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Motivating problem: 
Seismic full-waveform inversion
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Seismic full-waveform inversion (FWI)

matching	observed	data																									to	predicted	data	

model	parameters																				are	often	acoustic	velocity	

basic	nonlinear	inverse	problem:	

data-misfit	:	

• non-convex	
• often		
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min
m

f(F(m)� dobs)
<latexit sha1_base64="OX5DtbD3PVc9vJmt7H/12eenQhw="></latexit><latexit sha1_base64="OX5DtbD3PVc9vJmt7H/12eenQhw="></latexit><latexit sha1_base64="OX5DtbD3PVc9vJmt7H/12eenQhw="></latexit><latexit sha1_base64="OX5DtbD3PVc9vJmt7H/12eenQhw="></latexit>

dobs 2 RM
<latexit sha1_base64="CUUd7J+LdVim1KhwnvzMfpDoXhM=">AAACMHicbVDLSgMxFM34dnxVXboJFsGVzLjRpeBCXQgqVoVOLUnmtgYzyZjcEcvQT3Ljp+hGQRG3foVpLfg8EDiccw+59/BcSYdR9BQMDY+Mjo1PTIZT0zOzc5X5hRNnCiugJowy9owzB0pqqKFEBWe5BZZxBaf8crvnn16DddLoY+zk0MhYW8uWFAy91KzsJBzaUpdwVfSVLk200UXGwYbpeYJwg6XhzstS0yRjeMF5edQ93w8T0OlXrFmpRmtRH/QviQekSgY4aFbuk9SIIgONQjHn6nGUY6NkFqVQ0A2TwkHOxCVrQ91TzTJwjbJ/cJeueCWlLWP900j76vdEyTLnOhn3k72V3W+vJ/7n1QtsbTZKqfMCQYvPj1qFomhorz2aSgsCVccTJqz0u1JxwSwT6DsOfQnx75P/kpP1tdjzw/Xq1t6gjgmyRJbJKonJBtkiu+SA1Iggt+SBPJOX4C54DF6Dt8/RoWCQWSQ/ELx/ABSXq20=</latexit><latexit sha1_base64="CUUd7J+LdVim1KhwnvzMfpDoXhM=">AAACMHicbVDLSgMxFM34dnxVXboJFsGVzLjRpeBCXQgqVoVOLUnmtgYzyZjcEcvQT3Ljp+hGQRG3foVpLfg8EDiccw+59/BcSYdR9BQMDY+Mjo1PTIZT0zOzc5X5hRNnCiugJowy9owzB0pqqKFEBWe5BZZxBaf8crvnn16DddLoY+zk0MhYW8uWFAy91KzsJBzaUpdwVfSVLk200UXGwYbpeYJwg6XhzstS0yRjeMF5edQ93w8T0OlXrFmpRmtRH/QviQekSgY4aFbuk9SIIgONQjHn6nGUY6NkFqVQ0A2TwkHOxCVrQ91TzTJwjbJ/cJeueCWlLWP900j76vdEyTLnOhn3k72V3W+vJ/7n1QtsbTZKqfMCQYvPj1qFomhorz2aSgsCVccTJqz0u1JxwSwT6DsOfQnx75P/kpP1tdjzw/Xq1t6gjgmyRJbJKonJBtkiu+SA1Iggt+SBPJOX4C54DF6Dt8/RoWCQWSQ/ELx/ABSXq20=</latexit><latexit sha1_base64="CUUd7J+LdVim1KhwnvzMfpDoXhM=">AAACMHicbVDLSgMxFM34dnxVXboJFsGVzLjRpeBCXQgqVoVOLUnmtgYzyZjcEcvQT3Ljp+hGQRG3foVpLfg8EDiccw+59/BcSYdR9BQMDY+Mjo1PTIZT0zOzc5X5hRNnCiugJowy9owzB0pqqKFEBWe5BZZxBaf8crvnn16DddLoY+zk0MhYW8uWFAy91KzsJBzaUpdwVfSVLk200UXGwYbpeYJwg6XhzstS0yRjeMF5edQ93w8T0OlXrFmpRmtRH/QviQekSgY4aFbuk9SIIgONQjHn6nGUY6NkFqVQ0A2TwkHOxCVrQ91TzTJwjbJ/cJeueCWlLWP900j76vdEyTLnOhn3k72V3W+vJ/7n1QtsbTZKqfMCQYvPj1qFomhorz2aSgsCVccTJqz0u1JxwSwT6DsOfQnx75P/kpP1tdjzw/Xq1t6gjgmyRJbJKonJBtkiu+SA1Iggt+SBPJOX4C54DF6Dt8/RoWCQWSQ/ELx/ABSXq20=</latexit><latexit sha1_base64="CUUd7J+LdVim1KhwnvzMfpDoXhM=">AAACMHicbVDLSgMxFM34dnxVXboJFsGVzLjRpeBCXQgqVoVOLUnmtgYzyZjcEcvQT3Ljp+hGQRG3foVpLfg8EDiccw+59/BcSYdR9BQMDY+Mjo1PTIZT0zOzc5X5hRNnCiugJowy9owzB0pqqKFEBWe5BZZxBaf8crvnn16DddLoY+zk0MhYW8uWFAy91KzsJBzaUpdwVfSVLk200UXGwYbpeYJwg6XhzstS0yRjeMF5edQ93w8T0OlXrFmpRmtRH/QviQekSgY4aFbuk9SIIgONQjHn6nGUY6NkFqVQ0A2TwkHOxCVrQ91TzTJwjbJ/cJeueCWlLWP900j76vdEyTLnOhn3k72V3W+vJ/7n1QtsbTZKqfMCQYvPj1qFomhorz2aSgsCVccTJqz0u1JxwSwT6DsOfQnx75P/kpP1tdjzw/Xq1t6gjgmyRJbJKonJBtkiu+SA1Iggt+SBPJOX4C54DF6Dt8/RoWCQWSQ/ELx/ABSXq20=</latexit>

F(m) : RN ! RM
<latexit sha1_base64="GzR+1PTNRERIddxu7Fj90XSybEo="></latexit><latexit sha1_base64="GzR+1PTNRERIddxu7Fj90XSybEo="></latexit><latexit sha1_base64="GzR+1PTNRERIddxu7Fj90XSybEo="></latexit><latexit sha1_base64="GzR+1PTNRERIddxu7Fj90XSybEo="></latexit>

f(m) : RN ! R
<latexit sha1_base64="jNoHMc9Tfk0XFcX6PZdxaO32KIY="></latexit><latexit sha1_base64="jNoHMc9Tfk0XFcX6PZdxaO32KIY="></latexit><latexit sha1_base64="jNoHMc9Tfk0XFcX6PZdxaO32KIY="></latexit><latexit sha1_base64="jNoHMc9Tfk0XFcX6PZdxaO32KIY="></latexit>

m 2 RN
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f(·) = 1

2
k · k22
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Seismic FWI - best case
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Seismic FWI - problem
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problems	if:		
• initial	guess	is	inaccurate	
• low-frequency	data	is	not	available	
• need	regularization/prior	knowledge

