutional layers, that is, stride-one convolutions, are
augmented with user-defined interpolation schemes to achieve upsampling. This enables
the degree of smoothness in the image space to be controlled by the interpolation kernel.
Another difference worth noting is the way intermediate values from the encoding phase
are incorporated into the decoding module through skip connections. In the deep prior
architecture, the intermediate values in the encoding phase are passed through an additional
convolutional layer before being fed into the decoder module.

Figure A.1 illustrates the exact deep prior architecture used in the Parihaka example in
this paper, which closely follows the architecture advocated by [1]. The blocks in the figure
represent the intermediate values in the network, where the color indicates the operation
that produced these values. For instance, the lightest gray blocks are intermediate values
obtained from applying two-dimensional convolutions, whereas the darkest gray block with
dashed white edges represents the result of a user-selected interpolation method, which is
in this instance nearest neighbor interpolation. For further information regarding the rest of
the colors, please refer to the legend in Figure A.1. The left most shaded block in Figure A.1

is the m x n X c input, which in the case of deep priors is a fixed random array, with m, n
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Figure A.1: The architecture used for the Parihaka example.

indicating its horizontal and vertical dimensions, and ¢ which represents the number of
channels. If a layer alters the dimension of an intermediate value, the new dimensions are
inserted adjacent to the representative block. For instance, the leftmost convolutional layer
that takes in the input noise changes its dimensionality to 5 x 7 x 16. All two-dimensional
convolutional layers use 5 x 5 kernels. The convolutional layers that reduce the horizontal
and vertical dimensions have a stride of two while all the other convolutional layers have
a stride of one. Lastly, we apply a fixed scaler to the output of the network such that
the range of the output values for the CNN with fixed input and randomly drawn weights
W o~ N(w | 0, )\_QI) covers the a priori known range of amplitudes in the unknown
perturbation model.

The Compass example uses the same architecture as Figure A.1, except that it includes
an additional downsampling layer in the encoder and an additional upsampling layer in the
decoder. We found the addition of these layers to be helpful since the frequency content of

the model in the Compass example was higher and the dimensions larger.
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APPENDIX B
MATHEMATICAL DERIVATIONS

Let f : Z — X be a bijective transformation that maps a random variable z ~ 7,(z) to
x ~ 7, (x). We can write the change of variable formula [3] that relates probability density

functions 7, and 7, in the following manner:
mo(x) = m.(2) |det Vo f H(x)|, f(z)=z, =x€X. (B.1)
This relation serves as the basis for the objective functions used throughout this paper.

B.1 Derivation of the physics-based variational inference objective

In equation 4.2, we train a bijective transformation, denoted by 7y : Z, — X, that maps
the latent distribution 7., (z,) to the high-fidelity posterior density mys(x | ). We op-
timize the parameters of 7 by minimizing the KL divergence between the push-forward

density [4], denoted by 7y( - | y) := T} 7., , and the posterior density:

arg min Dxr. (mo(- [ Y) | Tpose (- [ ¥))
0 (B.2)

= argemin Ezrry(zly) [ — log Tpost(x | Y) + log mo( | y)]

In the above expression, we can rewrite the expectation with respect to mg(x | y) as the

expectation with respect to the latent distribution, followed by a mapping via Ty—i.e.,

argemin E.pmr., (2) [ — log mpost(Th(22) | y) +log mo(Th(22) | y) |- (B.3)
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The last term in the expectation above can be further simplified via the change of variable

formula in equation B.1. If x = Ty(z,), then:

-1

mo(z | y) = 7. (2,) dethTe’l(m)‘:ﬂZI(zw) det V. Ty(z)| . B4

The last equality in equation B.4 holds due to the invertibility of 7} and the differentiability
of its inverse (inverse function theorem). By combining equations B.3 and B.4, we arrive

at the following objective function for training 7j:

argmin E, r. (2)| — 108 Tpost(T5(22) | y) +log ., (2,) —log | det V., Ty(2z,) ] (B.5)
0

Finally, by ignoring the log 7, (z,) term, which is constant with respect to 6, using
Bayes’ rule, and inserting our data likelihood model from equation 4.1, we derive equa-

tion 4.2:

1

rnain E 2omr., (22) ) HF(T(;(zx)) — sz — 10g Tprior (Tg(zx)) — log ‘ det V., Ty(z,)

(B.6)

Next, based on this equation, we derive the objective function used in the pretraining

phase.

