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SUMMARY

Seismic imaging is an important tool for the exploration and production of oil& gas,

carbon sequestration, and the mitigation of geohazards. Through the process of seismic

migration, images of subsurface geological structures are created from data collected at the

surface. These images re�ect changes in the physical rock properties such as wave speed

and density. While signi�cant progress has been made in the development of 3D imaging

technology for complex geological areas, several challenges remain, some of which are

addressed in this thesis. The �rst main contribution of this thesis is in the area of creat-

ing so-called subsurface-offset gathers, which play an increasingly important role in seis-

mic imaging because they provide a multitude of information ranging from the re�ection

mechanism itself to information of the dips of speci�c re�ectors and the accuracy of the

background velocity model. Unfortunately, the formation and manipulation of these gath-

ers come with exceedingly high computational and storage costs because extended image

volumes are quadratic in the image size. These high costs are avoided by using techniques

from modern randomized linear algebra that allow for compression of extended image vol-

umes into low-rank factorized form—i.e., the image volume is approximately written as an

outer product of a tall and a wide matrix. It is demonstrated that this factorization provides

access to different types of sub-surface offset gathers, including common-image (point)

gathers, without the need to explicitly form this outer product. As a result, challenging

steep dip imaging situations, where conventional horizontal offset gathers no longer focus,

can be handled. Moreover, extended image volumes for one background velocity model

can directly be mapped to those of another background velocity model. As a result, fac-

torization costs are incurred only once when examining imaging scenarios for different

background velocity models. The second main contribution of this thesis is on the devel-

opment of computationally ef�cient sparsity-promoting imaging techniques and on-the-�y

source estimation. In this work, an adaptive technique is proposed where the unknown
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time signature of the sources is estimated during imaging. Without accurate knowledge

of these source signatures, seismic images can be wrongly positioned and can have the

wrong amplitudes hampering subsequent geophysical and geological interpretations. With

the presented technique, this problem is mitigated. Finally, a contribution is made to ad-

dress the detrimental effects of surface-related multiples. If not handled correctly, these

multiples give rise to unwanted artifacts in the image. A new technique is introduced to

address this issue in realistic settings where there is a strong density contrast at the ocean

bottom. As a result, the surface-related multiples are mapped to the re�ectors. Because

bounce points at the surface can be considered as sources, this mapping of the multiples

rather than removal increases the subsurface illumination.



CHAPTER 1

INTRODUCTION

The petroleum industry conducts seismic exploration to search for subsurface deposits

of crude oil and gas. This exploration is based on the geophysical principle that seis-

mic waves re�ect and refract at geologic interfaces where the impedances (i.e., the prod-

ucts of wave velocities and rock densities) change. We can use the dispersion features

of waves in the earth to detect the Earth's interior properties within10km (Sheriff and

Geldart 1983) at the human-generated waves bandwidths up to100Hz. Such detection

can be carried out by either land or marine surveys, the latter of which is mainly con-

ducted in two ways. The �rst (illustrated in Figure 1.1a) uses specially-equipped ves-

sels that tow several cables, known as streamers, which contain a set of hydrophones that

record pressure at �xed intervals (Vaage 2004). Steamers are deposed below the sur-

face of the water, away from the vessel. The seismic sources generated by airguns are

set in the water between the vessel and the �rst receiver as in Figure 1.1a (�gure from

https://www.tes.com/lessons/TJulnGRN16pfVg/copy-of-marine-seismic-survey). Marine

surveys can also be conducted by recording seismic waves by ocean bottom cables (i.e.,

ocean bottom nodes, OBN)(Vaage 2004), illustrated in Figure 1.1b ( �gure from http://www.

peakseismic.com/content/ocean-bottom-seismic.asp). In general, marine surveys are capa-

ble of acquiring millions of recording traces covering an exploration area of102km2 level

with the subsurface discretized by106 � 109 gridpoints.

After the pro-processing of data quality controls such as denoise, demultiple, and deghost

(as shown in the work�ow in Figure 1.2), the seismic work�ow typically requires the con-

struction of a background velocity model that describes the long-wavelength characteristics

of the subsurface and predicts the kinematics of wave propagation in the true subsurface.

Then the short-wavelength features, including re�ectivity or model perturbations with re-
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(a) Marine survey using hydrophones

(b) Marine survey using OBN

Figure 1.1: Marine surveys, (a) using hydrophones,(b) using OBN.
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spect to the background model need to be imaged to facilitate locating oil and gas deposits.

Among these imaging methods, the most popular method is reverse-time migration (RTM)

(Baysal, Kosloff, and Sherwood 1983; Chang and McMechan 1986) because of its ability

to generate images with all possible arrivals in lateral velocity variation scenarios with-

out any dip limitations. RTM (Figure 1.2) achieves the zero-offset images by applying the

zero-lag cross-correlation imaging condition to the forward and backward wave�elds of the

source and recording data (or taking the real part of the element-wise multiplies between

the harmonic slices of the two wave�elds) and depicting the re�ectors as the locations in

which the likelihood that these two wave�elds encounter one another is high. The extended

version (Figure 1.2) of this imaging condition uses the multi-dimensional correlation be-

tween these two wave�elds (matrix-matrix multiplies between the harmonic slices of the

two wave�elds). The extended image volumes (EIVs) resulted from this imaging condition

contain not only RTM image as their diagonal elements, but also the common image point

gathers (CIPs) (Rickett and Sava 2002; Leeuwen and Herrmann 2012; Leeuwen, Kumar,

and Herrmann 2017; Kumar, Graff-Kray, Leeuwen, and Herrmann 2018b) as their columns

and common image gathers (CIGs) (Symes 2008; Stolk, Hoop, and Symes 2009; Rickett

and Sava 2002), which help determine how accurate the background model is. The EIVs

generally contain information used for not only creating images, but also interpreting rock

properties and analyzing velocity in complex geological settings. Obtaining EIVs in a tra-

ditional way, however, may be impossible, especially in the case of an extensive number

of sources and receivers, which leads to a multitude of wave equations to solve and large

gridpoints in the subsurface requiring an enormous amount of memory for storage.