Seismic FWI - problem
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Realistic,	but	warped	and	incorrect

bounds only 3-15 Hz
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Outline

• constraints	versus	penalties	(Chapter	2)	
• intersections	of	multiple	constraint	sets	(Chapter	3)	
• computational	aspects	(Chapter	4)	
• sums	of	sets	(Chapter	5)
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Constraints vs. penalties
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min
m

f(m) + ↵r(m)
<latexit sha1_base64="FYivZUb9m27Y+btNdICO87cJbW8=">AAACLnicbVDLSgMxFM3UVx1fVZdugkWoCGWmG10WRNBdBdsKnVIy6Z02NMmMSUYoQ7/Ijb+iC0FF3PoZpg9QWw8ETs65h+SeMOFMG897dXJLyyura/l1d2Nza3unsLvX0HGqKNRpzGN1GxINnEmoG2Y43CYKiAg5NMPB+dhv3oPSLJY3ZphAW5CeZBGjxFipU7gIQugxmcFdOlFGOJCxTEUIyg0Ek51MjHBUEsf4BAeEJ32Clb25AcjuT6hTKHplbwK8SPwZKaIZap3Cc9CNaSpAGsqJ1i3fS0w7I8owymHkBqmGhNAB6UHLUkkE6HY2WXeEj6zSxVGs7JEGT9TfiYwIrYcitJOCmL6e98bif14rNdFZO2MySQ1IOn0oSjk2MR53h7tMATV8aAmhitm/YtonilBjG3ZtCf78youkUSn7ll9XitWrWR15dIAOUQn56BRV0SWqoTqi6AE9oTf07jw6L86H8zkdzTmzzD76A+frG4nYqM0=</latexit><latexit sha1_base64="FYivZUb9m27Y+btNdICO87cJbW8=">AAACLnicbVDLSgMxFM3UVx1fVZdugkWoCGWmG10WRNBdBdsKnVIy6Z02NMmMSUYoQ7/Ijb+iC0FF3PoZpg9QWw8ETs65h+SeMOFMG897dXJLyyura/l1d2Nza3unsLvX0HGqKNRpzGN1GxINnEmoG2Y43CYKiAg5NMPB+dhv3oPSLJY3ZphAW5CeZBGjxFipU7gIQugxmcFdOlFGOJCxTEUIyg0Ek51MjHBUEsf4BAeEJ32Clb25AcjuT6hTKHplbwK8SPwZKaIZap3Cc9CNaSpAGsqJ1i3fS0w7I8owymHkBqmGhNAB6UHLUkkE6HY2WXeEj6zSxVGs7JEGT9TfiYwIrYcitJOCmL6e98bif14rNdFZO2MySQ1IOn0oSjk2MR53h7tMATV8aAmhitm/YtonilBjG3ZtCf78youkUSn7ll9XitWrWR15dIAOUQn56BRV0SWqoTqi6AE9oTf07jw6L86H8zkdzTmzzD76A+frG4nYqM0=</latexit><latexit sha1_base64="FYivZUb9m27Y+btNdICO87cJbW8=">AAACLnicbVDLSgMxFM3UVx1fVZdugkWoCGWmG10WRNBdBdsKnVIy6Z02NMmMSUYoQ7/Ijb+iC0FF3PoZpg9QWw8ETs65h+SeMOFMG897dXJLyyura/l1d2Nza3unsLvX0HGqKNRpzGN1GxINnEmoG2Y43CYKiAg5NMPB+dhv3oPSLJY3ZphAW5CeZBGjxFipU7gIQugxmcFdOlFGOJCxTEUIyg0Ek51MjHBUEsf4BAeEJ32Clb25AcjuT6hTKHplbwK8SPwZKaIZap3Cc9CNaSpAGsqJ1i3fS0w7I8owymHkBqmGhNAB6UHLUkkE6HY2WXeEj6zSxVGs7JEGT9TfiYwIrYcitJOCmL6e98bif14rNdFZO2MySQ1IOn0oSjk2MR53h7tMATV8aAmhitm/YtonilBjG3ZtCf78youkUSn7ll9XitWrWR15dIAOUQn56BRV0SWqoTqi6AE9oTf07jw6L86H8zkdzTmzzD76A+frG4nYqM0=</latexit><latexit sha1_base64="FYivZUb9m27Y+btNdICO87cJbW8=">AAACLnicbVDLSgMxFM3UVx1fVZdugkWoCGWmG10WRNBdBdsKnVIy6Z02NMmMSUYoQ7/Ijb+iC0FF3PoZpg9QWw8ETs65h+SeMOFMG897dXJLyyura/l1d2Nza3unsLvX0HGqKNRpzGN1GxINnEmoG2Y43CYKiAg5NMPB+dhv3oPSLJY3ZphAW5CeZBGjxFipU7gIQugxmcFdOlFGOJCxTEUIyg0Ek51MjHBUEsf4BAeEJ32Clb25AcjuT6hTKHplbwK8SPwZKaIZap3Cc9CNaSpAGsqJ1i3fS0w7I8owymHkBqmGhNAB6UHLUkkE6HY2WXeEj6zSxVGs7JEGT9TfiYwIrYcitJOCmL6e98bif14rNdFZO2MySQ1IOn0oSjk2MR53h7tMATV8aAmhitm/YtonilBjG3ZtCf78youkUSn7ll9XitWrWR15dIAOUQn56BRV0SWqoTqi6AE9oTf07jw6L86H8zkdzTmzzD76A+frG4nYqM0=</latexit>

r(m) : RN ! R
<latexit sha1_base64="Tpd27nOxuQYuxWKq6qWnL4O2TZY="></latexit><latexit sha1_base64="Tpd27nOxuQYuxWKq6qWnL4O2TZY="></latexit><latexit sha1_base64="Tpd27nOxuQYuxWKq6qWnL4O2TZY="></latexit><latexit sha1_base64="Tpd27nOxuQYuxWKq6qWnL4O2TZY="></latexit>

min
m

f(m) s.t. m 2 V
<latexit sha1_base64="QO2PZbZrY0Leo9bWQS8Bu89Ze0M="></latexit>

																																		describes	
undesired	model	properties	

the	standard	in	geophysics	



					prescribes	model	properties	

constraint	definition	closer	to	intuition	
for	some	properties	

constraint+projection:																always		

Constraints vs. penalties
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min
m