B.2 Derivation of the data-driven variational inference objective

The derivation of objective in equation 4.3 follows directly from the change of variable

formula in equation B.1, applied to a bijective map, G;l 1 Zy X Zp — Y X X, where Z,

221



and Z, are Gaussian latent spaces. That is to say:

z
Tyo(Y, T) = T2 2, (2y, 22) | det V, .Gy, )|, Gyly,x) = 1 (B.7)
Z"l‘

Given (low-fidelity) training pairs, y, € ~ 7, (Y, <), the maximum likelihood estimate of

¢ is obtained via the following objective:

argmax Ey 2z, . (y.2) [log Ty (Y, )]
= arg(;nin E y.a~?y . (y.2) [— log 72, 2. (2y, 22) — log ‘ det V. Gy(y, ) H (B.8)

. 1
= argmin E oo, [5 |Gl 2)]* —log [ det V.. Gio(y, a:ﬂ ,

that is the objective function in equation 4.3. The NF trained via the objective function,
given samples from the latent distribution, draws samples from the low-fidelity joint distri-
bution, 7, ,.

By construction, G, is a block-triangular map—i.e.,

G
Gy(y,x) = #¥) , ¢ ={dy, ¢} (B.9)

Gy, (y, )

[5] showed that after solving the optimization problem in equation 4.3, G4 approximates
the well-known triangular Knothe-Rosenblat map [6]. As shown in [7], the triangular struc-

ture and G 4’s invertibility yields the following property,

(G431 (G, (y),)), T = Tponl - | 9), (B.10)

where T, denotes the low-fidelity posterior probability density function. The expression
above means we can get access to low-fidelity posterior distribution samples by simply

evaluating G;j (Go,(y), z;) for z, ~ 7., (2,) for a given observed data y.
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APPENDIX C
TRAINING DETAILS AND NETWORK ARCHITECTURES FOR EXAMPLES IN
CHAPTER 4

For our network architecture, we adapt the recursive coupling blocks proposed by [5],
which use invertible coupling layers from [8] in a hierarchical way. In other words, we
recursively divide the incoming state variables and apply an affine coupling layer. The final
architecture is obtained by composing several of these hierarchical coupling blocks. The
hierarchical structure leads to dense triangular Jacobian, which is essential in representation
power of NFs [5].

For all examples in this paper, we use the hierarchical coupling blocks as described
in [5]. The affine coupling layers within each hierarchal block contain a residual block as
described in [9]. Each residual block has the following dimensions: 64 input, 128 hidden,
and 64 output channels, except for the first and last coupling layer where we have 4 input
and output channels, respectively. We use the Wavelet transform and its transpose before
feeding seismic images into the network and after the last layer of the NFs.

Below, we describe the network architectures and training details regarding the two
numerical experiments described in the paper. Throughout the experiments, we use the

Adam optimization algorithm [10].

C.1 2D toy example

We use 8 hierarchal coupling blocks, as described above for both Gy, and G4, (equa-
tion 4.3). As a result, due to our proposed method in equation 4.4, we choose the same
architecture for 7;, (equation 4.2).

For pretraining (G according to equation 4.3, we use 5000 low-fidelity joint training

pairs, y, & ~ 7, ,(y, ). We minimize equation 4.3 for 25 epochs with a batch size of 64
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and a (starting) learning rate of 0.001. We decrease the learning rate each epoch by a factor
of 0.9.

