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Marine acquisition

2

using ocean bottom nodeusing Hydrophone

cover 102 km2
<latexit sha1_base64="ZgU39L4ZNcGLt7m2CsYjeYVTX90=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclaQKuiy4EdxUsA9o0zKZTtqhM0mYuRFLyM6Nv+LGhSJu/QV3/o3TNgttPTBwOOdc7tzjx4JrcJxva2l5ZXVtvbBR3Nza3tm19/YbOkoUZXUaiUi1fKKZ4CGrAwfBWrFiRPqCNf3R1cRv3jOleRTewThmniSDkAecEjBSzz7qAHuAlEYmhDPsOt3KTMEjmXUrPbvklJ0p8CJxc1JCOWo9+6vTj2giWQhUEK3brhODlxIFnAqWFTuJZjGhIzJgbUNDIpn20ukdGT4xSh8HkTIvBDxVf0+kRGo9lr5JSgJDPe9NxP+8dgLBpZfyME6AhXS2KEgEhghPSsF9rhgFMTaEUMXNXzEdEkUomOqKpgR3/uRF0qiU3bNy5fa8VL3J6yigQ3SMTpGLLlAVXaMaqiOKHtEzekVv1pP1Yr1bH7PokpXPHKA/sD5/AECGmO4=</latexit>

subsurface gridpoint 106 � 109
<latexit sha1_base64="LaFjBTp+RshAOQDiyMOhA/02Tws=">AAACEXicbVDJSgNBEO1xjXEb9eilMQi5GGaiuNwCXgQvEcwCSQw9nZqkSc9Cd40YhvyCF3/FiwdFvHrz5t/YWQ6a+KDpx3tVVNXzYik0Os63tbC4tLyymlnLrm9sbm3bO7tVHSWKQ4VHMlJ1j2mQIoQKCpRQjxWwwJNQ8/qXI792D0qLKLzFQQytgHVD4QvO0EhtO99EeMBUJ55OlM840K4SnTgSIdIhdZ27U3o0+i7ads4pOGPQeeJOSY5MUW7bX81OxJMAQuSSad1wnRhbKVMouIRhtploiBnvsy40DA1ZALqVji8a0kOjdKgfKfPMJmP1d0fKAq0HgWcqA4Y9PeuNxP+8RoL+eSsVYZwghHwyyE8kxYiO4qEdoYCjHBjCuBJmV8p7TDGOJsSsCcGdPXmeVIsF97hQvDnJla6ncWTIPjkgeeKSM1IiV6RMKoSTR/JMXsmb9WS9WO/Wx6R0wZr27JE/sD5/AIBjnB4=</latexit>

108 traces
<latexit sha1_base64="7y8DckyQ/eU4QhumT/bvjGZl22g=">AAAB/HicbVDJSgNBEO2JW4xbNEcvjUHwFGaiYI4BL4KXCGaBZAw9nZqkSc9Cd404DPFXvHhQxKsf4s2/sbMcNPFBweO9KqrqebEUGm3728qtrW9sbuW3Czu7e/sHxcOjlo4SxaHJIxmpjsc0SBFCEwVK6MQKWOBJaHvjq6nffgClRRTeYRqDG7BhKHzBGRqpXyw59n2N9hAeMaOoGAc96RfLdsWega4SZ0HKZIFGv/jVG0Q8CSBELpnWXceO0c2YQsElTAq9REPM+JgNoWtoyALQbjY7fkJPjTKgfqRMhUhn6u+JjAVap4FnOgOGI73sTcX/vG6Cfs3NRBgnCCGfL/ITSTGi0yToQCjgKFNDGFfC3Er5iJkI0ORVMCE4yy+vkla14pxXqrcX5frNIo48OSYn5Iw45JLUyTVpkCbhJCXP5JW8WU/Wi/Vufcxbc9ZipkT+wPr8AdMnlEg=</latexit>
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~x
<latexit sha1_base64="aQqh0w3oW0ahCwk2BlyIfnBHU50=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjwInipYD+gDWWznbRLN5uwuymW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hiV5rF8NJME/YgOJA85o8ZKre4YWfY07ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n83PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzH4nfa6QGTGxhDLF7a2EDamizNiEijYEb/nlVdKsVrzLSvXhqly7z+MowCmcwQV4cA01uIM6NIDBCJ7hFd6cxHlx3p2PReuak8+cwB84nz+15o/X</latexit> ~x0

<latexit sha1_base64="ZxL5FPY68mQbj9Yxz9Wi35o3Baw=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY8FL4KXCvYD2m3JprNtaJJdkmy1LP0fXjwo4tX/4s1/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NBRoijUacQj1QqIBs4k1A0zHFqxAiICDs1gdDPzm2NQmkXywUxi8AUZSBYySoyVup0x0PRp2u3EignoFUtu2Z0DrxIvIyWUodYrfnX6EU0ESEM50brtubHxU6IMoxymhU6iISZ0RAbQtlQSAdpP51dP8ZlV+jiMlC1p8Fz9PZESofVEBLZTEDPUy95M/M9rJya89lMm48SApItFYcKxifAsAtxnCqjhE0sIVczeiumQKEKNDapgQ/CWX14ljUrZuyhX7i9L1bssjjw6QafoHHnoClXRLaqhOqJIoWf0it6cR+fFeXc+Fq05J5s5Rn/gfP4AJHGS9A==</latexit>

~m
<latexit sha1_base64="HrMjlctBA9/SPfy9bOvz9rYW7fM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPBi+Clgv2ANpTNdtIu3d2E3U2hhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0w408bzvp3CxubW9k5xt7S3f3B4VD4+aek4VRSbNOax6oREI2cSm4YZjp1EIREhx3Y4vpv77QkqzWL5ZKYJBoIMJYsYJcZK7d4EaSZm/XLFq3oLuOvEz0kFcjT65a/eIKapQGkoJ1p3fS8xQUaUYZTjrNRLNSaEjskQu5ZKIlAH2eLcmXthlYEbxcqWNO5C/T2REaH1VIS2UxAz0qveXPzP66Ymug0yJpPUoKTLRVHKXRO789/dAVNIDZ9aQqhi9laXjogi1NiESjYEf/XlddKqVf2rau3xulJ/yOMowhmcwyX4cAN1uIcGNIHCGJ7hFd6cxHlx3p2PZWvByWdO4Q+czx+lL4/M</latexit>

~x
<latexit sha1_base64="aQqh0w3oW0ahCwk2BlyIfnBHU50=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjwInipYD+gDWWznbRLN5uwuymW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hiV5rF8NJME/YgOJA85o8ZKre4YWfY07ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n83PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzH4nfa6QGTGxhDLF7a2EDamizNiEijYEb/nlVdKsVrzLSvXhqly7z+MowCmcwQV4cA01uIM6NIDBCJ7hFd6cxHlx3p2PReuak8+cwB84nz+15o/X</latexit>

~x0
<latexit sha1_base64="ZxL5FPY68mQbj9Yxz9Wi35o3Baw=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY8FL4KXCvYD2m3JprNtaJJdkmy1LP0fXjwo4tX/4s1/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NBRoijUacQj1QqIBs4k1A0zHFqxAiICDs1gdDPzm2NQmkXywUxi8AUZSBYySoyVup0x0PRp2u3EignoFUtu2Z0DrxIvIyWUodYrfnX6EU0ESEM50brtubHxU6IMoxymhU6iISZ0RAbQtlQSAdpP51dP8ZlV+jiMlC1p8Fz9PZESofVEBLZTEDPUy95M/M9rJya89lMm48SApItFYcKxifAsAtxnCqjhE0sIVczeiumQKEKNDapgQ/CWX14ljUrZuyhX7i9L1bssjjw6QafoHHnoClXRLaqhOqJIoWf0it6cR+fFeXc+Fq05J5s5Rn/gfP4AJHGS9A==</latexit>