f(m) + ↵r(m)
<latexit sha1_base64="FYivZUb9m27Y+btNdICO87cJbW8=">AAACLnicbVDLSgMxFM3UVx1fVZdugkWoCGWmG10WRNBdBdsKnVIy6Z02NMmMSUYoQ7/Ijb+iC0FF3PoZpg9QWw8ETs65h+SeMOFMG897dXJLyyura/l1d2Nza3unsLvX0HGqKNRpzGN1GxINnEmoG2Y43CYKiAg5NMPB+dhv3oPSLJY3ZphAW5CeZBGjxFipU7gIQugxmcFdOlFGOJCxTEUIyg0Ek51MjHBUEsf4BAeEJ32Clb25AcjuT6hTKHplbwK8SPwZKaIZap3Cc9CNaSpAGsqJ1i3fS0w7I8owymHkBqmGhNAB6UHLUkkE6HY2WXeEj6zSxVGs7JEGT9TfiYwIrYcitJOCmL6e98bif14rNdFZO2MySQ1IOn0oSjk2MR53h7tMATV8aAmhitm/YtonilBjG3ZtCf78youkUSn7ll9XitWrWR15dIAOUQn56BRV0SWqoTqi6AE9oTf07jw6L86H8zkdzTmzzD76A+frG4nYqM0=</latexit><latexit sha1_base64="FYivZUb9m27Y+btNdICO87cJbW8=">AAACLnicbVDLSgMxFM3UVx1fVZdugkWoCGWmG10WRNBdBdsKnVIy6Z02NMmMSUYoQ7/Ijb+iC0FF3PoZpg9QWw8ETs65h+SeMOFMG897dXJLyyura/l1d2Nza3unsLvX0HGqKNRpzGN1GxINnEmoG2Y43CYKiAg5NMPB+dhv3oPSLJY3ZphAW5CeZBGjxFipU7gIQugxmcFdOlFGOJCxTEUIyg0Ek51MjHBUEsf4BAeEJ32Clb25AcjuT6hTKHplbwK8SPwZKaIZap3Cc9CNaSpAGsqJ1i3fS0w7I8owymHkBqmGhNAB6UHLUkkE6HY2WXeEj6zSxVGs7JEGT9TfiYwIrYcitJOCmL6e98bif14rNdFZO2MySQ1IOn0oSjk2MR53h7tMATV8aAmhitm/YtonilBjG3ZtCf78youkUSn7ll9XitWrWR15dIAOUQn56BRV0SWqoTqi6AE9oTf07jw6L86H8zkdzTmzzD76A+frG4nYqM0=</latexit><latexit sha1_base64="FYivZUb9m27Y+btNdICO87cJbW8=">AAACLnicbVDLSgMxFM3UVx1fVZdugkWoCGWmG10WRNBdBdsKnVIy6Z02NMmMSUYoQ7/Ijb+iC0FF3PoZpg9QWw8ETs65h+SeMOFMG897dXJLyyura/l1d2Nza3unsLvX0HGqKNRpzGN1GxINnEmoG2Y43CYKiAg5NMPB+dhv3oPSLJY3ZphAW5CeZBGjxFipU7gIQugxmcFdOlFGOJCxTEUIyg0Ek51MjHBUEsf4BAeEJ32Clb25AcjuT6hTKHplbwK8SPwZKaIZap3Cc9CNaSpAGsqJ1i3fS0w7I8owymHkBqmGhNAB6UHLUkkE6HY2WXeEj6zSxVGs7JEGT9TfiYwIrYcitJOCmL6e98bif14rNdFZO2MySQ1IOn0oSjk2MR53h7tMATV8aAmhitm/YtonilBjG3ZtCf78youkUSn7ll9XitWrWR15dIAOUQn56BRV0SWqoTqi6AE9oTf07jw6L86H8zkdzTmzzD76A+frG4nYqM0=</latexit><latexit sha1_base64="FYivZUb9m27Y+btNdICO87cJbW8=">AAACLnicbVDLSgMxFM3UVx1fVZdugkWoCGWmG10WRNBdBdsKnVIy6Z02NMmMSUYoQ7/Ijb+iC0FF3PoZpg9QWw8ETs65h+SeMOFMG897dXJLyyura/l1d2Nza3unsLvX0HGqKNRpzGN1GxINnEmoG2Y43CYKiAg5NMPB+dhv3oPSLJY3ZphAW5CeZBGjxFipU7gIQugxmcFdOlFGOJCxTEUIyg0Ek51MjHBUEsf4BAeEJ32Clb25AcjuT6hTKHplbwK8SPwZKaIZap3Cc9CNaSpAGsqJ1i3fS0w7I8owymHkBqmGhNAB6UHLUkkE6HY2WXeEj6zSxVGs7JEGT9TfiYwIrYcitJOCmL6e98bif14rNdFZO2MySQ1IOn0oSjk2MR53h7tMATV8aAmhitm/YtonilBjG3ZtCf78youkUSn7ll9XitWrWR15dIAOUQn56BRV0SWqoTqi6AE9oTf07jw6L86H8zkdzTmzzD76A+frG4nYqM0=</latexit>

r(m) : RN ! R
<latexit sha1_base64="Tpd27nOxuQYuxWKq6qWnL4O2TZY="></latexit><latexit sha1_base64="Tpd27nOxuQYuxWKq6qWnL4O2TZY="></latexit><latexit sha1_base64="Tpd27nOxuQYuxWKq6qWnL4O2TZY="></latexit><latexit sha1_base64="Tpd27nOxuQYuxWKq6qWnL4O2TZY="></latexit>

min
m

f(m) s.t. m 2 V
<latexit sha1_base64="QO2PZbZrY0Leo9bWQS8Bu89Ze0M="></latexit>

V
<latexit sha1_base64="LHYZzrGmTYHRj2tSbCIJ7vaOaS0=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy40V0F+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6Lrfztr6xubWdmmnvLu3f3BYOTpumzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkmt7nfeeLaiFg94jThfkRHSoSCUbRSrx9RHDMqs/ZsUKm6NXcOskq8glShQHNQ+eoPY5ZGXCGT1Jie5yboZ1SjYJLPyv3U8ISyCR3xnqWKRtz42TzyjJxbZUjCWNunkMzV3xsZjYyZRoGdzCOaZS8X//N6KYY3fiZUkiJXbPFRmEqCMcnvJ0OhOUM5tYQyLWxWwsZUU4a2pbItwVs+eZW06zXvslZ/uKo27os6SnAKZ3ABHlxDA+6gCS1gEMMzvMKbg86L8+58LEbXnGLnBP7A+fwBk6CRdw==</latexit>