The challenges of exploiting reservoirs with complex geology such as faults or salt

bodies lead to increasing demand for high-resolution images of areas with complicated

structures. Such demand has given rise to inversion methods based on RTM, namely

least-squares RTM (Schuster 1993; Nemeth, Wu, and Schuster 1999; Guitton, Kaelin, and

Biondi 2006), the purpose of which is to iteratively �t the observed data to synthetic data
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(a)

Figure 1.2: Seismic work�ow for marine data

in a lease-squares sense to remove the source and receiver imprints and the limited wavelet

bandwidth in�uence from RTM. As each iteration of LS-RTM requires one RTM, further

application of this method to realistic problems is compromised because of the exorbitant

potential cost incurred by solving wave-equations. This situation is further complicated by

the missing source function in real problems.

As the above imaging methods are based on single-scattering approximation (Keho and

Beydoun 1988; Claerbout, Green, and Green 1985), they are limited to only primaries in

marine data. Such data, however, contain strong surface-related multiples because waves

are strongly re�ected multi times between the water-air interface and strong impedance in-

terface at the ocean bottom (Berkhout 1986). With migrations directly applied to untreated

marine data, the multiples will not be correctly mapped to subsurface re�ectors locations,

resulting in arti�cial interfaces. A great deal of effort has been devoted to removing multi-

ples in imaging, including the most popular method—surface-related multiples elimination

(SRME) (Verschuur, Berkhout, and Wapenaar 1992).

Although the elimination of multiples from all re�ection data avoids the artifacts from
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multiples, the abandonment of multiples wastes a large amount of energy in the total re-

�ection data (Verschuur 2006; Guitton, Valenciano, Bevc, and Claerbout 2007; Whitmore,

Valenciano, Sollner, and Lu 2010; Lu, Whitmore, Valenciano, and Chemingui 2011). Whit-

more, Valenciano, Sollner, and Lu 2010 found that the multiples supply extra illumination

to the migrated images with more small incident angle energy because each receiver acts

as a secondary source, illustrated in Figure 1.3. The �gure displays illuminations with

and without multiples. If traditional migration is applied, multiples will form phantom re-

�ectors shown in Figure 1.4. Migrating multiples into high-resolution images ef�ciently,

however, remains an issue. Also, the traditional inversion for imaging only inverts the

velocity perturbations with a corresponding Born modeling kernel; that is, it converts the

data components generated by strong density variations at the ocean bottom into arti�cial

velocity perturbations, which is also problematic.
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(a) Illumination of only primaries

(b) Illumination of multiples and primaries

Figure 1.3: Illustration of illuminations. Red stars represent the source and yellow triangles
represent hydrophones. The illuminated areas are marked in yellow. The �rst blue layer
denotes the water column, and the arrowhead lines indicate the incident and re�ected rays.
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(a) RTM with only primaries

(b) RTM with primaries and multiples

Figure 1.4: Illustration the phantoms from multiples in RTM for a simple two-layer model
with only one interface. (a) RTM with only primaries, (b) RTM with both primaries and
multiples
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1.1 Objectives

To summarize, the aim of this thesis is to achieve the following objectives:

1. To develop a computationally feasible two-way wave-equation-based factorization

framework in time domain that provides us access to the amplitudes of full subsurface

extended image volumes without explicitly forming the source and receiver wave�elds for

each shots; and to adapt this framework with velocity variation scenarios.

2. To develop a robust time-domain sparsity-promoting LS-RTM with on-the-�y source

estimation. Leveraging insights from both stochastic optimization and compressive sens-

ing to reduce the substantial computational cost of LS-RTM without compromising image

quality; and to develop an on-the-�y source estimation approach to enhance applications to

realistic problems.

3. To jointly invert the primaries and multiples in the time domain with only the Born

modeling operator with respect to velocity; and to propose a method of removing the strong

arti�cial velocity from the density perturbation at the ocean bottom without developing the

Born modelling with respect to density.

1.2 Outline

Chapter 2 begins by introducing the underlying theory of monochromatic EIVs, their low-

rank representations, and the probing technique used in low-rank recovery method—randomized

singular value decomposition (rSVD). To overcome computational bottlenecks and extend

the technique to large-scale application in the future, we derive a time-domain version of

EIV and corresponding probing techniques and rSVD based on a fast time-stepping prop-

agator and fast Fourier transforms. To alleviate the problem of the increasing ranks of

monochromatic EIV along frequency, we propose to combine power schemes to rSVD

to accelerate the decay of EIVs' singular values at high frequency. We compare the per-

formance of the basic rSVD and two power schemes: block Krylov iterations (BKI) and
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simultaneous iterations (SI) with difference probing sizes and powers on a small EIV. We

also introduce the methods of extracting different image gathers from the low-rank fac-

tors, e.g. RTM, CIPs, CIGs and the geological dip-corrected CIGs, without any further

wave-equation solves; then we conduct the test on the Marmousi model.

In Chapter 3, we introduce the invariance relationship, which could facilitate the map-

ping of current low-rank factors to another pair of factors for velocity variation scenarios.

We begin by proposing the theory of low-rank factor mapping on monochromatic EIVs and

then extend it to the time-domain version. The mapping, which entails only wave-equation

solves, is an SVD-free approach. We test this method for velocity continuation scenarios

on a challenging part of the Sigsbee model, whose initial guess has the wrong salt dome,

which will make the re�ectors of the RTM (i.e. diagonals of the EIV) under the salt dome

distorted, and the energy of the CIPs (i.e. columns of the EIV) or CIGs unfocused around

the image point. The update from the initial low-rank factors results in favorable image

volumes from which we extract and compare different image gathers.

In Chapter 4, we propose an on-the-�y source estimation method for time-domain spar-

sity promoting least-squares RTM (SPLS-RTM), in which the image condition is now the

zero-lag cross-correlation. We begin by introducing the time-domain SPLS-RTM as a Basis

Pursuit Denoise (BPDN) problem and replace the`1-norm by an elastic net consisting of a

strongly convex combination of`1� and`2-norm to relax the objective function. Then we

introduce an easily-implemented algorithm,the linearized Bregman method, which solves

the optimization problem. Following that, we propose on-the-�y source estimation via vari-

able projections that solve the least-squares sub-problem with penalties that prevents over-

�tting. Finally, we demonstrate the effectiveness of the proposed method with a stylized

example on how it eliminates over�tting in the estimated source and the sparsity solutions.