~h
<latexit sha1_base64="J0wByVipTlqhXzBxVyAMO0XgiHQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF8FLBfsBbSib7aRdutmE3U2hhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aek4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gfDf32xNUmsfyyUwT9CM6lDzkjBortXsTZNlo1i9X3Kq7AFknXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4Ezkq9VGNC2ZgOsWuppBFqP1ucOyMXVhmQMFa2pCEL9fdERiOtp1FgOyNqRnrVm4v/ed3UhLd+xmWSGpRsuShMBTExmf9OBlwhM2JqCWWK21sJG1FFmbEJlWwI3urL66RVq3pX1drjdaX+kMdRhDM4h0vw4AbqcA8NaAKDMTzDK7w5ifPivDsfy9aCk8+cwh84nz+dlo/H</latexit>

~m
<latexit sha1_base64="HrMjlctBA9/SPfy9bOvz9rYW7fM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPBi+Clgv2ANpTNdtIu3d2E3U2hhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0w408bzvp3CxubW9k5xt7S3f3B4VD4+aek4VRSbNOax6oREI2cSm4YZjp1EIREhx3Y4vpv77QkqzWL5ZKYJBoIMJYsYJcZK7d4EaSZm/XLFq3oLuOvEz0kFcjT65a/eIKapQGkoJ1p3fS8xQUaUYZTjrNRLNSaEjskQu5ZKIlAH2eLcmXthlYEbxcqWNO5C/T2REaH1VIS2UxAz0qveXPzP66Ymug0yJpPUoKTLRVHKXRO789/dAVNIDZ9aQqhi9laXjogi1NiESjYEf/XlddKqVf2rau3xulJ/yOMowhmcwyX4cAN1uIcGNIHCGJ7hFd6cxHlx3p2PZWvByWdO4Q+czx+lL4/M</latexit>

RTM Extended image volumes

Demultiple

Deghost

Wavelet estimation



Imaging inversion & wavelet influence
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RTM SPLS-RTM

SPLS-RTM w/ wrong source

From imaging to inversion
• remove source and receiver imprint
• remove band-limited effect from source
However
• expensive cost in iterations
• prior knowledge of source
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~x
<latexit sha1_base64="aQqh0w3oW0ahCwk2BlyIfnBHU50=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjwInipYD+gDWWznbRLN5uwuymW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hiV5rF8NJME/YgOJA85o8ZKre4YWfY07ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n83PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzH4nfa6QGTGxhDLF7a2EDamizNiEijYEb/nlVdKsVrzLSvXhqly7z+MowCmcwQV4cA01uIM6NIDBCJ7hFd6cxHlx3p2PReuak8+cwB84nz+15o/X</latexit> ~x0

<latexit sha1_base64="ZxL5FPY68mQbj9Yxz9Wi35o3Baw=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY8FL4KXCvYD2m3JprNtaJJdkmy1LP0fXjwo4tX/4s1/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NBRoijUacQj1QqIBs4k1A0zHFqxAiICDs1gdDPzm2NQmkXywUxi8AUZSBYySoyVup0x0PRp2u3EignoFUtu2Z0DrxIvIyWUodYrfnX6EU0ESEM50brtubHxU6IMoxymhU6iISZ0RAbQtlQSAdpP51dP8ZlV+jiMlC1p8Fz9PZESofVEBLZTEDPUy95M/M9rJya89lMm48SApItFYcKxifAsAtxnCqjhE0sIVczeiumQKEKNDapgQ/CWX14ljUrZuyhX7i9L1bssjjw6QafoHHnoClXRLaqhOqJIoWf0it6cR+fFeXc+Fq05J5s5Rn/gfP4AJHGS9A==</latexit>

~m
<latexit sha1_base64="HrMjlctBA9/SPfy9bOvz9rYW7fM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPBi+Clgv2ANpTNdtIu3d2E3U2hhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0w408bzvp3CxubW9k5xt7S3f3B4VD4+aek4VRSbNOax6oREI2cSm4YZjp1EIREhx3Y4vpv77QkqzWL5ZKYJBoIMJYsYJcZK7d4EaSZm/XLFq3oLuOvEz0kFcjT65a/eIKapQGkoJ1p3fS8xQUaUYZTjrNRLNSaEjskQu5ZKIlAH2eLcmXthlYEbxcqWNO5C/T2REaH1VIS2UxAz0qveXPzP66Ymug0yJpPUoKTLRVHKXRO789/dAVNIDZ9aQqhi9laXjogi1NiESjYEf/XlddKqVf2rau3xulJ/yOMowhmcwyX4cAN1uIcGNIHCGJ7hFd6cxHlx3p2PZWvByWdO4Q+czx+lL4/M</latexit>

~x
<latexit sha1_base64="aQqh0w3oW0ahCwk2BlyIfnBHU50=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjwInipYD+gDWWznbRLN5uwuymW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hiV5rF8NJME/YgOJA85o8ZKre4YWfY07ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n83PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzH4nfa6QGTGxhDLF7a2EDamizNiEijYEb/nlVdKsVrzLSvXhqly7z+MowCmcwQV4cA01uIM6NIDBCJ7hFd6cxHlx3p2PReuak8+cwB84nz+15o/X</latexit>

~x0
<latexit sha1_base64="ZxL5FPY68mQbj9Yxz9Wi35o3Baw=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY8FL4KXCvYD2m3JprNtaJJdkmy1LP0fXjwo4tX/4s1/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NBRoijUacQj1QqIBs4k1A0zHFqxAiICDs1gdDPzm2NQmkXywUxi8AUZSBYySoyVup0x0PRp2u3EignoFUtu2Z0DrxIvIyWUodYrfnX6EU0ESEM50brtubHxU6IMoxymhU6iISZ0RAbQtlQSAdpP51dP8ZlV+jiMlC1p8Fz9PZESofVEBLZTEDPUy95M/M9rJya89lMm48SApItFYcKxifAsAtxnCqjhE0sIVczeiumQKEKNDapgQ/CWX14ljUrZuyhX7i9L1bssjjw6QafoHHnoClXRLaqhOqJIoWf0it6cR+fFeXc+Fq05J5s5Rn/gfP4AJHGS9A==</latexit>

~h
<latexit sha1_base64="J0wByVipTlqhXzBxVyAMO0XgiHQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF8FLBfsBbSib7aRdutmE3U2hhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aek4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gfDf32xNUmsfyyUwT9CM6lDzkjBortXsTZNlo1i9X3Kq7AFknXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4Ezkq9VGNC2ZgOsWuppBFqP1ucOyMXVhmQMFa2pCEL9fdERiOtp1FgOyNqRnrVm4v/ed3UhLd+xmWSGpRsuShMBTExmf9OBlwhM2JqCWWK21sJG1FFmbEJlWwI3urL66RVq3pX1drjdaX+kMdRhDM4h0vw4AbqcA8NaAKDMTzDK7w5ifPivDsfy9aCk8+cwh84nz+dlo/H</latexit>