																																		describes	
undesired	model	properties	

the	standard	in	geophysics	

m 2 V
<latexit sha1_base64="0VzDTSPL2QYeWwAZltiUwMPg2A8=">AAAB+nicbVDLSgMxFE3qq9bXVJe6CBbBVZmpC10W3Oiugn1AZyiZNNOGJpkhyShl7H+4caOgiFu/RHDhr7gyfSy09UDgcM693JMTJpxp47pfMLe0vLK6ll8vbGxube84xd2GjlNFaJ3EPFatEGvKmaR1wwynrURRLEJOm+HgfOw3b6jSLJbXZpjQQOCeZBEj2Fip4xQF8plEvsCmTzDPGqOOU3LL7gRokXgzUqrCp3t08Pld6zgffjcmqaDSEI61bntuYoIMK8MIp6OCn2qaYDLAPdq2VGJBdZBNoo/QkVW6KIqVfdKgifp7I8NC66EI7eQ4op73xuJ/Xjs10VmQMZmkhkoyPRSlHJkYjXtAXaYoMXxoCSaK2ayI9LHCxNi2CrYEb/7Li6RRKXsn5cqVbeMSTJEH++AQHAMPnIIquAA1UAcE3IIH8Axe4B18hK/wbTqag7OdPfAH8P0HlXKXRw==</latexit>



					prescribes	model	properties	

constraint	definition	closer	to	intuition	
for	some	properties	

constraint+projection:																always		

Constraints vs. penalties

�10

min
m

f(m) + ↵r(m)
<latexit sha1_base64="FYivZUb9m27Y+btNdICO87cJbW8=">AAACLnicbVDLSgMxFM3UVx1fVZdugkWoCGWmG10WRNBdBdsKnVIy6Z02NMmMSUYoQ7/Ijb+iC0FF3PoZpg9QWw8ETs65h+SeMOFMG897dXJLyyura/l1d2Nza3unsLvX0HGqKNRpzGN1GxINnEmoG2Y43CYKiAg5NMPB+dhv3oPSLJY3ZphAW5CeZBGjxFipU7gIQugxmcFdOlFGOJCxTEUIyg0Ek51MjHBUEsf4BAeEJ32Clb25AcjuT6hTKHplbwK8SPwZKaIZap3Cc9CNaSpAGsqJ1i3fS0w7I8owymHkBqmGhNAB6UHLUkkE6HY2WXeEj6zSxVGs7JEGT9TfiYwIrYcitJOCmL6e98bif14rNdFZO2MySQ1IOn0oSjk2MR53h7tMATV8aAmhitm/YtonilBjG3ZtCf78youkUSn7ll9XitWrWR15dIAOUQn56BRV0SWqoTqi6AE9oTf07jw6L86H8zkdzTmzzD76A+frG4nYqM0=</latexit><latexit sha1_base64="FYivZUb9m27Y+btNdICO87cJbW8=">AAACLnicbVDLSgMxFM3UVx1fVZdugkWoCGWmG10WRNBdBdsKnVIy6Z02NMmMSUYoQ7/Ijb+iC0FF3PoZpg9QWw8ETs65h+SeMOFMG897dXJLyyura/l1d2Nza3unsLvX0HGqKNRpzGN1GxINnEmoG2Y43CYKiAg5NMPB+dhv3oPSLJY3ZphAW5CeZBGjxFipU7gIQugxmcFdOlFGOJCxTEUIyg0Ek51MjHBUEsf4BAeEJ32Clb25AcjuT6hTKHplbwK8SPwZKaIZap3Cc9CNaSpAGsqJ1i3fS0w7I8owymHkBqmGhNAB6UHLUkkE6HY2WXeEj6zSxVGs7JEGT9TfiYwIrYcitJOCmL6e98bif14rNdFZO2MySQ1IOn0oSjk2MR53h7tMATV8aAmhitm/YtonilBjG3ZtCf78youkUSn7ll9XitWrWR15dIAOUQn56BRV0SWqoTqi6AE9oTf07jw6L86H8zkdzTmzzD76A+frG4nYqM0=</latexit><latexit sha1_base64="FYivZUb9m27Y+btNdICO87cJbW8=">AAACLnicbVDLSgMxFM3UVx1fVZdugkWoCGWmG10WRNBdBdsKnVIy6Z02NMmMSUYoQ7/Ijb+iC0FF3PoZpg9QWw8ETs65h+SeMOFMG897dXJLyyura/l1d2Nza3unsLvX0HGqKNRpzGN1GxINnEmoG2Y43CYKiAg5NMPB+dhv3oPSLJY3ZphAW5CeZBGjxFipU7gIQugxmcFdOlFGOJCxTEUIyg0Ek51MjHBUEsf4BAeEJ32Clb25AcjuT6hTKHplbwK8SPwZKaIZap3Cc9CNaSpAGsqJ1i3fS0w7I8owymHkBqmGhNAB6UHLUkkE6HY2WXeEj6zSxVGs7JEGT9TfiYwIrYcitJOCmL6e98bif14rNdFZO2MySQ1IOn0oSjk2MR53h7tMATV8aAmhitm/YtonilBjG3ZtCf78youkUSn7ll9XitWrWR15dIAOUQn56BRV0SWqoTqi6AE9oTf07jw6L86H8zkdzTmzzD76A+frG4nYqM0=</latexit><latexit sha1_base64="FYivZUb9m27Y+btNdICO87cJbW8=">AAACLnicbVDLSgMxFM3UVx1fVZdugkWoCGWmG10WRNBdBdsKnVIy6Z02NMmMSUYoQ7/Ijb+iC0FF3PoZpg9QWw8ETs65h+SeMOFMG897dXJLyyura/l1d2Nza3unsLvX0HGqKNRpzGN1GxINnEmoG2Y43CYKiAg5NMPB+dhv3oPSLJY3ZphAW5CeZBGjxFipU7gIQugxmcFdOlFGOJCxTEUIyg0Ek51MjHBUEsf4BAeEJ32Clb25AcjuT6hTKHplbwK8SPwZKaIZap3Cc9CNaSpAGsqJ1i3fS0w7I8owymHkBqmGhNAB6UHLUkkE6HY2WXeEj6zSxVGs7JEGT9TfiYwIrYcitJOCmL6e98bif14rNdFZO2MySQ1IOn0oSjk2MR53h7tMATV8aAmhitm/YtonilBjG3ZtCf78youkUSn7ll9XitWrWR15dIAOUQn56BRV0SWqoTqi6AE9oTf07jw6L86H8zkdzTmzzD76A+frG4nYqM0=</latexit>

r(m) : RN ! R
<latexit sha1_base64="Tpd27nOxuQYuxWKq6qWnL4O2TZY="></latexit><latexit sha1_base64="Tpd27nOxuQYuxWKq6qWnL4O2TZY="></latexit><latexit sha1_base64="Tpd27nOxuQYuxWKq6qWnL4O2TZY="></latexit><latexit sha1_base64="Tpd27nOxuQYuxWKq6qWnL4O2TZY="></latexit>

min
m

f(m) s.t. m 2 V
<latexit sha1_base64="QO2PZbZrY0Leo9bWQS8Bu89Ze0M="></latexit>

V
<latexit sha1_base64="LHYZzrGmTYHRj2tSbCIJ7vaOaS0=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy40V0F+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6Lrfztr6xubWdmmnvLu3f3BYOTpumzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkmt7nfeeLaiFg94jThfkRHSoSCUbRSrx9RHDMqs/ZsUKm6NXcOskq8glShQHNQ+eoPY5ZGXCGT1Jie5yboZ1SjYJLPyv3U8ISyCR3xnqWKRtz42TzyjJxbZUjCWNunkMzV3xsZjYyZRoGdzCOaZS8X//N6KYY3fiZUkiJXbPFRmEqCMcnvJ0OhOUM5tYQyLWxWwsZUU4a2pbItwVs+eZW06zXvslZ/uKo27os6SnAKZ3ABHlxDA+6gCS1gEMMzvMKbg86L8+58LEbXnGLnBP7A+fwBk6CRdw==</latexit>

may	be	equivalent	for	specific	cases	
I	select	constraints	for	practical	reasons.