We also test the robustness of our method to noise on the Marmousi model and design a

hybrid framework for the challenging Sigsbee model that contains salt body.

In Chapter 5, we exploit the capability of our LB-based framework in the joint inversion
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of primaries and multiples. We �rst introduce the fundamental theory of the surface-related

multiples elimination relationship (SRME), widely used in the pre-processing of demulti-

ples and primaries prediction. We discuss the drawbacks of SRME in demultiples, that is,

the assumption of least energy for the predicted primaries, which will lead to failure of this

method in a shallow water scenario, where the multiples strongly interrupt the primaries.

Then we continue with the proposed joint inversion of primaries and multiples, which in-

corporates the SRME relationship into the wave equation by areal source injection. By

extending the work in Chapter 4, we implement this joint inversion in the time domain, and

to generate strong multiples in shallow water, we introduce strong density perturbation at

the ocean bottom. We initially test our method on a linear dataset based on a portion of

the Sigsbee model in the time-harmonic domain, and then we test the joint inversion for

nonlinear data in the time domain. Since we are inverting with only Born modeling with

respect to the velocity perturbation, we obtain some strong arti�cial velocity perturbations

converted from the true density perturbations at the ocean bottom.

In Chapter 6, we continue to discuss the problems encountered by sparsity-promoting

least-squares reverse-time migration when it inverts the strong density perturbation related

data components with the velocity-only Born modeling operator. As observed in chapter 5,

the strong density perturbation will be inverted as strong dummy velocity perturbation. In-

stead of developing the Born operator with respect to both density and velocity or modify-

ing the image condition, we propose a matched-�lter-based LS-RTM for the velocity-only

Born modeling operator to remove the artifacts created by the strong density variations.

This method does not necessitate extra work on �nite difference stencils. We conduct a

preliminary test based on a discontinuous layered model with strong density variations at

the ocean bottom to demonstrate the ef�cacy of the proposed formulation.

In Chapter 7, we summarize the work in this thesis and propose the possible research

directions in the future.
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CHAPTER 2

LOW-RANK RECOVERY OF SUBSURFACE EXTENDED IMAGE VOLUMES

BASED ON TIME-STEPPING PROPAGATOR AND POWER SCHEME

2.1 Summary

Extended image volumes (EIVs) contain rich subsurface information and is low rank due

to the rank limitation of the data term contained inside its formulation. Low-rank recovery

is proposed to explore the EIV instead of forming it explicitly which will take amounts of

memory storage and computation. Randomized SVD method could help to recovery the

low-rank factors of EIV based on randomized probing technology. To extend this work

to the possible industry scale in the future, we implement the low-rank recovery based on

rSVD in the time domain in this chapter. To make the randomized probing feasible and nu-

merical stable in time domain, we combine the source term in the formulation of EIV with

the Gaussian random noise to form the bandwidth limited source wave�eld. The multi-

dimensional convolution is implemented by matrix-matrix multiplications monochromat-

ically along the discredited frequencies after fast Fourier transform to the corresponding

terms. Another problem that might impede the realistic application of low-rank recovery

of EIV is the fact that the rank of the data or EIV will increase along frequency. We have

to prob the EIV with larger probing size at higher frequencies or accelerate the decay of

the singular values of EIV. In this chapter we introduce the power scheme based rSVD

methods that help to narrow the gap between the neighbor singular values. We compare

the errors of the recovered singular values and the diagonal RTM by different probing size

and power settings for a small part of the Marmousi model to demonstrate the advantage

of the power iterations, and point out the block Krylov method (BKI) with power 1 would

be the best choice. Also we explain the ways of extracting different gathers out from the
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low-rank factors, e.g. reverse time migration(RTM), common image point gather(CIP),

common image gather(CIG) and dip corrected CIG. Finally we test our proposed method

on the Marmousi model to demonstrate its effectiveness by supplying good approximations

of the RTM, CIPs and CIGs with the cost smaller than one RTM,i.e. the probing sizenp

smaller than one quarter of the number of sourcens=4.

2.2 Introduction

The formation of subsurface-offset gathers, such as common-image gathers (CIGs, (Symes

2008; Stolk, Hoop, and Symes 2009; Rickett and Sava 2002)), angle-domain common-

image gathers (ADCIGs, (De Bruin, Wapenaar, and Berkhout 1990; Sava and Fomel 2003;

Kroode 2012; K̈uhl and Sacchi 2003; Mahmoudian and Margrave 2009; Dafni and Symes

2016b; Dafni and Symes 2016a)), and more recently common-image point gathers (CIPs,

(Leeuwen and Herrmann 2012; Leeuwen, Kumar, and Herrmann 2017; Kumar, Graff-

Kray, Leeuwen, and Herrmann 2018b)), has become an essential component of modern

seismic imaging work�ows. Each of these gathers provides information on the quality of

the velocity model and the scattering mechanism, which is dependent on the subsurface

itself as well as the acquisition geometry. Contrary to CIGs, CIPs provide information on

the complete scattering mechanism since they are a function of the full omni-directional

subsurface offset.

Usage of these gathers includes quality control during velocity model building (Yang

and Sava 2015; Biondi and Symes 2004a); automatic model updates during migration

velocity analysis (Symes and Carazzone 1991; Shen and Symes 2008); and inferences

made on rock properties from amplitude versus offset analysis (De Bruin, Wapenaar, and

Berkhout 1990). All of these usages rely on having access to high quality subsurface im-

age volumes. While access to fast hardware and memory has made imaging modalities,

such as reverse-time migration (RTM, (Baysal, Kosloff, and Sherwood 1983)) computa-

tionally feasible in 3D (Kukreja, Louboutin, Vieira, Luporini, Lange, and Gorman 2016),
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the formation of subsurface-offset image volumes remains a major challenge because it in-

volves a loop over the sources and multi-dimensional cross-correlations between (shifted)

spatial-temporal forward and adjoint wave�elds. Aside from the extra computational bur-

den, subsurface-offset or angle gathers add one or more dimensions making image volumes

more challenging and costly to store and manipulate.