~m
<latexit sha1_base64="HrMjlctBA9/SPfy9bOvz9rYW7fM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPBi+Clgv2ANpTNdtIu3d2E3U2hhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0w408bzvp3CxubW9k5xt7S3f3B4VD4+aek4VRSbNOax6oREI2cSm4YZjp1EIREhx3Y4vpv77QkqzWL5ZKYJBoIMJYsYJcZK7d4EaSZm/XLFq3oLuOvEz0kFcjT65a/eIKapQGkoJ1p3fS8xQUaUYZTjrNRLNSaEjskQu5ZKIlAH2eLcmXthlYEbxcqWNO5C/T2REaH1VIS2UxAz0qveXPzP66Ymug0yJpPUoKTLRVHKXRO789/dAVNIDZ9aQqhi9laXjogi1NiESjYEf/XlddKqVf2rau3xulJ/yOMowhmcwyX4cAN1uIcGNIHCGJ7hFd6cxHlx3p2PZWvByWdO4Q+czx+lL4/M</latexit>

RTM Extended image volumes

Demultiple

Deghost

Wavelet estimation



Rich but expensive Extended image volumes

6

~x
<latexit sha1_base64="aQqh0w3oW0ahCwk2BlyIfnBHU50=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjwInipYD+gDWWznbRLN5uwuymW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hiV5rF8NJME/YgOJA85o8ZKre4YWfY07ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n83PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzH4nfa6QGTGxhDLF7a2EDamizNiEijYEb/nlVdKsVrzLSvXhqly7z+MowCmcwQV4cA01uIM6NIDBCJ7hFd6cxHlx3p2PReuak8+cwB84nz+15o/X</latexit> ~x0

<latexit sha1_base64="ZxL5FPY68mQbj9Yxz9Wi35o3Baw=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY8FL4KXCvYD2m3JprNtaJJdkmy1LP0fXjwo4tX/4s1/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NBRoijUacQj1QqIBs4k1A0zHFqxAiICDs1gdDPzm2NQmkXywUxi8AUZSBYySoyVup0x0PRp2u3EignoFUtu2Z0DrxIvIyWUodYrfnX6EU0ESEM50brtubHxU6IMoxymhU6iISZ0RAbQtlQSAdpP51dP8ZlV+jiMlC1p8Fz9PZESofVEBLZTEDPUy95M/M9rJya89lMm48SApItFYcKxifAsAtxnCqjhE0sIVczeiumQKEKNDapgQ/CWX14ljUrZuyhX7i9L1bssjjw6QafoHHnoClXRLaqhOqJIoWf0it6cR+fFeXc+Fq05J5s5Rn/gfP4AJHGS9A==</latexit>

~m
<latexit sha1_base64="HrMjlctBA9/SPfy9bOvz9rYW7fM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPBi+Clgv2ANpTNdtIu3d2E3U2hhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0w408bzvp3CxubW9k5xt7S3f3B4VD4+aek4VRSbNOax6oREI2cSm4YZjp1EIREhx3Y4vpv77QkqzWL5ZKYJBoIMJYsYJcZK7d4EaSZm/XLFq3oLuOvEz0kFcjT65a/eIKapQGkoJ1p3fS8xQUaUYZTjrNRLNSaEjskQu5ZKIlAH2eLcmXthlYEbxcqWNO5C/T2REaH1VIS2UxAz0qveXPzP66Ymug0yJpPUoKTLRVHKXRO789/dAVNIDZ9aQqhi9laXjogi1NiESjYEf/XlddKqVf2rau3xulJ/yOMowhmcwyX4cAN1uIcGNIHCGJ7hFd6cxHlx3p2PZWvByWdO4Q+czx+lL4/M</latexit>
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RTM Extended image volumes Information can be used to
• create images
• infer rock properties
• QC background velocity model
Expensive in memory
Expensive computations involving wave-
equation solves that scale with  2ns
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Imaging w/ multiples
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• Multiples elimination 
removes illumination

• Naive usage of multiples 
in imaging introduces 
cross-talk



Purpose of thesis
Outline:
• Chapter 2-3: Low-rank recovery for subsurface extended 

image volumes based on time-stepping propagator and 
power schemes, velocity continuation via invariance 
relationship

• Chapter 4: Source estimation for time-domain sparsity 
promoting least-squares reverse-time migration (LS-RTM)

• Chapter 5-6: Sparsity promoting least-squares reverse-
time migration with multiples, and removing density 
effects in least square reverse-time migration with 
matched low-rank filter
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Chapter 4 Source estimation for time-domain 
sparsity promoting least-squares reverse-time 
migration (LS-RTM)



• In practice, we have to solve the following optimization problem: (LS-RTM) 

   1. Very large overdetermined system
   2. Computationally expensive in each iteration

From LS-RTM to SPLS-RTM
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min�m
1
2

Pns

i=1 krFi(m0,q)�m� �dik2.
<latexit sha1_base64="OEkfksw+8XFuYjAeRTkYgzptF2U="></latexit>

rF
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=

�d

�m

Dai W.  et al, “3D multi-source least-squares reverse time migration”, SEG, 2010



From LS-RTM to SPLS-RTM
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• Dimensional reduction + sparsity promoting optimization: 

                 

min
x

�1kxk1 +
1

2
kxk22

subject to
nsX

i=1

krFi(m0,q)C
>x� �dik2  �

<latexit sha1_base64="sv+7cHdd+XPuYsgi5ZCTpyBpPPI="></latexit>

Curvelet transform

Tolerance 
for noise

Still need prior information of source function

Sorted Curvelet 

x
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 Model perturbation
Lorenz D. et al, “The linearized bregman method via split feasibility problems: Analysis and generalizations”, SIAM, 2014 
Witte P. et al, “Compressive least-squares migration with on-the-fly fourier transforms”, Geophysics, 2019
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Influence of wavelet - Marmousi model, linear data

one data pass w/ true source

one data pass w/ wrong source



Source estimation
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Solutions: deconvolution + penalization
Let:                        ,      is well defined.

Property 1: 

Property 2:
Source function should decay smoothly to zero with
few oscillations within a short duration of time. 

Property 3:
The energy of the source function can not explode.  

rFi(m0,w ⇤ q0)C
>x = w ⇤ rFi(m0,q0)C

>x
<latexit sha1_base64="b3YFUId8SPP1aXB4SbHJf9WeuFM="></latexit>

q = w ⇤ q0
<latexit sha1_base64="tXfzX0Z/BSN1yHBaarocpBiGgl0=">AAACDnicbZDLSsNAFIYnXmu9RV26GSwFVyWpgm6EohuXFewFmhAm00k7dDKJMxOlhDyBG1/FjQtF3Lp259s4aSNq64GBj/8/hznn92NGpbKsT2NhcWl5ZbW0Vl7f2NzaNnd22zJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9LxRxe537klQtKIX6txTNwQDTgNKEZKS55ZdUKkhn6Q3mRn33iXOUiqH8OzPLNi1axJwXmwC6iAopqe+eH0I5yEhCvMkJQ924qVmyKhKGYkKzuJJDHCIzQgPY0chUS66eScDFa10odBJPTjCk7U3xMpCqUch77uzHeUs14u/uf1EhWcuinlcaIIx9OPgoRBFcE8G9ingmDFxhoQFlTvCvEQCYSVTrCsQ7BnT56Hdr1mH9XqV8eVxnkRRwnsgwNwCGxwAhrgEjRBC2BwDx7BM3gxHown49V4m7YuGMXMHvhTxvsX2MCdPA==</latexit>

q0
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Source function



 
New subproblem:

with weights
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update  
model

estimate filter

min
w

X

i2Ik

kw ⇤ rFi(m0,q0)C
Tx� �dik22 + kr� (w ⇤ q0)k22

<latexit sha1_base64="xq8JrCwDRe0NN+Bvgw6cwprStfA="></latexit>

Time-domain SPLS-RTM w/ on-the-fly source estimation

Tu N. et al, “Fast imaging with surface-related multiples by sparse inversion”, Geophysical Journal International 2015

Property 3 Property 2
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Workflow - LB + on-the-fly source estimation

update  
model

estimate filter



Stylized example - penalization avoiding overfitting
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WAx = b