																																		describes	
undesired	model	properties	

the	standard	in	geophysics	

m 2 V
<latexit sha1_base64="0VzDTSPL2QYeWwAZltiUwMPg2A8=">AAAB+nicbVDLSgMxFE3qq9bXVJe6CBbBVZmpC10W3Oiugn1AZyiZNNOGJpkhyShl7H+4caOgiFu/RHDhr7gyfSy09UDgcM693JMTJpxp47pfMLe0vLK6ll8vbGxube84xd2GjlNFaJ3EPFatEGvKmaR1wwynrURRLEJOm+HgfOw3b6jSLJbXZpjQQOCeZBEj2Fip4xQF8plEvsCmTzDPGqOOU3LL7gRokXgzUqrCp3t08Pld6zgffjcmqaDSEI61bntuYoIMK8MIp6OCn2qaYDLAPdq2VGJBdZBNoo/QkVW6KIqVfdKgifp7I8NC66EI7eQ4op73xuJ/Xjs10VmQMZmkhkoyPRSlHJkYjXtAXaYoMXxoCSaK2ayI9LHCxNi2CrYEb/7Li6RRKXsn5cqVbeMSTJEH++AQHAMPnIIquAA1UAcE3IIH8Axe4B18hK/wbTqag7OdPfAH8P0HlXKXRw==</latexit>



Adding	smoothing	or	blockiness	(TV)	regularization	is	not	enough	in	this	case.		

we	need:	
• new	regularization	strategies	
• use	different	regularization	than	the	usual	
• more	than	one	type	of	regularization	simultaneously	

bounds only 3-15 Hz
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Initial velocity model
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Adding	smoothing	or	blockiness	(TV)	regularization	is	not	enough	in	this	case.		

we	need:	
• new	regularization	strategies	
• use	different	regularization	than	the	usual	
• more	than	one	type	of	regularization	simultaneously	

bounds only 3-15 Hz
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Initial velocity model
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• constraints	versus	penalties	(Chapter	2)	
• intersections	of	multiple	constraint	sets	(Chapter	3)	
• computational	aspects	(Chapter	4)	
• sums	of	sets	(Chapter	5)

�13



Multiple penalties

• difficult	to	select	many	(2	or	more)	penalty	parameters	

• the	effect	of	each						depends	on	all	other	

�14

min
m

f(m) +
pX

i=1

↵iri(m)
<latexit sha1_base64="s2ADHYdHllDJaKZiSsKRRURPvi0="></latexit><latexit sha1_base64="s2ADHYdHllDJaKZiSsKRRURPvi0="></latexit><latexit sha1_base64="s2ADHYdHllDJaKZiSsKRRURPvi0="></latexit><latexit sha1_base64="s2ADHYdHllDJaKZiSsKRRURPvi0="></latexit>

↵i
<latexit sha1_base64="kML8fR8mGDv8VGI4cb+B2X6aLkc=">AAAB73icbZDJSgNBEIZr4pIYt6hHURqD4CnMxIMeA17UUwSzQDKEmk5P0qRnsbtHCUNewosHRbz6Ot58Bh9CO8tBE39o+Pj/KrqqvFhwpW3708osLa+sZnNr+fWNza3tws5uXUWJpKxGIxHJpoeKCR6ymuZasGYsGQaeYA1vcDHOG/dMKh6Ft3oYMzfAXsh9TlEbq9lGEfexwzuFol2yJyKL4MygWDn8/spePxxUO4WPdjeiScBCTQUq1XLsWLspSs2pYKN8O1EsRjrAHmsZDDFgyk0n847IsXG6xI+keaEmE/d3R4qBUsPAM5UB6r6az8bmf1kr0f65m/IwTjQL6fQjPxFER2S8POlyyagWQwNIJTezEtpHiVSbE+XNEZz5lRehXi45p6XyjVOsXMFUOdiHIzgBB86gApdQhRpQEPAIz/Bi3VlP1qv1Ni3NWLOePfgj6/0HU6GTKQ==</latexit>

↵i
<latexit sha1_base64="kML8fR8mGDv8VGI4cb+B2X6aLkc=">AAAB73icbZDJSgNBEIZr4pIYt6hHURqD4CnMxIMeA17UUwSzQDKEmk5P0qRnsbtHCUNewosHRbz6Ot58Bh9CO8tBE39o+Pj/KrqqvFhwpW3708osLa+sZnNr+fWNza3tws5uXUWJpKxGIxHJpoeKCR6ymuZasGYsGQaeYA1vcDHOG/dMKh6Ft3oYMzfAXsh9TlEbq9lGEfexwzuFol2yJyKL4MygWDn8/spePxxUO4WPdjeiScBCTQUq1XLsWLspSs2pYKN8O1EsRjrAHmsZDDFgyk0n847IsXG6xI+keaEmE/d3R4qBUsPAM5UB6r6az8bmf1kr0f65m/IwTjQL6fQjPxFER2S8POlyyagWQwNIJTezEtpHiVSbE+XNEZz5lRehXi45p6XyjVOsXMFUOdiHIzgBB86gApdQhRpQEPAIz/Bi3VlP1qv1Ni3NWLOePfgj6/0HU6GTKQ==</latexit>



Multiple penalties

• difficult	to	select	many	(2	or	more)	penalty	parameters	

• the	effect	of	each						depends	on	all	other		

Geological	models	often	have	strong	directionality:	
• bounds	
• smoothness	in	x,	smoothness	in	y	
• blockiness	in	depth

�15

min
m

f(m) +
pX

i=1

↵iri(m)
<latexit sha1_base64="s2ADHYdHllDJaKZiSsKRRURPvi0="></latexit><latexit sha1_base64="s2ADHYdHllDJaKZiSsKRRURPvi0="></latexit><latexit sha1_base64="s2ADHYdHllDJaKZiSsKRRURPvi0="></latexit><latexit sha1_base64="s2ADHYdHllDJaKZiSsKRRURPvi0="></latexit>