By relying on the wave-equation itself in combination with a (randomized) probing

technique, Leeuwen, Kumar, and Herrmann 2017 was able to get access to full subsurface-

offset images via actions of the double two-way wave equation on probing vectors. This

double wave-equation is the two-way wave-equation counterpart of Claerbout's double

square-root equation (Claerbout 1970; Symes and Carazzone 1991; Biondi and Symes

2004b; Sava and Vasconcelos 2011a), which is based on the one-way wave equation lim-

iting its accuracy in media with steeply dipping re�ectors. The two-way wave equation

remedies this shortcoming.

By choosing probing vectors consisting of a single point scatter, Leeuwen, Kumar, and

Herrmann 2017 was able to extract CIPs, which are the size of the original image but now

as a function of the omni-directional subsurface offset. Compared to conventional CIGs

that are generally computed as a function of the horizontal offset alone, CIPs contain all

offsets in all directions and this offers important advantages in situations where we are

dealing with steeply dipping re�ectors in which case CIGs no longer focus (see Figure 11

of Leeuwen, Kumar, and Herrmann 2017).

While this probing method provides access to an object that can not be formed explicitly—

i.e., image volumes are quadratic in the image size, the cost of this access scales with the

number of probing vectors limiting its use. Despite this shortcoming, the formulation pre-

sented by Leeuwen, Kumar, and Herrmann 2017 provided new insights to migration veloc-

ity analysis, localized amplitude versus offset analysis including correction for the geologic

dip, and the derivation of completely novel approaches to velocity continuation (Leeuwen

and Herrmann 2012; Kumar, Graff-Kray, Leeuwen, and Herrmann 2018b), which derive
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from an invariance relation of the double two-way wave equation, and redatuming (Kumar,

Graff-Kray, Vasconcelos, and Herrmann 2019).

Even though the derivation of the double two-way wave-equation resulted in funda-

mentally new insights how to form and manipulate certain aspects of omni-directional full-

subsurface extended image volumes (EIVs), the proposed technique relied on frequency-

domain propagators and access via probing. This reliance limits its potential application to

more realistic imaging scenarios where time-domain propagators are needed for the wave

simulations and where access to many (geologic-dip) corrected CIGs is desired. We over-

come these shortcomings by proposing a low-rank matrix factorization technique, based

on the randomized singular-value decomposition (rSVD, (Halko, Martinsson, and Tropp

2011)). To allow low-rank approximations at higher frequencies, where the singular values

decay slower, we propose a Block-Krylov method (Musco and Musco 2015). This method

requires more costly probings but leads to more accurate low-rank factorizations of EIVs.

Aside from achieving a massive compression of EIVs, we will show that low-rank

factorizations also give us readily access to CIPs and (geologic dip-corrected) CIGs without

the need to form EIVs explicitly or to solve additional wave equations—an observation also

made by Da Silva, Zhang, Kumar, and Herrmann 2019 where subsurface-offset gathers

were formed from a tensor factorization based on the hierarchical Tucker format (Silva and

Herrmann 2015).

Our contributions are organized as follows. We �rst brie�y review the de�nition of

monochromatic extended image volumes, their relation to the double two-way wave-equation,

and a low-rank factorization based on the rSVD. We also show how to migrate and derive

CIPs from this low-rank factorization. To accommodate more realistic imaging scenarios,

we introduce representations for time-domain EIVs including time-domain probing. Since

we are now able to image at high frequencies, we present and compare more elaborated

probing techniques that involve powers of the double-wave equation. After showing that

these method lead to more accurate factorizations, we show how CIPs and (dip-corrected)
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CIGs can be formed from these factors directly and without the need of forming the EIVs

explicitly. Via carefully selected experiments, we validate the presented approach by com-

paring true CIPs and CIGs with their approximate counterpart calculated from the proposed

factorization.

2.3 Full subsurface monochromatic extended image volumes

Before discussing our novel approach to factorize image volumes, we �rst brie�y summa-

rize the formation and probing of image volumes in the frequency and time domain.

2.3.1 Extendedimagevolumeswith Helmholtz

According to Leeuwen, Kumar, and Herrmann 2017, monochromatic extended image vol-

umes (EIVs), with subsurface offsets in all directions, can be formed by an outer prod-

uct. This product is calculated between the forward wave�elds, collected forns different

sources andN = nx � nz (with nx ; ny number of gridpoints in thex � z directions) grid-

points in the tall matrixU i 2 CN � ns at thei th frequency, and the corresponding matrix for

the adjoint wave�eldsV i 2 CN � ns —i.e., we have

E i = � ! 2
i V i U �

i ; (2.1)

with ! i thei th angular frequency. In this expression,� represents the complex conjugate

transpose. This monochromatic image volume represents a discretized version ofE(~x; ~x0)

where in 2D~x = ( x; z) refers to the spatial coordinates and~x0 = ( x0; z0) to a second set of

coordinates from which we derive

~m =
~x + ~x0

2
and ~h =

~x � ~x0

2
(2.2)

with ~m = ( mx ; mz) the midpoint coordinates and~h = ( hx ; hz) the subsurface offset

coordinates along the two spatial coordinate directions. We use semicolons; to separate
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the coordinate directions so that can be represented by a matrix.

The above forward and adjoint wave�elds satisfy the following forward and adjoint

wave equations:

H i (m)U i = P>
s Q i ; (2.3)

H �
i (m)V i = P>

r D i ; (2.4)

whereH i (m) represents the discretized Helmholtz operator at thei th frequency. The

Helmholtz operator itself is parameterized by the discretized squared slowness collected in

the vectorm 2 RN . Thens � ns matrix Q i denotes the source matrix, wherens is the

number of sources. The observed data itself is collected in the monochromaticnr � ns

data matrixD i , where each column represents a single monochromatic source experiment

with nr receivers. The matricesP s andP r are projections that restrict the full wave�elds

to the source and receiver positions, respectively. The symbol> denotes matrix transpose.