A 2 R20000⇥10000

rank(A) = 500

x 2 R10000⇥1 has 20 non-zeros

Ai 2 R500⇥10000, i 2 [1 . . . 40]

w filter
<latexit sha1_base64="AqYScmxEalDhxmUj7y+mALu+PcY="></latexit>

data w/o noise data w/o noise

data w/ noisedata w/ noise
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Challenge of salt model
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Two data pass w/ true source

 
Data :

• Marine acquisition

• nonlinear 

• 960 source & receivers

• 8km offset

• S & R interval 25m

• recording 10s
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inversion w/ inverse scattering image condition

Two data pass w/ true source

Philipp Witte et al, “Sparsity-promoting least-squares migration with the linearized inverse scattering imaging condition”, EAGE 2017
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Two data pass w/ source estimation

Philipp Witte et al, “Sparsity-promoting least-squares migration with the linearized inverse scattering imaging condition”, EAGE 2017

inversion w/ inverse scattering image condition
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Hybrid workflow for salt model

traditional
image 
condition

update  
model

estimate filter

inverse
scattering
condition
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Hybrid workflow for salt model

Two data pass w/ hybrid workflow
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inversion w/ inverse scattering image condition

Two data pass w/ true source



Conclusion
• LB combined w/ on-the-fly source estimation is capable of 

generating high-fidelity true-amplitude images at the cost of 1~2 
RTM.

• The penalized sub-problem solved during variable projection can 
avoid overfitting to noise.

•  Hybrid framework of LB w/ on-the-fly source estimation and LB 
based on inverse-scattering condition generates artifact-free 
images.
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Chapter 2 Low-rank recovery for subsurface 
extended image volumes based on time-
stepping propagator and power schemes

Chapter 3 mapping for velocity variation 
scenarios via invariance relationship



Extended image volume for single frequency

                : angular frequency

                     : discretization of the Helmholtz operator

                     : source

            : data matrix

            : projection operators that restrict the wavefields 
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Extended Image Volumes

Ei = �!2
iViU

⇤
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r ḊiQ̇

⇤
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�⇤
i .

<latexit sha1_base64="E9df3rblf/72yvQDpOCfMZMvZbc="></latexit>

!i

Hi(m)

Qi

Di

Ps,Pr
<latexit sha1_base64="4Ww88qrBg9mjJD4iMBLQvDVGz3I=">AAACTXicbVHLS8MwGE/nY3O+qh69BIcwQUY7BT0O9LDjBu4Baylpmm7BpC1JKozSf9CL4M3/wosHRcTsIezhB4Hf4/vIl1/8hFGpLOvNKGxsbm0XSzvl3b39g0Pz6Lgr41Rg0sExi0XfR5IwGpGOooqRfiII4j4jPf/xbuL3noiQNI4e1DghLkfDiIYUI6UlzwycmJMh8ih0nLLDkRr5YdbMPVr9Izy/WLDa+XLr/Qpv5Z68hAtMaNczK1bNmhZcB/YcVMC8Wp756gQxTjmJFGZIyoFtJcrNkFAUM5KXnVSSBOFHNCQDDSPEiXSzaRo5PNdKAMNY6BMpOFUXJzLEpRxzX3dO1pSr3kT8zxukKrx1MxolqSIRnl0UpgyqGE6ihQEVBCs21gBhQfWuEI+QQFjpDyjrEOzVJ6+Dbr1mX9Xq7etKozGPowROwRmoAhvcgAZoghboAAyewTv4BF/Gi/FhfBs/s9aCMZ85AUtVKP4Co920KQ==</latexit>

CIP gather CIP gather

RTM



Express image volume for single frequency

                : angular frequency

                     : discretization of the Helmholtz operator

                     : source

            : data matrix

            : projection operators that restrict the wavefields 

Too expensive to compute or store 

Rank limited by Data’s Rank   
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Extended Image Volumes
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<latexit sha1_base64="E9df3rblf/72yvQDpOCfMZMvZbc="></latexit>

!i

Hi(m)

Qi

Di

Ps,Pr
<latexit sha1_base64="4Ww88qrBg9mjJD4iMBLQvDVGz3I=">AAACTXicbVHLS8MwGE/nY3O+qh69BIcwQUY7BT0O9LDjBu4Baylpmm7BpC1JKozSf9CL4M3/wosHRcTsIezhB4Hf4/vIl1/8hFGpLOvNKGxsbm0XSzvl3b39g0Pz6Lgr41Rg0sExi0XfR5IwGpGOooqRfiII4j4jPf/xbuL3noiQNI4e1DghLkfDiIYUI6UlzwycmJMh8ih0nLLDkRr5YdbMPVr9Izy/WLDa+XLr/Qpv5Z68hAtMaNczK1bNmhZcB/YcVMC8Wp756gQxTjmJFGZIyoFtJcrNkFAUM5KXnVSSBOFHNCQDDSPEiXSzaRo5PNdKAMNY6BMpOFUXJzLEpRxzX3dO1pSr3kT8zxukKrx1MxolqSIRnl0UpgyqGE6ihQEVBCs21gBhQfWuEI+QQFjpDyjrEOzVJ6+Dbr1mX9Xq7etKozGPowROwRmoAhvcgAZoghboAAyewTv4BF/Gi/FhfBs/s9aCMZ85AUtVKP4Co920KQ==</latexit>

Monochromatic data at 5Hz

Monochromatic EIV at 5Hz



Monochromatic randomized SVD algorithm

Pros : only        PDEs 

        : access to each element ( various image gathers, e.g. RTM)
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Low rank recovery for Extended Image Volumes

4np
<latexit sha1_base64="F997Pcd7gFEn9wL0iLF6QpKucus=">AAAB63icdVDLSsNAFJ34rPVVdelmsAiuQtK0NsuCG8FNBfuANpTJdNIOnZmEmYlQQn/BjQtF3PpD7vwbJ2kFFT1w4XDOvdx7T5gwqrTjfFhr6xubW9ulnfLu3v7BYeXouKviVGLSwTGLZT9EijAqSEdTzUg/kQTxkJFeOLvK/d49kYrG4k7PExJwNBE0ohjpXKqLUTKqVB3b8S+bng8du+H6Tc+DheI7DejaToEqWKE9qrwPxzFOOREaM6TUwHUSHWRIaooZWZSHqSIJwjM0IQNDBeJEBVlx6wKeG2UMo1iaEhoW6veJDHGl5jw0nRzpqfrt5eJf3iDVkR9kVCSpJgIvF0UpgzqG+eNwTCXBms0NQVhScyvEUyQR1iaesgnh61P4P+nWbNeza7f1autmFUcJnIIzcAFc0AQtcA3aoAMwmIIH8ASeLW49Wi/W67J1zVrNnIAfsN4+AVDujnY=</latexit>

Halko N et al, “Finding structure with randomness: Probabilistic algorithms for constructing approximate matrix decompositions”, SIAM review, 2011 
Kumar R et al, “Low-rank representation of extended image volumes: Application to imaging and velocity continuation”, SEG Annual meeting 2018

0.Input: q and np random Gaussian vectors W = [w1, · · · ,wnp ]
1.Y := EW,Y 2 CN⇥np

2.[Q,⇠] = qr(K),Q 2 CN⇥np

3.Z = E
⇤
Q,Z 2 CN⇥np

4.[�,⌃, ] = svd(Z⇤), svd computes the top np singular vectors
5.set � Q�

6.L = �
p
⌃,R =  

p
⌃

7.Output:factors {L, R} yielding E ⇡ LR
⇤

<latexit sha1_base64="vuJMLO27GDNX9ab7u6BsfNOrp0w="></latexit>



Monochromatic randomized SVD algorithm

Pros : only        PDEs 

        : access to each element ( various image gathers)