↵i
<latexit sha1_base64="kML8fR8mGDv8VGI4cb+B2X6aLkc=">AAAB73icbZDJSgNBEIZr4pIYt6hHURqD4CnMxIMeA17UUwSzQDKEmk5P0qRnsbtHCUNewosHRbz6Ot58Bh9CO8tBE39o+Pj/KrqqvFhwpW3708osLa+sZnNr+fWNza3tws5uXUWJpKxGIxHJpoeKCR6ymuZasGYsGQaeYA1vcDHOG/dMKh6Ft3oYMzfAXsh9TlEbq9lGEfexwzuFol2yJyKL4MygWDn8/spePxxUO4WPdjeiScBCTQUq1XLsWLspSs2pYKN8O1EsRjrAHmsZDDFgyk0n847IsXG6xI+keaEmE/d3R4qBUsPAM5UB6r6az8bmf1kr0f65m/IwTjQL6fQjPxFER2S8POlyyagWQwNIJTezEtpHiVSbE+XNEZz5lRehXi45p6XyjVOsXMFUOdiHIzgBB86gApdQhRpQEPAIz/Bi3VlP1qv1Ni3NWLOePfgj6/0HU6GTKQ==</latexit>

↵i
<latexit sha1_base64="kML8fR8mGDv8VGI4cb+B2X6aLkc=">AAAB73icbZDJSgNBEIZr4pIYt6hHURqD4CnMxIMeA17UUwSzQDKEmk5P0qRnsbtHCUNewosHRbz6Ot58Bh9CO8tBE39o+Pj/KrqqvFhwpW3708osLa+sZnNr+fWNza3tws5uXUWJpKxGIxHJpoeKCR6ymuZasGYsGQaeYA1vcDHOG/dMKh6Ft3oYMzfAXsh9TlEbq9lGEfexwzuFol2yJyKL4MygWDn8/spePxxUO4WPdjeiScBCTQUq1XLsWLspSs2pYKN8O1EsRjrAHmsZDDFgyk0n847IsXG6xI+keaEmE/d3R4qBUsPAM5UB6r6az8bmf1kr0f65m/IwTjQL6fQjPxFER2S8POlyyagWQwNIJTezEtpHiVSbE+XNEZz5lRehXi45p6XyjVOsXMFUOdiHIzgBB86gApdQhRpQEPAIz/Bi3VlP1qv1Ni3NWLOePfgj6/0HU6GTKQ==</latexit>



geophysical	applications:	
• single					(bounds)		
• two	sets	

Multiple constraints

�16

[Lelièvre	and	Oldenburg	(2009),		Baumstein	(2013),	Smithyman	et	al.	(2015),	
Esser	et	al.	(2015ab,	2016ab),	Peters	and	Herrmann	(2017),	Yong	et	al.	(2018),	
Trinh	et	al.	(2018)]

[Zeev	et	al.	(2006)	and	Bello	and	Raydan	(2007)]V
<latexit sha1_base64="zaMuP/Zhw1occ0/dkQKglPqqa0w="></latexit><latexit sha1_base64="zaMuP/Zhw1occ0/dkQKglPqqa0w="></latexit><latexit sha1_base64="zaMuP/Zhw1occ0/dkQKglPqqa0w="></latexit><latexit sha1_base64="CdD/CsLRzopMLWcqkHx8nyLJeTI="></latexit>

min
m

f(m) s.t. m 2
p\

i=1

Vi

<latexit sha1_base64="8NwD5ZYUSp4QFGTpIwr8iRqohxw="></latexit><latexit sha1_base64="8NwD5ZYUSp4QFGTpIwr8iRqohxw="></latexit><latexit sha1_base64="8NwD5ZYUSp4QFGTpIwr8iRqohxw="></latexit><latexit sha1_base64="8NwD5ZYUSp4QFGTpIwr8iRqohxw="></latexit>



geophysical	applications:	
• single					(bounds)		
• two	sets	

				challenges:	
• difficult	>	2	sets	and	projectors	not	known	in	closed	form	
• not	suitable	to	plug	in	arbitrary	sets	

Multiple constraints
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V
<latexit sha1_base64="zaMuP/Zhw1occ0/dkQKglPqqa0w="></latexit><latexit sha1_base64="zaMuP/Zhw1occ0/dkQKglPqqa0w="></latexit><latexit sha1_base64="zaMuP/Zhw1occ0/dkQKglPqqa0w="></latexit><latexit sha1_base64="CdD/CsLRzopMLWcqkHx8nyLJeTI="></latexit>

min
m

f(m) s.t. m 2
p\

i=1

Vi

<latexit sha1_base64="8NwD5ZYUSp4QFGTpIwr8iRqohxw="></latexit><latexit sha1_base64="8NwD5ZYUSp4QFGTpIwr8iRqohxw="></latexit><latexit sha1_base64="8NwD5ZYUSp4QFGTpIwr8iRqohxw="></latexit><latexit sha1_base64="8NwD5ZYUSp4QFGTpIwr8iRqohxw="></latexit>

[Lelièvre	and	Oldenburg	(2009),		Baumstein	(2013),	Smithyman	et	al.	(2015),	
Esser	et	al.	(2015ab,	2016ab),	Peters	and	Herrmann	(2017),	Yong	et	al.	(2018),	
Trinh	et	al.	(2018)]

[Zeev	et	al.	(2006)	and	Bello	and	Raydan	(2007)]



Multiple constraints  
(2 parameter problem)

�18

V1 ⌘ {m k l  m  u}
<latexit sha1_base64="ODEWWCeWWUhQBO9ER/EvWwND3ok=">AAACHnicbVDLSgMxFM34rPVVdekmWARXZaYqiquCG91VsA9ohiGT3rahmUeTTKGM/RI3/oobF4oIrvRvzLRdaOuF5B7OuZfkHD8WXGnb/raWlldW19ZzG/nNre2d3cLefl1FiWRQY5GIZNOnCgQPoaa5FtCMJdDAF9Dw+9eZ3hiCVDwK7/UoBjeg3ZB3OKPaUF7hnARU9xgVaX3sOZjAIOFDTFIcYHKFyUN2C0wEDDImawkmY69QtEv2pPAicGagiGZV9QqfpB2xJIBQM0GVajl2rN2USs2ZgHGeJApiyvq0Cy0DQxqActOJvTE+NkwbdyJpTqjxhP29kdJAqVHgm8nMjJrXMvI/rZXozqWb8jBONIRs+lAnEVhHOMsKt7kEpsXIAMokN3/FrEclZdokmjchOPOWF0G9XHJOS+W7s2LldhZHDh2iI3SCHHSBKugGVVENMfSIntErerOerBfr3fqYji5Zs50D9Kesrx8KkqCN</latexit>

V2 ⌘
{m k � "  m1 �m2  +"}

<latexit sha1_base64="ObkeKxRrqZAfRPTjZ2qWTGXYnk8="></latexit>

V3 ⌘
{m k 0  m1 �m2  +1}
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Multiple constraints  
(2 parameter problem)
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Projection	based	algorithms:		
• guarantee	that							satisfies	all	constraints	at	every	iteration.	