Finally, by substituting equations 2.3 and 2.4 into Equation 2.1, we can expressE i as a

function ofQ i andD i as follows:

E i = � ! 2
i H ��

i P>
r D i Q �

i P sH ��
i = H ��

i P>
r

_D i
_Q �

i P sH ��
i ; (2.5)

where to simplify our notations as far as possible, we introduce the symbol_to monochro-

matic matrix to involve thej! i implicitly. Equation 2.5 corresponds the solution of the

double two-way wave-equation given by

H �
i E i H �

i = P>
r

_D i
_Q �

i P s: (2.6)

As during migration, EIVs are computed using a background velocity model, which

de�nes the squared slowness in the above discretized Helmholtz operators. For now, we
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assume this background velocity model to be known and we are interested in �nding ways

to form and manipulate image volumes in realistic imaging scenarios. BecauseN easily

becomes too large, it becomes unfeasible to form, store, or even manipulate EIVs in explicit

form. We address this issue by exploiting reported (Leeuwen, Kumar, and Herrmann 2017;

Yang, Graff, Kumar, and Herrmann 2019; Kumar, Graff-Kray, Leeuwen, and Herrmann

2018a) low-rank properties of EIVs. Without loss of generality, we will work exclusively

on 2D imaging problems that can feasibly be extended to 3D. We will focus on accuracy

and develop techniques to cast EIVs into factored form, which allows for computationally

feasible manipulation and extraction of useful gathers for migration velocity, amplitude

versus offset analyses, and redatuming (Leeuwen, Kumar, and Herrmann 2017; Kumar,

Graff, Vasconcelos, and Herrmann 2019).

As in earlier work by Leeuwen, Kumar, and Herrmann 2017, our approach relies on

probing EIVs—i.e. computing the action of EIVs on certain probing vectors. Aside

from giving us access to Common Image Point gathers(CIPs)—i.e. full omni-directional

subsurface-offset gathers, probings provide information necessary to factor EIVs using ran-

domized Singular Value Decompositions (Halko, Martinsson, and Tropp 2011). To en-

abling scale up, we extend earlier work by using wave propagators based on time-stepping,

in combination with a more sophisticated randomized probing methodology. Before intro-

ducing probing with times-stepping, let us �rst brie�y review probing of monochromatic

EIVs and show how this technique leads to and alternative formation of subsurface zero-

offset reverse-time migration (RTM).

2.3.2 Low-rankfactorizationof time-harmonicEIVs

To form our EIVs in a computationally feasible manner, we compute the action of these

EIVs on a limited number (np) of monochromatic probing vectors collected in the tall

matrix W i 2 CN � np with np < n s � N . Following Leeuwen, Kumar, and Herrmann
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2017, the probing entails

Y i = E i W i = H ��
i P>

r
_D i

_Q �
i P sH ��

i W i ; (2.7)

which involves2np wave-equation solves. There are several different choices possible

for W i . For now1, we chose the entries ofW i to be drawn from zero-centered Gaussian

noise with unit standard deviation to span the range ofE i (Kumar, Graff-Kray, Leeuwen,

and Herrmann 2018a).

In situation where the EIVs can be approximated accurately by a low-rank matrix, the

result of the probingY i contains all information on the range ofE i as long asnp is slightly

larger than the rankk (Halko, Martinsson, and Tropp 2011). It also will allow to represent

EIVs via a low-rank factorization

E i � L i R �
i ; L i andR i 2 CN � np ; (2.8)

where the factorsL i andR i are computed with the randomized singular-value decom-

position (Halko, Martinsson, and Tropp 2011) as described in Algorithm 6 included in the

Appendix. This algorithm takes the above probing as input. Compared to the more expen-

sive standard SVD method, which involves2ns PDE solves cost in the order ofO(N 3) the

rSVD only costs4np PDE solves andO(2Nn2
p).

To illustrate the concept of factorizing EIVs with rSVDs, we consider a small (N =

100� 100) EIV computed from the Marmousi model and study the behavior of its singular

values and the frequency dependence of its low-rank factored approximation. In addition

to giving us access to full subsurface-offset image gathers, low-rank factorization gives us

access to migrated images via

� m̂ =
X

i

diag(E i ) �
X

i

(L i � �R i )1: (2.9)

1We can relax this assumption by using fast Fourier-based probing methods (Leeuwen, Kumar, and Her-
rmann 2017).
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In this expression,diag( ) extracts the diagonal from the EIVs for each frequency and

the symbol� represents element-wise multiplication also known as the Hadamard prod-

uct. The symbol� represents complex conjugation and1 represents a column vector with

np 1's. The second part of the above expression corresponds to taking the Hadamard prod-

uct of the factors for each frequency, followed by summing over the columns. The sum

over frequencies, which range between5 and50 Hzwith a step of0:5 Hz, corresponds to

the zero time-lag imaging condition (Berkhout 1986; Claerbout, Green, and Green 1985)

while extraction of the diagonal corresponds to imposing the zero subsurface-offset imag-

ing condition.

Results of this procedure are summarized in Figure 2.1, where we show how to ex-

tract a zero-subsurface offset migrated image (Figure 2.1b) from the diagonal of the EIV

plotting in Figure 2.1a. In addition to containing information to form a migrated image,

EIVs also contain CIPs, which correspond to extracting columns from the EIVs, followed

by summing over frequency. As with migration (cf. Equation 2.9), this information is

accessible from low-rank factored form given in Equation 2.8. As long as we increase the

rank fromnp = 10 to 40 for increasing frequencies, the low-rank approximation in Equa-

tion is 2.9, yielding images and CIPs close to the ones obtained with regular RTM, looping

over allns sources, or CIP computation via probing. Compared to conventional Common

Image Gathers (CIGs), CIPs contain full-subsurface offsets in all directions (Leeuwen, Ku-

mar, and Herrmann 2017). As a result, they nicely show the directivity pattern and geologic

dip of the different re�ectors as we can see from the overlays in Figures 2.1c and 2.1d.