Cons : Rank increasing along frequency

         : Inefficient PDE solves for large 2D or 3D problem

         : Investment in QR and SVD factorizations  

  

 

29

Low rank recovery for Extended Image Volumes

np : 9 ⇠ 40
<latexit sha1_base64="MUP+tzrmWzhRiVHN1uEE5H5eiP4=">AAAB9HicbVC7SgNBFL3rMyY+opY2g1GwCrtR8FEFbSwjmAckS5idTJIhM7PrzGwgLPkOGwtFbC39Af/Azg/R2smj0MQDFw7n3Mu99wQRZ9q47qezsLi0vLKaWktn1jc2t7LbOxUdxorQMgl5qGoB1pQzScuGGU5rkaJYBJxWg97VyK/2qdIslLdmEFFf4I5kbUawsZIvm9EFOm9oJtCJ28zm3Lw7Bpon3pTkigdfb+/9zHepmf1otEISCyoN4VjruudGxk+wMoxwOkw3Yk0jTHq4Q+uWSiyo9pPx0UN0aJUWaofKljRorP6eSLDQeiAC2ymw6epZbyT+59Vj0z7zEyaj2FBJJovaMUcmRKMEUIspSgwfWIKJYvZWRLpYYWJsTmkbgjf78jypFPLecb5w4+WKlzBBCvZgH47Ag1MowjWUoAwE7uAeHuHJ6TsPzrPzMmldcKYzu/AHzusPzsSVPw==</latexit>

4np
<latexit sha1_base64="F997Pcd7gFEn9wL0iLF6QpKucus=">AAAB63icdVDLSsNAFJ34rPVVdelmsAiuQtK0NsuCG8FNBfuANpTJdNIOnZmEmYlQQn/BjQtF3PpD7vwbJ2kFFT1w4XDOvdx7T5gwqrTjfFhr6xubW9ulnfLu3v7BYeXouKviVGLSwTGLZT9EijAqSEdTzUg/kQTxkJFeOLvK/d49kYrG4k7PExJwNBE0ohjpXKqLUTKqVB3b8S+bng8du+H6Tc+DheI7DejaToEqWKE9qrwPxzFOOREaM6TUwHUSHWRIaooZWZSHqSIJwjM0IQNDBeJEBVlx6wKeG2UMo1iaEhoW6veJDHGl5jw0nRzpqfrt5eJf3iDVkR9kVCSpJgIvF0UpgzqG+eNwTCXBms0NQVhScyvEUyQR1iaesgnh61P4P+nWbNeza7f1autmFUcJnIIzcAFc0AQtcA3aoAMwmIIH8ASeLW49Wi/W67J1zVrNnIAfsN4+AVDujnY=</latexit>

Threshold according 1%,5%,10%
of the maximum of singular values
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Power scheme combined with rSVD : Simultaneous 
Iterations vs Block Krylov Iterations

SI BKI

Cost

2np + 4qnp 2np + 4qnp wave-equation solves

O(Nn2
p) O(N((q + 1)np)

2) flops

2np 2(q + 1)np wave-equation solves

O(Nn2
p) O(N(q + 1)n2

p) flops
<latexit sha1_base64="aMU+reKHvQ5G8gXD2I38NB6jgRg="></latexit>

K := [EW, (EE⇤)EW, · · · , (EE⇤)qEW],K 2 CN⇥(q+1)np
<latexit sha1_base64="A92DZAS9cqhgrU41ykno+nme3x0="></latexit>

K := (EE⇤)qEW,K 2 CN⇥np
<latexit sha1_base64="663P7efoqM8pmQwP74NmK1M+l8k="></latexit>

vs

Pros :  increasing accuracy w/o increasing probing size

Cons : more WE scale w/ power

         : more flops in qr, svd 

       Musco C et al, “Randomized block krylov methods for stronger and faster approximate singular value decomposition”, Advances in Neural Information 
Processing systems, 2015 
Yang M et al, “Low-rank representation of subsurface extended image volumes with power iterations, SEG Annual meeting 2019
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Simultaneous Iterations vs Block Krylov Iterations

Monochromatic EIV 
at 25 Hz

ns = 100
<latexit sha1_base64="VMJIqzt6zUquVRMTL+n76ijBcSg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4EXwUsF+QBvKZjtpl242YXcjlNAf4cWDIl79Pd78N27bHLT1wcDjvRlm5gWJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjG9nfvsJleaxfDSTBP2IDiUPOaPGSm3Z1zee6/bLFbfqzkFWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/m507JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeG1n3GZpAYlWywKU0FMTGa/kwFXyIyYWEKZ4vZWwkZUUWZsQiUbgrf88ipp1areRbX2cFmp3+dxFOEETuEcPLiCOtxBA5rAYAzP8ApvTuK8OO/Ox6K14OQzx/AHzucPNsqO2w==</latexit>



Pros : higher accuracy w/o 
increasing

Cons : additional WEs scale w/ 

         : more flops in qr, svd

32

Block Krylov Iterations vs rSVD

Standard, k=8

rSVD

BKI
np

<latexit sha1_base64="7W+0Lm132E5vS/uaoKiNuGzNcOs=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120y7d3YTdiVBC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoM4y0Wych0A2q5FJq3UKDk3dhwqgLJO8HkLvc7T9xYEelHnMbcV3SkRSgYxVzSg7g8qFTdmjsHWSVeQapQoDmofPWHEUsU18gktbbnuTH6KTUomOSzcj+xPKZsQke8l1FNFbd+Or91Rs4zZUjCyGSlkczV3xMpVdZOVZB1Kopju+zl4n9eL8Hwxk+FjhPkmi0WhYkkGJH8cTIUhjOU04xQZkR2K2FjaijDLJ48BG/55VXSrte8y1r94arauC3iKMEpnMEFeHANDbiHJrSAwRie4RXeHOW8OO/Ox6J1zSlmTuAPnM8fkouN7Q==</latexit>

q
<latexit sha1_base64="XCMGVb0hsCKB1m21wVA2goN8D0I=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGK/YA2lM120y7dbOLuRCil/8CLB0W8+o+8+W/ctDlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRTea3nrg2IlYPOE64H9GBEqFgFK10/1jslcpuxZ2BLBMvJ2XIUe+Vvrr9mKURV8gkNabjuQn6E6pRMMmnxW5qeELZiA54x1JFI278yezSKTm1Sp+EsbalkMzU3xMTGhkzjgLbGVEcmkUvE//zOimGV/5EqCRFrth8UZhKgjHJ3iZ9oTlDObaEMi3srYQNqaYMbThZCN7iy8ukWa1455Xq3UW5dp3HUYBjOIEz8OASanALdWgAgxCe4RXenJHz4rw7H/PWFSefOYI/cD5/ABF3jQ0=</latexit>

q = 1
<latexit sha1_base64="5otAb5TMYpcxjjsTHndaIFYAP5A=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisYD+gDWWznbRLdzdxdyOU0r/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzglhwY13321lZXVvf2CxsFbd3dvf2SweHTRMlmmGDRSLS7YAaFFxhw3IrsB1rpDIQ2ApGt5nfekJteKQe7DhGX9KB4iFn1GbS47VX7JXKbsWdgSwTLydlyFHvlb66/YglEpVlghrT8dzY+hOqLWcCp8VuYjCmbEQH2EmpohKNP5ndOiWnqdInYaTTUpbM1N8TEyqNGcsg7ZTUDs2il4n/eZ3Ehlf+hKs4sajYfFGYCGIjkj1O+lwjs2KcEso0T28lbEg1ZTaNJwvBW3x5mTSrFe+8Ur2/KNdu8jgKcAwncAYeXEIN7qAODWAwhGd4hTdHOi/Ou/Mxb11x8pkj+APn8wcDmY2P</latexit>
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time domain vs time harmonic domain

E =

V̇z }| {
F �A�> � P>

r [Ḋ] ·

U̇⇤

z }| {
(F �A�1 � P>

s [Q̇])⇤
<latexit sha1_base64="xW3jNM24QmDuEx/9+2/fZ/aDd7U="></latexit>

= F �A�> � P>
r � F>[Ḋ · Q̇⇤ · (F � Ps �A�> � F>[I])].