Multiple constraints
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Main	iterations	for	gradient	descent	+	projections	(SPG):		

								

							:	Barzilai-Borwein	scaling	

							:	non-monotone	line	search	step	length	

�
<latexit sha1_base64="FbSI//he8zaam0P9eZ8wTaKK4Sw=">AAACGHicbZDLSgMxFIYz9VbH26hLN8EiuKoz3eiy4EZ3FewFOqVk0tM2NMmMSUYoQx/Dja/ixoUibrvzbUzbAbX1QODj/8/h5PxRwpk2vv/lFNbWNza3itvuzu7e/oF3eNTQcaoo1GnMY9WKiAbOJNQNMxxaiQIiIg7NaHQ985uPoDSL5b0ZJ9ARZCBZn1FirNT1LsIIBkxm8JDOlQkOZSxTEYFyrWWIG4Ls/dhdr+SX/XnhVQhyKKG8al1vGvZimgqQhnKidTvwE9PJiDKMcpi4YaohIXREBtC2KIkA3cnmh03wmVV6uB8r+6TBc/X3REaE1mMR2U5BzFAvezPxP6+dmv5VJ2MySQ1IuljUTzk2MZ6lhHtMATV8bIFQxexfMR0SRaixWbo2hGD55FVoVMqB5btKqXqbx1FEJ+gUnaMAXaIqukE1VEcUPaEX9IbenWfn1flwPhetBSefOUZ/ypl+AzwjoSQ=</latexit><latexit sha1_base64="FbSI//he8zaam0P9eZ8wTaKK4Sw=">AAACGHicbZDLSgMxFIYz9VbH26hLN8EiuKoz3eiy4EZ3FewFOqVk0tM2NMmMSUYoQx/Dja/ixoUibrvzbUzbAbX1QODj/8/h5PxRwpk2vv/lFNbWNza3itvuzu7e/oF3eNTQcaoo1GnMY9WKiAbOJNQNMxxaiQIiIg7NaHQ985uPoDSL5b0ZJ9ARZCBZn1FirNT1LsIIBkxm8JDOlQkOZSxTEYFyrWWIG4Ls/dhdr+SX/XnhVQhyKKG8al1vGvZimgqQhnKidTvwE9PJiDKMcpi4YaohIXREBtC2KIkA3cnmh03wmVV6uB8r+6TBc/X3REaE1mMR2U5BzFAvezPxP6+dmv5VJ2MySQ1IuljUTzk2MZ6lhHtMATV8bIFQxexfMR0SRaixWbo2hGD55FVoVMqB5btKqXqbx1FEJ+gUnaMAXaIqukE1VEcUPaEX9IbenWfn1flwPhetBSefOUZ/ypl+AzwjoSQ=</latexit><latexit sha1_base64="FbSI//he8zaam0P9eZ8wTaKK4Sw=">AAACGHicbZDLSgMxFIYz9VbH26hLN8EiuKoz3eiy4EZ3FewFOqVk0tM2NMmMSUYoQx/Dja/ixoUibrvzbUzbAbX1QODj/8/h5PxRwpk2vv/lFNbWNza3itvuzu7e/oF3eNTQcaoo1GnMY9WKiAbOJNQNMxxaiQIiIg7NaHQ985uPoDSL5b0ZJ9ARZCBZn1FirNT1LsIIBkxm8JDOlQkOZSxTEYFyrWWIG4Ls/dhdr+SX/XnhVQhyKKG8al1vGvZimgqQhnKidTvwE9PJiDKMcpi4YaohIXREBtC2KIkA3cnmh03wmVV6uB8r+6TBc/X3REaE1mMR2U5BzFAvezPxP6+dmv5VJ2MySQ1IuljUTzk2MZ6lhHtMATV8bIFQxexfMR0SRaixWbo2hGD55FVoVMqB5btKqXqbx1FEJ+gUnaMAXaIqukE1VEcUPaEX9IbenWfn1flwPhetBSefOUZ/ypl+AzwjoSQ=</latexit><latexit sha1_base64="FbSI//he8zaam0P9eZ8wTaKK4Sw=">AAACGHicbZDLSgMxFIYz9VbH26hLN8EiuKoz3eiy4EZ3FewFOqVk0tM2NMmMSUYoQx/Dja/ixoUibrvzbUzbAbX1QODj/8/h5PxRwpk2vv/lFNbWNza3itvuzu7e/oF3eNTQcaoo1GnMY9WKiAbOJNQNMxxaiQIiIg7NaHQ985uPoDSL5b0ZJ9ARZCBZn1FirNT1LsIIBkxm8JDOlQkOZSxTEYFyrWWIG4Ls/dhdr+SX/XnhVQhyKKG8al1vGvZimgqQhnKidTvwE9PJiDKMcpi4YaohIXREBtC2KIkA3cnmh03wmVV6uB8r+6TBc/X3REaE1mMR2U5BzFAvezPxP6+dmv5VJ2MySQ1IuljUTzk2MZ6lhHtMATV8bIFQxexfMR0SRaixWbo2hGD55FVoVMqB5btKqXqbx1FEJ+gUnaMAXaIqukE1VEcUPaEX9IbenWfn1flwPhetBSefOUZ/ypl+AzwjoSQ=</latexit>
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PV1 PV2

input:
model to project: m
projectors onto sets PV1 , PV2 , . . . , PVp sets

//initialize

0a. x0 = m, k = 1
0b. v0

i = x0 for i = 1, 2, . . . , p
0c. select weights fli such that

qp
i=1 fli = 1

while stopping conditions not satisfied do
FOR i = 1, 2, . . . , p

1. yk+1
i = PVi(vk

i )
END

2. xk+1 =
qp

i=1 fliy
k+1
i

FOR i = 1, 2, . . . , p
3. vk+1

i = xk+1 + vk
i ≠ yk+1

i
END

4. k Ω k + 1
END

output: x

(parallel)	black-box	algorithms	
e.g.,	Dykstra’s	algorithm	

one	projection	onto	each	set		
separately	per	iteration	

problems that include non-convex sets.
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12 Appendix A: Black-box alternating projection methods
We briefly show that the proposed PARSDMM algorithm (Algorithm 1) is di�erent, but closely related to
black-box alternating projection algorithms for the projection onto an intersection of sets. We base this
Appendix on the alternating direction method of multipliers (ADMM). The ADMM algorithm is closely
related to Dykstra’s algorithm [Dykstra, 1983, Boyle and Dykstra, 1986] for projection problems, as described
by [Bauschke and Koch, 2015, Tibshirani, 2017], including the conditions that lead to equivalency.

The parallel Dykstra algorithm (Algorithm 4) projects the vector m œ RN onto an intersection of p sets
using projections onto each set separately with projectors PV1 , PV2 , . . . , PVp . If the definitions of the sets
Vi include non-orthogonal linear operators, these projections are often non trivial and their computation
requires another iterative algorithm.