We were able to obtain the results in Figure 2.1 by making use of the relative fast decay

for the singular values of the EIVs compared the decay for the singular values of the data

matrix as illustrated in Figures 2.2 and 2.3. This suggests we should aim to factorize

EIVs rather than the data. However, this fast decay for the singular values slows down

for increasing frequency. This effect is illustrated in Figure 2.3 where we plot the rank we

would need to choose for each frequency if we want to capture the singular values to within
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(a) (b)

(c) (d)

Figure 2.1: Extended image volume computed for the small Marmousi model for all fre-
quencies[5; 50]Hz with step0:5Hz: (a) full EIV, (b) RTM image from the reshaped diagonal
of the EIV, (c) common image-point gather at(7110m; 480m) from the3987th column of
the EIV, (d) common image-point gather at(7360m; 300m) from the6494th column of the
EIV.
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(a) (b)

Figure 2.2: Extended image volume computed for the small Marmousi model (Figure 2.1)
at 5Hz: (a) singular value decay of the data matrix, (d) singular value decay of the corre-
sponding EIV matrix.

a 1, 5 or 10%of the largest singular value. Since the decays of the singular value decrease

with frequency, we observe that the minimal rank we can select increases with frequency.

Fortunately, this effect is smaller for the EIVs compared to the data and this explains why

np = 9-40was suf�cient in example included in Figure 2.1.

While the above approach allows us to form and manipulate EIVs in low-rank fac-

torized form, without ever forming the EIV matrix explicitly, several challenges remain

to scale this approach to more realistic settings, which include larger models and higher

frequencies. Both of these call for computationally more ef�cient wave propagators and

randomized SVDs able to factor matrices that can not be approximated accurately by low

rank factorizations. Before demonstrating our approach on a realistic example, we discuss

how to probe with times-stepping propagators and how to handle factorizations of high-

frequency EIVs.
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Figure 2.3: Estimated rank for the extended image volume computed for the small Mar-
mousi model with respect to the frequency[5; 50] Hz with step0:5 Hz. This �gure shows
the rank of the data matrixD and the EIVE when truncated at1%, 5%, 10%of the highest
singular values.

2.4 Full subsurface extended image volumes based on time-stepping

2.4.1 Time-domainEIVs

To substitute time-harmonic wave-equation solvers in equation 2.5 with salable time-

stepping, we introduce discrete temporal forward,U, and adjoint wave�eldsV as the so-

lutions of

A (m)[U] = P>
s [Q] (2.10)

and

A > (m)[V] = P>
r [D]: (2.11)

In these expressions, the symbolsU 2 Rn t � N � ns andV 2 Rn t � N � n r are tensors rep-

resenting the forward and adjoint wave�elds, respectively, withnt the number of time
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subsamples. The linear operatorA denotes the discretized wave-equation, which we solve

via time-stepping using Devito1. Similarly, we solve for the adjoint wave�eld via backward

time-stepping with the adjointA > . The square brackets[ ] are used to indicate application

of linear time-domain operators to the respective tensors. As before, the source terms are

given by impulsive sources and data collected in the tensorsQ andD that are injected into

the computational grid by the linear operatorsPs andPr .

With these de�nitions for the time-domain wave�elds, we can write the time-domain

EIV as follows:

E = _V � t
_U>

= F > [ _V � _U � ];
(2.12)

where the symbol_applied to the wave�eld tensors introduces the �rst order time

derivative to the corresponding term in time domain. And the symbol� t stands for multi-

dimensional convolution2 between the two derivative wave�elds_V and _U> . As before,

we implement these convolutions via matrix-matrix multiplies of the monochromatic fre-

quency slices_V i and _U �
i , i = 1 � � � nf , which we shortly handle using the� operator be-

tween the respective frequency tensors_V and _U � . We obtain the time-domain EIV by

applying the inverse Fourier transformF > along time to the respective frequency tensor.

To set the stage for probing of EIVs formed with the above time-domain propagators,

1In our implementation, we used Devito ([https://www.devitoproject.org](https://www.devitoproject.org))
for our time-domain �nite difference simulations and gradient computations (Luporini, Lange,
Louboutin, Kukreja, Ḧuckelheim, Yount, Witte, Kelly, Herrmann, and Gorman 2018) and JUDI
([https://github.com/slimgroup/JUDI.jl](https://github.com/slimgroup/JUDI.jl)) as an abstract linear algebra
interface to our Algorithms (Witte, Louboutin, Kukreja, Luporini, Lange, Gorman, and Herrmann 2019).

2With some abuse of notation, we assume that the wave�elds collected in the tensors are multiplied as in
an outer product.
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we write

E = (

_Vz }| {
F � A �> � P >

r [ _D]) �

_U �

z }| {
(F � A � 1 � P >

s [ _Q])�

= F �A �> � P >
r � F > [ _D � _Q � � (F � P s � A �> � F > [I ])]:

(2.13)

The symbol� refers to the composition operator between the time-domain operators.

As we can see, the above expression represents the double two-way wave-equation

(cf. Equation 2.6) as proposed by Leeuwen, Kumar, and Herrmann 2016 but now based

on wave propagation via time-stepping. The temporal convolutions are carried out by

complex-valued matrix-matrix products in the temporal Fourier domain. Here the fre-

quency tensorI contains a set of monochromatic identity matricesI i 2 CN � N , where

i = 1 � � � nf .

2.4.2 Time-domainprobing

While equations 2.12 and 2.13 in principe allow us to form EIVs in the time or Fourier do-

main using time-domain propagators, these expressions do not readily lend themselves to

probing. Moreover, time-stepping propagators impose additional conditions on the wave-

�elds they propagate—e.g. the source wave�eld has to be bandwidth limited in time to

ensure stability of our numerical scheme3. To ensure this requirement, we assume a sin-

gle temporal source signature for all sources that are assumed to be delta distributions in

space—i.e.,_Q i = j! i � i I ns where� i is thei th Fourier coef�cient of the source andI ns the

identity matrix of sizens � ns. Because of this particular choice, the action of the source

commutes with the other operators so we can probe our EIVs with independent realizations

3All our time-domain wave simulations are carried out with the open-source package Devito (Kukreja,
Louboutin, Vieira, Luporini, Lange, and Gorman 2016).
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of bandwidth-limited Gaussian random noise—i.e. we have

Y = F � A �> � P >
r [ _D � t (Ps � A �> [W])]

= F � A �> � P >
r � F > [ _D � _Q � � (F � P s � A �> � F > [I ])]:

(2.14)

In this expression, the probing is carried out by the tensorW 2 Rn t � N � np , which

contains zero-centered Gaussian noise that is �ltered by the time signature of the source-

time function. As we will show below, the tall matricesY contain the necessary infor-

mation to factor EIVs from which subsurface-offset gathers can be computed. Contrary

to subsurface-offset gathers computed via image-domain cross-correlations of the forward

and adjoint wave�elds, each of which are of sizeN � nt , the above probing involves for

each probing vector a single matrix-vector multiply with thens � nr � nf data matrices.