<latexit sha1_base64="YC6T9CSvk13FpasQJezSPs4PNGA="></latexit>

Full extended image volumes

Probing
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r ḊiQ̇

⇤
iPsH

�⇤
i .

<latexit sha1_base64="E9df3rblf/72yvQDpOCfMZMvZbc="></latexit>

Y = F �A�> � P>
r [Ḋ ⇤t (Ps �A�>[W])]

= F �A�> � P>
r � F>[Ḋ · (F � Ps �A�>[W])]

<latexit sha1_base64="Gw8xwdTjrkdusvCYCTT+4pOsDvc="></latexit>

Yi = EiWi = H
�⇤
i P

>
r ḊiQ̇

⇤
iPsH

�⇤
i Wi

<latexit sha1_base64="6WamxEefX4LOOUMJqHapGvKXZOY="></latexit>

Gaussian
noise Band-limited

Gaussian
noise

Fast Fourier 
transform

Louboutin M  et al, “Devito: an embedded domain-specific language for finite differences and geophysical exploration”, arXiv, 2018 
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Traditional RTM vs extracted RTM

2ns = 1300
<latexit sha1_base64="ccPUKVe4h0jnVfAFB12jELl6sEw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ltBb0IBS+Clwr2Q9qlZNNsG5pklyQrlKW/wosHRbz6c7z5b8y2e9DWBwOP92aYmRfEnGnjut9OYW19Y3OruF3a2d3bPygfHrV1lChCWyTikeoGWFPOJG0ZZjjtxopiEXDaCSY3md95okqzSD6YaUx9gUeShYxgY6XHmhzoa6/uuoNyxa26c6BV4uWkAjmag/JXfxiRRFBpCMda9zw3Nn6KlWGE01mpn2gaYzLBI9qzVGJBtZ/OD56hM6sMURgpW9Kgufp7IsVC66kIbKfAZqyXvUz8z+slJrzyUybjxFBJFovChCMToex7NGSKEsOnlmCimL0VkTFWmBibUcmG4C2/vEratapXr9buLyqNuzyOIpzAKZyDB5fQgFtoQgsICHiGV3hzlPPivDsfi9aCk88cwx84nz8dc49U</latexit>

Experiment:

• 650 co-located sources 
and receivers

• Ricker wavelet centered at 
23 Hz 

• Direct wave removed  
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Traditional RTM vs extracted RTM

10np = 1300
<latexit sha1_base64="vkS5uHJVNFjuIXGA/thOp0F/ZrE=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU8m2gl6EghfBSwX7ge1Ssmm2Dc1mlyQrlKX/wosHRbz6b7z5b8y2e9DWBwOP92aYmefHgmuD8bdTWFvf2Nwqbpd2dvf2D8qHR20dJYqyFo1EpLo+0UxwyVqGG8G6sWIk9AXr+JObzO88MaV5JB/MNGZeSEaSB5wSY6VHF8tBfO3WMR6UK7iK50CrxM1JBXI0B+Wv/jCiScikoYJo3XNxbLyUKMOpYLNSP9EsJnRCRqxnqSQh0146v3iGzqwyREGkbEmD5urviZSEWk9D33aGxIz1speJ/3m9xARXXsplnBgm6WJRkAhkIpS9j4ZcMWrE1BJCFbe3IjomilBjQyrZENzll1dJu1Z169Xa/UWlcZfHUYQTOIVzcOESGnALTWgBBQnP8ApvjnZenHfnY9FacPKZY/gD5/MHhrGPig==</latexit>

Experiment:

• BKI, 
• Probing size 

q = 1
<latexit sha1_base64="CzrTArI/TEMbVmL4yYKwM/0CxRk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9CwIvgJaJ5QLKE2UknGTI7u87MCmHJJ3jxoIhXv8ibf+Mk2YMmFjQUVd10dwWx4Nq47reTW1ldW9/Ibxa2tnd294r7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZjK6nfvMJleaRfDDjGP2QDiTvc0aNle4fr7xuseSW3RnIMvEyUoIMtW7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NQJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/0k+5jBODks0X9RNBTESmf5MeV8iMGFtCmeL2VsKGVFFmbDoFG4K3+PIyaVTK3lm5cndeqt5mceThCI7hFDy4gCrcQA3qwGAAz/AKb45wXpx352PemnOymUP4A+fzB9FQjYQ=</latexit>

np = 130
<latexit sha1_base64="OjmO6jQ+bk6njHGkVPX0Aq4THy4=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJ4KrutoBeh4EXwUsF+QLuUbJptQ7NJSLJCWfojvHhQxKu/x5v/xrTdg7Y+GHi8N8PMvEhxZqzvf3tr6xubW9uFneLu3v7BYenouGVkqgltEsml7kTYUM4EbVpmOe0oTXEScdqOxrczv/1EtWFSPNqJomGCh4LFjGDrpLboq5ug5vdLZb/iz4FWSZCTMuRo9EtfvYEkaUKFJRwb0w18ZcMMa8sIp9NiLzVUYTLGQ9p1VOCEmjCbnztF504ZoFhqV8Kiufp7IsOJMZMkcp0JtiOz7M3E/7xuauPrMGNCpZYKslgUpxxZiWa/owHTlFg+cQQTzdytiIywxsS6hIouhGD55VXSqlaCWqX6cFmu3+dxFOAUzuACAriCOtxBA5pAYAzP8ApvnvJevHfvY9G65uUzJ/AH3ucPNsGO2w==</latexit>

Selected rank to capture 95% of 
data’s energy 



36

Traditional image gathers vs extracted image gathers

CIP

CIG

van Leeuwen T et al, “Enabling affordable omnidirectional subsurface extended image volumes via probing”, Geophysical prospecting 2017
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Traditional CIP vs extracted CIP

2ns VS 0
<latexit sha1_base64="z9AYZQaLWbYMT75fKM6F32TdVHo=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JUQY8FL56kov2ANoTNdtMu3WzC7kQtsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VYWV1b3yhulra2d3b37PJ+S8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHYwupz67XumNI/lHYwT5kVkIHnIKQEj+Xa5Jn2Ne8AeIcOtWzxxfLviVJ0Z8DJxc1JBORq+/dXrxzSNmAQqiNZd10nAy4gCTgWblHqpZgmhIzJgXUMliZj2stnpE3xslD4OY2VKAp6pvycyEmk9jgLTGREY6kVvKv7ndVMIL7yMyyQFJul8UZgKDDGe5oD7XDEKYmwIoYqbWzEdEkUomLRKJgR38eVl0qpV3dNq7easUr/O4yiiQ3SETpCLzlEdXaEGaiKKHtAzekVv1pP1Yr1bH/PWgpXPHKA/sD5/AOm7kyk=</latexit>
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2ns VS 0
<latexit sha1_base64="z9AYZQaLWbYMT75fKM6F32TdVHo=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JUQY8FL56kov2ANoTNdtMu3WzC7kQtsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VYWV1b3yhulra2d3b37PJ+S8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHYwupz67XumNI/lHYwT5kVkIHnIKQEj+Xa5Jn2Ne8AeIcOtWzxxfLviVJ0Z8DJxc1JBORq+/dXrxzSNmAQqiNZd10nAy4gCTgWblHqpZgmhIzJgXUMliZj2stnpE3xslD4OY2VKAp6pvycyEmk9jgLTGREY6kVvKv7ndVMIL7yMyyQFJul8UZgKDDGe5oD7XDEKYmwIoYqbWzEdEkUomLRKJgR38eVl0qpV3dNq7easUr/O4yiiQ3SETpCLzlEdXaEGaiKKHtAzekVv1pP1Yr1bH/PWgpXPHKA/sD5/AOm7kyk=</latexit>