For the preconditioned step—i.e., solving equation 4.6, we use 1000 latent training
samples. We train for 5 epochs with a batch size of 64 and a learning rate 0.001. Finally, as
a comparison, we solve the objective in equation 4.6 for a randomly initialized NF with the
same 1000 latent training samples for 25 epochs. We decrease the learning rate each epoch

by 0.9.

C.2 Seismic compressed sensing

We use 12 hierarchal coupling blocks, as described above for both G, G¢y, and we use
the same architecture for Ty, as G, .

For pretraining Gy according to equation 4.3, we use 5282 low-fidelity joint training
pairs, y, x ~ 7, ,(y, ). We minimize equation 4.3 for 50 epochs with a batch size of 4
and a starting learning rate of 0.001. Once again, we decrease the learning rate each epoch
by 0.9.

For the preconditioned step—i.e., solving equation 4.6, we use 1000 latent training
samples. We train for 10 epochs with a batch size 4 and a learning rate of 0.0001, where

we decay the step by 0.9 in every 5th epoch.

224



APPENDIX D
2D TOY EXAMPLE FROM CHAPTER 4—MORE RESULTS

Here we show the effect v on our proposed method in the 2D toy experiment. By choosing
smaller values for -y, we make A / p(A) with A = I +~1 less close to the identity matrix,
hence enhancing the discrepancy between the low- and high-fidelity posterior. The first row
of Figure D.1 shows the low- (purple) and high-fidelity (red) data densities for decreasing
values of vy from 2 down to 0. The second row depicts the predicted posterior densities via
the preconditioned scheme (orange contours) and the low-fidelity posterior in green along
with MCMC samples (dark circles). The third row compares the preconditioned posterior
densities to samples obtained via the low-fidelity pretrained NF—i.e., equation 4.3. Finally,
the last row shows the objective function values during training with (orange) and without
(green) preconditioning.

We observe that by decreasing v from 2 to 0, the low-fidelity posterior approximations
become worse. As a result, the objective function for the preconditioned approach (orange)
at the beginning start from a higher value, indicating more mismatch between low- and
high-fidelity posterior densities. Finally, our preconditioning method consistently improves

upon low-fidelity posterior by training for 5 epochs.
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Figure D.1: 2D toy example with decreasing values of v = 2, 1, 0 from first to last column,
respectively. First row: Low- and high-fidelity data. Second row: approximated posterior
densities via MCMC (dark circles), and objectives in equations 4.2 and 4.6. Third row:
overlaid prior density with predicted posterior densities via objectives in equations 4.3
and 4.6. Last row: training objective values during training via equations 4.2 and 4.6.
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APPENDIX E
SEISMIC COMPRESSED SENSING FROM CHAPTER 4—MORE RESULTS

Here we show more examples to verify the pretraining phase obtained via solving the objec-
tive in equation 4.2. Each row in Figure E.1 corresponds to a different testing image. The
first column shows the different true seismic images used to create low-fidelity compres-
sive sensing data, depicted in the second column. The third and last columns correspond
to the conditional mean and pointwise STD estimates, respectively. Clearly, the pretrained
network is able to successfully recover the true image, and consistently indicates more

uncertainty in areas with low-amplitude events.
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Figure E.1: Seismic compressed sensing for four different low-fidelity images. First col-
umn: true seismic images. Second column: low-fidelity observed data. Third and last
columns: conditional mean and pointwise STD estimates obtained by drawing 1000 sam-
ples from the pretrained conditional NF.
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APPENDIX F
PERMISSIONS TO USE COPYRIGHTED MATERIAL

F.1 Chapter 2

The content of chapter 2 was published as a technical article in Geophysics under the title

“Deep Bayesian inference for seismic imaging with tasks”:

* Siahkoohi, Ali, Gabrio Rizzuti, and Felix J. Herrmann. “Deep Bayesian inference for
seismic imaging with tasks”. In: Geophysics 87.5 (June 2022). doi: 10.1190/ge02021-
0666.1.

* Copyright © 2022 Society of Exploration Geophysicists.

* The author retains the right to reuse all or part of the work in a thesis or dissertation,

as stated in the Copyright Agreement.
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