Sincens � nr � N andnf � nt , the probings are relative cheap.

The above expression for time-domain probing forms the basis for the remainder of

this paper where the randomized SVD and other manipulations are carried out for each

frequency, indexed byi = 1 � � � nf , separately. To simplify notation, we will tacitly assume

loops over the frequency whenever we refer to monochromatic entities, e.gY = f (X )

corresponds toY i = f (X i ) for i = 1 � � � nf and f (�) arbitrary function. Note that the

extraction of RTM image or CIGs in time-domain are similar as we implement in frequency

domain. Here we avoid to show the duplicate extracted images as in the above subsection.

Even though the use of time-domain propagators allows us to computationally feasibly

probe EIVs, the singular values for high-frequency EIVs decay slowly (as shown in Figure

2.3), which prevents us from forming low-rank factorizations at these frequencies. Unless

we have a solution for this problem, lack of low-rank representations for the EIVs prohibit

manipulations such as extracting subsurface offset images and CIPs. In addition, the slow

decay of the singular values calls for a larger number of probings, which may render our

approach computationally infeasible.
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2.4.3 Low-rankrepresentationvia rSVD

To ef�ciently recover the low-rank representation, the forward and adjoint operations in

line 2 and4 will be substituted by the corresponding forward (Equation 2.14) and adjoint

based on time-stepping. Also, the QR and SVD factorizations will be overloaded, which

implicitly include the operations that loop over all frequencies.

Note that all the QR factorization and SVD decomposition are implemented on the re-

lated single monochromatic matrix in looping over all the frequencies. And the extractions

of RTM image, CIPs or CIGs based one time-stepping are similar as the way in frequency

domain. So far we achieve the computational ef�cient expression of the low-rank recovery

of the full EIVs in time-domain.

2.5 Low-rank factorization with the power method

To address the problem of forming and manipulating EIVs at high frequencies, we propose

an alternative approach where we increase the decay of the singular values through linear

algebra manipulations. More speci�cally, we follow recent work by Musco and Musco

2015, which provably offers guarantees on the accuracy of low-rank factorizations in both

the Frobenius and spectral norms, and on the accuracy of the factors themselves compared

to k-term factorization based on an unattainable singular value decomposition of the orig-

inal matrix, the EIV in our case. Their core idea to improve the accuracy is to use the fact

that the decay of singular values of a matrix increases when we raise this matrix to some

q � 1 power. Due to this property, the accuracy of low-rank factorizations improves since

the truncation error decreases because of the increased decay for the singular values. How-

ever, as we can see in Algorithm 1, this improvement comes at the cost of having to solve

more wave equations. The increase in computational cost depends on the selected powerq

in line 2, which involve multiple applications ofE and its adjoint.
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2.5.1 Powerschemes

According to Musco and Musco 2015, the use of the power method for rSVD amounts to

the slightly modi�ed Algorithm below.

Algorithm 1 Monochromatic rSVD with simultaneous power iterations (SI)

1: given powerq and generatenp random Gaussian vectorsW = [ w1; � � � ; wnp ]

2: K := ( EE � )qEW ; K 2 CN � np with probing according to Equation2:14

3: [Q; � ] = qr(K ); Q 2 CN � np

4: Z = E � Q; Z 2 CN � np

5: [� ; � ; 	 ] = svd(Z � ); svd computes the topnp singular vectors

6: set�  Q�

7: L = �
p

� ; R = 	
p

�

8: Output: factorsL ; R from which actions can be formed viaE � LR �

The above algorithm computes for each frequency, a rankk factorization usingnp > k

probings (actions of the double wave equation on random probing factors, see Equation

2.14), a `qr`-factorization on a tall matrix and a `svd` on a wide matrix of sizenp � N .

After the `qr` factorization, we capture the range of the EIVs in the matrixQ not to be

confused with the source matrix we introduced earlier. After applying the `svd`, we obtain

the left and right singular vectors collected in� and	 and� , a k � k matrix with the

singular values on its diagonal. As before, the output of Algorithm 1 are the left and right

factorsL andR for each frequency.

Compared to the original rSVD (see Algorithm 6 in the Appendix), Algorithm 1

includes more involved probing (line 2), which now includes the action ofE and(EE � )q.

The latter requiresq iterations ofK := ( EE � )K whereK is initialized byK = EW . For

increasing powers ofq, the accuracy improves as� = O( logN
q ), which in practice means

that the low-rank factorizations at the higher frequencies become more accurate but this

comes at the price of having to carry out an extra2qnp probings. However, the memory
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imprint of Algorithm 1 is roughly the same as Algorithm 6.

While the simultaneous power iterations(SI) in Algorithm 1 allow for an improvement

in accuracy by increasing the largest singular values in comparison to the small singular

values in the tail, the error only decays linearly inq. To overcome this problem, we fol-

low Musco and Musco 2015 and introduce Algorithm 2, which involves more intricate

Block Krylov iterations (BKI) that are better capable of capturing the tail of the singular

values. The use of these iterations results in an improvement for the error (� = O( logN
q2 ))

, which now decreases quadratically withq. As a consequence, algorithms based on BKI

iterations allow for smallerq to attain the same accuracy. However, as we can see in line 2

of Algorithm 2, this improvement goes at the expense of extra memory use because the al-

gorithm works now with multiple vectors de�ned in terms of the intermediate iterations we

used to compute(EE � )qK . Aside from extra memory use, these additional vectors lead to

additional computational costs during the subsequent `qr` and `svd` factorizations, which

now involve(q+ 1) np vectors rather thannp as before. The number of probings, however,

remains the same.