Traditional CIG vs extracted CIG
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Geologic dip-corrected CIG
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Mapping via Invariance relationship

Starting 
background 
model

processed
data

Migration

Tomographic
inversion, FWI

Updated
background
model

Final 
background
model

Low rank recovery via BKI
Pros : access to every element,

        : scale with probing size

Cons : additional WEs scale w/ power

         : more flops in qr, svd

Scenario 1
BKI w/ 

model 1
{L1,R1}

<latexit sha1_base64="uMrULtgYDzfWm7luxN/nij+68MU=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgQkpSBV0W3bhwUcU+oAlhMp20QyeTMDMRSsjOjb/ixoUibv0Fd/6NkzaCth4YOPece5l7jx8zKpVlfRmlhcWl5ZXyamVtfWNzy9zeacsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH13mfueeCEkjfqfGMXFDNOA0oBgpLXnmvpM6IVJDP0ivM88+/iludeFkFc+sWjVrAjhP7IJUQYGmZ346/QgnIeEKMyRlz7Zi5aZIKIoZySpOIkmM8AgNSE9TjkIi3XRyRwYPtdKHQST04wpO1N8TKQqlHIe+7szXlLNeLv7n9RIVnLsp5XGiCMfTj4KEQRXBPBTYp4JgxcaaICyo3hXiIRIIKx1dHoI9e/I8addr9kmtfnNabVwUcZTBHjgAR8AGZ6ABrkATtAAGD+AJvIBX49F4Nt6M92lryShmdsEfGB/fex6ZCw==</latexit>

Scenario 2
BKI w/

model 2
{L2,R2}

<latexit sha1_base64="yUd3MFKgCEznXoI8MarbGrkh9pI=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgQkpSBV0W3bhwUcU+oAlhMp20QyeTMDMRSsjOjb/ixoUibv0Fd/6NkzaCth4YOPece5l7jx8zKpVlfRmlhcWl5ZXyamVtfWNzy9zeacsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH13mfueeCEkjfqfGMXFDNOA0oBgpLXnmvpM6IVJDP0ivM69+/FPc6sLJKp5ZtWrWBHCe2AWpggJNz/x0+hFOQsIVZkjKnm3Fyk2RUBQzklWcRJIY4REakJ6mHIVEuunkjgweaqUPg0joxxWcqL8nUhRKOQ593ZmvKWe9XPzP6yUqOHdTyuNEEY6nHwUJgyqCeSiwTwXBio01QVhQvSvEQyQQVjq6PAR79uR50q7X7JNa/ea02rgo4iiDPXAAjoANzkADXIEmaAEMHsATeAGvxqPxbLwZ79PWklHM7II/MD6+AX45mQ0=</latexit>

Scenario 3
mapping

{L1,R1} ! {L2,R2}
<latexit sha1_base64="RgrQhk6Z1wL4xQ5WIfIkfkuayhQ=">AAACL3icbVDLSsNAFJ34rPUVdekmWAQXUpIo6LIoiAsXVewDmhAm00k7dDIJMxOlhPyRG3+lGxFF3PoXTtoIfXhg4Nxzz2XuPX5MiZCm+a4tLa+srq2XNsqbW9s7u/reflNECUe4gSIa8bYPBaaE4YYkkuJ2zDEMfYpb/uA677eeMBckYo9yGGM3hD1GAoKgVJKn3zipE0LZ94P0LvOs07/iQRVO5nDS60vIefQ847OnfbaTlT29YlbNMYxFYhWkAgrUPX3kdCOUhJhJRKEQHcuMpZtCLgmiOCs7icAxRAPYwx1FGQyxcNPxvZlxrJSuEURcPSaNsTo9kcJQiGHoK2e+ppjv5eJ/vU4ig0s3JSxOJGZo8lGQUENGRh6e0SUcI0mHikDEidrVQH3IIZIq4jwEa/7kRdK0q9ZZ1b4/r9SuijhK4BAcgRNggQtQA7egDhoAgRcwAh/gU3vV3rQv7XtiXdKKmQMwA+3nF1A1qmg=</latexit>

L2 = F �A�>
2 �A>

1 [L1] with L1 = F>[L1],

R2 = F �A�1
2 �A1[R1] with R1 = F>[R1].

<latexit sha1_base64="bKAOVyDG0UFS306dTqhH0Qkr1Og="></latexit>

qr, svd
WEs scale w/

power 

WEs scale w/ 
only probing 

size 

Ei = H
�⇤
i P

>
r ḊiQ̇

⇤
iPsH

�⇤
i .

<latexit sha1_base64="zDqahJWfjdZLe2HgRi5bsQ28tk8="></latexit>

Invariant
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10np = 1000,QR+SVD
<latexit sha1_base64="qfoxUIeUBQljeLKVk3eaocBWyi8=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAIghJmo6AXIaAHT5KoeUASwuxkkgyZnV1mesWwBC/+ihcPinj1K7z5N04eB00saCiquunu8kIpDBDy7STm5hcWl5LLqZXVtfWN9OZW2QSRZrzEAhnoqkcNl0LxEgiQvBpqTn1P8orXuxj6lXuujQjUHfRD3vBpR4m2YBSs1EzvuEQ1w3OXEHKE68AfIC7eHN6WLwfNdIZkyQh4lrgTkkETFJrpr3orYJHPFTBJjam5JIRGTDUIJvkgVY8MDynr0Q6vWaqoz00jHr0wwPtWaeF2oG0pwCP190RMfWP6vmc7fQpdM+0Nxf+8WgTts0YsVBgBV2y8qB1JDAEe5oFbQnMGsm8JZVrYWzHrUk0Z2NRSNgR3+uVZUs5l3eNsrniSyV9P4kiiXbSHDpCLTlEeXaECKiGGHtEzekVvzpPz4rw7H+PWhDOZ2UZ/4Hz+ADYGlXE=</latexit>

10np = 1000,QR+SVD
<latexit sha1_base64="qfoxUIeUBQljeLKVk3eaocBWyi8=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAIghJmo6AXIaAHT5KoeUASwuxkkgyZnV1mesWwBC/+ihcPinj1K7z5N04eB00saCiquunu8kIpDBDy7STm5hcWl5LLqZXVtfWN9OZW2QSRZrzEAhnoqkcNl0LxEgiQvBpqTn1P8orXuxj6lXuujQjUHfRD3vBpR4m2YBSs1EzvuEQ1w3OXEHKE68AfIC7eHN6WLwfNdIZkyQh4lrgTkkETFJrpr3orYJHPFTBJjam5JIRGTDUIJvkgVY8MDynr0Q6vWaqoz00jHr0wwPtWaeF2oG0pwCP190RMfWP6vmc7fQpdM+0Nxf+8WgTts0YsVBgBV2y8qB1JDAEe5oFbQnMGsm8JZVrYWzHrUk0Z2NRSNgR3+uVZUs5l3eNsrniSyV9P4kiiXbSHDpCLTlEeXaECKiGGHtEzekVvzpPz4rw7H+PWhDOZ2UZ/4Hz+ADYGlXE=</latexit>