Algorithm 2 Monochromatic rSVD with block Krylov iteration (BKI)

1: given powerq and generatenp random Gaussian vectorsW = [ w1; � � � ; wnp ]

2: K := [ EW ; (EE � )EW ; � � � ; (EE � )qEW ]; K 2 CN � (q+1) np

3: [Q; � ] = qr(K ); Q 2 CN � (q+1) np

4: Z = E � Q; Z 2 CN � (q+1) np

5: [� ; � ; 	 ] = svd(Z � ), svd computes the topnp singular vectors

6: set�  Q� ; Q choose the �stnpsingular vectors

7: L = �
p

� ; R = 	
p

�

8: Output: factorsL ; R from which actions can be formed viaE � LR �
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2.5.2 Complexityanalysisfor powerschemebasedrSVDs

Although with the same probing size, the recovery accuracy of EIV based on SI and BKI in-

crease with power, the investment in computation and storage also increase with the power.

It is necessary to draw complexity analysis and comparison to guide in investing strategy

when we have limited resources.

Step Size Cost
1). Generate anN � np Gaussian random
matrixW

N � np -

2). FormK = ( EE � )qEW N � np 2np+4qnp wave equations
3). Construct[Q; � ] = qr(K ) N � np O(Nn2

p) �ops
4). FormZ = E � Q N � np 2np wave equations
5). [� ; � ; 	 ] = svd(Z � ) np � np; np; N � np O(Nn2

p) �ops
6). Update�  Q� N � np; np; N � np

Table 2.1: Storage and computational cost for rSVD with simultaneous iterations
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Step Size Cost
1). Generate anN � np Gaussian random
matrixW

N � np -

2). FormK = [ EW ; � � � ; (EE � )qEW ] N � (q+ 1) np 2np+4qnp wave equations
3). Construct[Q; � ] = qr(K ) N � (q+ 1) np O(N ((q+ 1) np)2) �ops
4). FormZ = E � Q N � (q+ 1) np 2(q+ 1) np wave equations
5). [� ; � ; 	 ] = svd(Z � ) with only np

singular vectors
np � np; np; N � np O(N (q+ 1) n2

p) �ops

6). Update�  Q� N � np; np; N � np -

Table 2.2: Storage and computational cost for rSVD with block Krylov iteration

In an effort to deal with the challenge of factorizing large-scale EIVs at high frequen-

cies, we introduce an algorithm based on probing alone, rSVD (see Algorithm 6 in the

Appendix), and more involved algorithms based on SI (Algorithm 1) and BKI (Algorithm

2) iterations, designed to handle situations where the singular values decay more slowly.

These three algorithms differ in attainable accuracy as a function of the number of prob-

ings, memory use, and computational expense to carry out the `qr` and `svd` factorizations.

With these different approaches, we have freedom to select the algorithm that best �ts our

needs. To help with this selection process, we include Tables 2.1 and 2.2. Based on these

tables, we can make the following observations: *(i)* the accuracy of the factorizations

based on SI and BKI increases with the powerq; *(ii)* as we increaseq, the computational

cost increases for both SI and BKI iterations; and *(iii)* the memory use and computa-

tional cost increase for BKI with increasingq with an error that decreases quadratically.

Remember that errors in our context refer to inaccuracies related feasible SVDs based on

random-probing compared to the inaccessible ground truth given by thek-term SVD de-

rived from the full EIV. This means that we assumed the number of probing vectors to be

�xed and equal tok.

Our main goal is to get the most accuratek-term factorization of EIVs throughnp = k

random probings with the double wave equation (cf. Equation 2.14). Because all sub-

sequent manipulations on the factored form of these EIVs scale withk, whether we ex-

tract CIPs, derive subsurface offset images, redatum or carry out velocity continuation
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(Leeuwen, Kumar, and Herrmann 2017), we want to control the error. Contrary to trun-

cation errors in conventional svd-based factorizations, factorizations based on randomized

probing have additional inaccuracies related to the tail of the singular values. When mov-

ing to higher frequencies, it is important that we control these additional errors because the

singular values decay slower at these frequencies.

2.5.3 Numericalexperimentsfor powerschemes

To illustrate the performance of SI and BKI iterations compared to conventional rSVD, we

carry out experiments on the small25Hz monochromatic frequency slice of the small EIV

included in Figure 2.1, for which we can form the EIV itself and its factorization explicitly

via a conventional SVD. Our results are summarized in �gure 2.4, where we plot the �rstnp

singular values for factorization based on probings withnp = 8; 16; 30. Comparing the bar

plots in Figure 2.4a, 2.4c, and 2.4e, leads to the following observations. First, inaccuracies

in the estimates for the singular values are large when there is a large truncation error—i.e.,

when there is still a lot of energy left in the tail. In that case, there is a large difference

between the actual singular value (depicted in dark blue) and the singular values obtained

by the standard rSVD method. These errors are much smaller when using factorizations

based on SI and BKI iterations for eitherq = 1 or q = 2. Smaller errors in the singular

values lead to smaller errors in the factorization. Second, the plots for the relative errors

in Figure 2.4b, 2.4d, and 2.4f show a rapid increase towards the smaller singular values.

Even for a probing sizenp as high as30 where we leave only0:4% of the total energy in

the tail, the relative error for30th singular value calculated by rSVD exceeds35%. Both

power methods SI and BKI help to accurately recover the singular values and decrease the

relative errors. Even for a very small probing size ofnp = 8, where we leave11:4%energy

in the tail, the BKI with powerq = 2 recovers the �rstnp singular values very well. SI,

on the other hand, still leaves some errors in the recovery forq = 1; 2. For np = 16, the

remaining energy in the tail decreases to5% and the BKI recovers thenp singular values
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very well withq = 1; 2. We can also see that BKI withq = 1 works even better than SI for

q = 2. In summary, both the SI and BKI methods help in decreasing the relative errors in

the singular values. With the same probing sizenp and powerq, BKI always outperforms

the other methods.

Usually BKI with q = 1 can satisfy our requirement of a good recovery of the �rstnp

singular values. As we can observe from Figure 2.5, the errors in the RTM recovered by

the rSVD method (cf. Figure 2.5a and b) fornp = 8 are more obvious than those from the

BKI with q = 1 (cf. Figure 2.5a and c). For the rSVD, coherent energy is lost (cf. Figure

2.5d and e).
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