Scenario 1

Scenario 2



42 4np = 400
<latexit sha1_base64="PocnXxoZjPvQQC2oJx7apmDSKrE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgF6EgBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpXZV9pLrquv2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/wJl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7F2UK/fVUu0uiyMPJ3AK5+DBJdTgFurQAAYCnuEV3pxH58V5dz4WrTknmzmGP3A+fwCs148c</latexit>

10np = 1000,QR+SVD
<latexit sha1_base64="qfoxUIeUBQljeLKVk3eaocBWyi8=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAIghJmo6AXIaAHT5KoeUASwuxkkgyZnV1mesWwBC/+ihcPinj1K7z5N04eB00saCiquunu8kIpDBDy7STm5hcWl5LLqZXVtfWN9OZW2QSRZrzEAhnoqkcNl0LxEgiQvBpqTn1P8orXuxj6lXuujQjUHfRD3vBpR4m2YBSs1EzvuEQ1w3OXEHKE68AfIC7eHN6WLwfNdIZkyQh4lrgTkkETFJrpr3orYJHPFTBJjam5JIRGTDUIJvkgVY8MDynr0Q6vWaqoz00jHr0wwPtWaeF2oG0pwCP190RMfWP6vmc7fQpdM+0Nxf+8WgTts0YsVBgBV2y8qB1JDAEe5oFbQnMGsm8JZVrYWzHrUk0Z2NRSNgR3+uVZUs5l3eNsrniSyV9P4kiiXbSHDpCLTlEeXaECKiGGHtEzekVvzpPz4rw7H+PWhDOZ2UZ/4Hz+ADYGlXE=</latexit>

Scenario 1

Scenario 3
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10np = 1000,QR+SVD
<latexit sha1_base64="qfoxUIeUBQljeLKVk3eaocBWyi8=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAIghJmo6AXIaAHT5KoeUASwuxkkgyZnV1mesWwBC/+ihcPinj1K7z5N04eB00saCiquunu8kIpDBDy7STm5hcWl5LLqZXVtfWN9OZW2QSRZrzEAhnoqkcNl0LxEgiQvBpqTn1P8orXuxj6lXuujQjUHfRD3vBpR4m2YBSs1EzvuEQ1w3OXEHKE68AfIC7eHN6WLwfNdIZkyQh4lrgTkkETFJrpr3orYJHPFTBJjam5JIRGTDUIJvkgVY8MDynr0Q6vWaqoz00jHr0wwPtWaeF2oG0pwCP190RMfWP6vmc7fQpdM+0Nxf+8WgTts0YsVBgBV2y8qB1JDAEe5oFbQnMGsm8JZVrYWzHrUk0Z2NRSNgR3+uVZUs5l3eNsrniSyV9P4kiiXbSHDpCLTlEeXaECKiGGHtEzekVvzpPz4rw7H+PWhDOZ2UZ/4Hz+ADYGlXE=</latexit>

10np = 1000,QR+SVD
<latexit sha1_base64="qfoxUIeUBQljeLKVk3eaocBWyi8=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAIghJmo6AXIaAHT5KoeUASwuxkkgyZnV1mesWwBC/+ihcPinj1K7z5N04eB00saCiquunu8kIpDBDy7STm5hcWl5LLqZXVtfWN9OZW2QSRZrzEAhnoqkcNl0LxEgiQvBpqTn1P8orXuxj6lXuujQjUHfRD3vBpR4m2YBSs1EzvuEQ1w3OXEHKE68AfIC7eHN6WLwfNdIZkyQh4lrgTkkETFJrpr3orYJHPFTBJjam5JIRGTDUIJvkgVY8MDynr0Q6vWaqoz00jHr0wwPtWaeF2oG0pwCP190RMfWP6vmc7fQpdM+0Nxf+8WgTts0YsVBgBV2y8qB1JDAEe5oFbQnMGsm8JZVrYWzHrUk0Z2NRSNgR3+uVZUs5l3eNsrniSyV9P4kiiXbSHDpCLTlEeXaECKiGGHtEzekVvzpPz4rw7H+PWhDOZ2UZ/4Hz+ADYGlXE=</latexit>

Scenario 1

Scenario 2



44 4np = 400
<latexit sha1_base64="PocnXxoZjPvQQC2oJx7apmDSKrE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezGgF6EgBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpXZV9pLrquv2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/wJl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7F2UK/fVUu0uiyMPJ3AK5+DBJdTgFurQAAYCnuEV3pxH58V5dz4WrTknmzmGP3A+fwCs148c</latexit>

10np = 1000,QR+SVD
<latexit sha1_base64="qfoxUIeUBQljeLKVk3eaocBWyi8=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAIghJmo6AXIaAHT5KoeUASwuxkkgyZnV1mesWwBC/+ihcPinj1K7z5N04eB00saCiquunu8kIpDBDy7STm5hcWl5LLqZXVtfWN9OZW2QSRZrzEAhnoqkcNl0LxEgiQvBpqTn1P8orXuxj6lXuujQjUHfRD3vBpR4m2YBSs1EzvuEQ1w3OXEHKE68AfIC7eHN6WLwfNdIZkyQh4lrgTkkETFJrpr3orYJHPFTBJjam5JIRGTDUIJvkgVY8MDynr0Q6vWaqoz00jHr0wwPtWaeF2oG0pwCP190RMfWP6vmc7fQpdM+0Nxf+8WgTts0YsVBgBV2y8qB1JDAEe5oFbQnMGsm8JZVrYWzHrUk0Z2NRSNgR3+uVZUs5l3eNsrniSyV9P4kiiXbSHDpCLTlEeXaECKiGGHtEzekVvzpPz4rw7H+PWhDOZ2UZ/4Hz+ADYGlXE=</latexit>

Scenario 1

Scenario 3



Conclusion
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By combining EIV probing w/ double two-way wave equation 
w/ randomized linear algebra

‣ EIVs in highly compressed form & manipulations on factors 
High-resolution high-accuracy imaging via

‣ probing w/ time-domain propagators & Block-Krylov rSVD
The low-rank factors provide

‣ access RTM, CIPs, CIGs, geologic dip-corrected CIGs
‣ w/o additional wave-equation solves 

Velocity continuation
‣ via direct mapping factors from one background model to 

another
‣ wave-equation solves scale w/ only probing size
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Chapter 5 Sparsity promoting least-squares 
reverse-time migration with multiples

Chapter 6 removing density effects in least 
square reverse time migration with matched 
low-rank filter



Contribution
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• Computationally efficient method for recovering the low-rank 
representations of the full subsurface extended image 
volumes, based on time-stepping propagator.

• Examination of power schemes combined with basic 
randomized linear algebra.

• SVD-free approach to mapping the low-rank factors for 
velocity variation scenarios.

• On-the-fly source estimation for time-domain sparsity-
promoting least-squares reverse-time migration avoiding 
overfitting.

• Design of a low-rank filter that matches the destiny effect 
from the strong density variations at the ocean bottom in 
least-squares reverse time migration w/ only velocity-related 
Born modelling.



Future work

• Limit large memory usage in 3D by applying on-the-fly 
Fourier transform with time-stepping, and choose optimal 
probing size per frequency.

• Design preconditioner to mitigating the ill-conditioning of the 
subsurface extended image volumes, during the low-rank 
recovery.

• Design preconditioner for specific image gathers w/ low-
rank factors

• Design other optimization method to avoid the SVD 
factorizations in the estimation of the matched low-rank filter 
and combine with joint inversion of primaries and multiples.
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