Algorithm 4 Parallel Dykstra’s algorithm to compute arg minx
1
2 Îx ≠ mÎ2

2 s.t. x œ
up

i=1 Vi.
Algorithm Parallel-DYKSTRA(m, PV1 , PV2 , . . . , PVp)
input:

model to project: m
projectors onto sets PV1 , PV2 , . . . , PVp sets

//initialize

0a. x0 = m, k = 1
0b. v0

i = x0 for i = 1, 2, . . . , p
0c. select weights fli such that

qp
i=1 fli = 1

while stopping conditions not satisfied do
FOR i = 1, 2, . . . , p

1. yk+1
i = PVi(vk

i )
END

2. xk+1 =
qp

i=1 fliy
k+1
i

FOR i = 1, 2, . . . , p
3. vk+1

i = xk+1 + vk
i ≠ yk+1

i
END

4. k Ω k + 1
END

output: x

To show the similarity and di�erence with PARSDMM and parallel Dykstra, we proceed with a derivation
similar to Algorithm 1, but di�erent in such a way that the final algorithm is black-box, i.e., it uses projections
onto the sets Vi and the linear operators are ‘hidden’.

29

Projection onto an intersection
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[Dykstra,	1983	;	Boyle	&	Dykstra,	1986	;		
Censor,	2006;	Bauschke	&	Koch,	2015]

PV(m) = argmin
x

kx�mk2

s.t. 2
p\

i=1

Vi.
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Projection onto intersections

Dykstra	Pro:		
• simple	and	fast	if	projections	are	known	in	closed-form	
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Projection onto intersections

Dykstra	Pro:		
• simple	and	fast	if	projections	are	known	in	closed-form	

Dykstra	Con:	
• uses	another	iterative	algorithm	for	other	projections	
• nested	strategy	requires	two	sets	of	stopping	criteria	
• does	not	take	similarity	between	sets	into	account
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Projection onto intersections

Dykstra	Pro:		
• simple	and	fast	if	projections	are	known	in	closed-form	

Dykstra	Con:	
• uses	another	iterative	algorithm	for	other	projections	
• nested	strategy	requires	two	sets	of	stopping	criteria	
• does	not	take	similarity	between	sets	into	account	

Too	many	inner	iterations	for	constraints	on	large	3D	grids…	
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Projection onto intersections

Dykstra	Pro:		
• simple	and	fast	if	projections	are	known	in	closed-form	

Dykstra	Con:	
• uses	another	iterative	algorithm	for	other	projections	
• nested	strategy	requires	two	sets	of	stopping	criteria	
• does	not	take	similarity	between	sets	into	account	

Straightforward	applications	of	operator	splitting:	
• also	leads	to	black-box	algorithm	
• suffers	from	similar	problems	
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Seismic full-waveform inversion

• bound	constraints
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bounds only 3-15 Hz
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Heuristics

Problem:		
• directly	estimating	a	model	is	challenging	
• what	if	we	do	not	have	much	prior	knowledge?	

Heuristics:	
• run	w/	‘tight’	constraints	
• solutions	remain	feasible	
• start	over	w/	relaxed	constraints	

Selecting	constraints:		
• sedimentary	geology,	mainly	layered,	no	big	faults	
• starting	model	should	be	laterally	smooth	&	velocity	increases	with	depth
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1st	cycle:	invert	3-4	Hz	data	with:	
• bound	constraints	
• lateral	smoothness	(slope	constraint)	
• approximate	vertical	monotonicity	
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bounds & slope constraint, 3-4 Hz
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1st	cycle:	invert	3-4	Hz	data	with:	
• bound	constraints	
• lateral	smoothness	(slope	constraint)	
• approximate	vertical	monotonicity	

2nd	cycle:		
• use	1st	cycle	result	as	new	starting	model	
• invert	all	data	with	bound	constraints	
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bounds & slope constraint, 3-4 Hz
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bounds & slope -> bounds only, 3-15 Hz
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Observations - intersections of sets

each	set	defined	independently	of	all	other	sets	

use	projection	onto	intersection	as	part	of,	e.g.,	projected	gradient	

intersections	of	constraint	sets	+	constraint	adaptation	strategies	enables	full-
waveform	inversion	in	more	challenging	settings

�33



• constraints	versus	penalties	(Chapter	2)	
• intersections	of	multiple	constraint	sets	(Chapter	3)	
• computational	aspects	(Chapter	4)	
• sums	of	sets	(Chapter	5)
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New algorithm

Goals:		

Construct	an	algorithm	to	project	onto	an	intersection	

• allow	non-orthogonal	linear	operators	in	set	definitions	
• exploit	similarity	between	sets

�35



New algorithm

Iterations:	equivalent	to	SDMM	+	over/under	relaxation)
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New algorithm
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New algorithm
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New algorithm
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we	can	decide	on	how	many	CG	
iterations	we	need	for	the	sub-problem	



New algorithm
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sum	structure	

discrete	derivatives	matrices,	DFT,	Wavelet	T,	…..



New algorithm
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New algorithm
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over/under	relaxation
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New algorithm
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simple	(closed-form)	projections:													
norm-ball/bounds/cardinality/rank	
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New algorithm
additional	sets	do	not	increase	time	per	iteration	(much)
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Iterations are just iterations…

For	fast	algorithms	we	also	need:	

• stopping	conditions	
• adaptive	parameter	selection	
• hybrid	coarse-fine	parallel	implementation	
• multilevel	acceleration	
• use	multithreaded	compressed	diagonal	MVPs	for	banded	matrices	

• couple	more	things…

�45

	[Xu	et.	al.	,2016a	;	Xu	et.	al.	,2017]	



Outline

• constraints	versus	penalties	(Chapter	2)	
• intersections	of	multiple	constraint	sets	(Chapter	3)	
• computational	aspects	(Chapter	4)	
• sums	of	sets	(Chapter	5)
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Example

�47
[Szolgay	D,	&	Szirányi	T.,	2012]

original	image
cartoon	part

texture	part

3410 IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 21, NO. 8, AUGUST 2012

(a) (b)

(c) (d) (e)

Fig. 6. Images used for visual evaluation. In parentheses after the image name are shown the size of the image and the size of the region of interest (ROI)
if the latter examples are using only a part of the image. (a) Barbara (787 × 576, ROI: 301 × 301). (b) Geometry (256 × 256). (c) City (436 × 232, ROI:
151 × 151). (d) Pillar (256 × 256). (e) Zebra (256 × 256).

III. RESULTS

The evaluation of the quality of cartoon/texture decom-
position is usually done on visual examples, since there
is no generally accepted objective method for ground-truth
generation in case of real images. Sometimes it is difficult
even for a human to decide whether a certain part of the image
is texture or not.

Hence, to evaluate the quality of the different methods, we
show the decomposition results of example images (see Fig. 6),
but we also evaluate numerically the competing methods on
artificial images (see Fig. 7) where the ground-truth cartoon
and texture parts are available.

We compared the proposed method with the following
decomposition methods: BLMV filter [5], aBLMV filter (also
proposed in this paper), AD [14], DPCA [7], DOSV [8], ROF
[3], and TVL1 [4]. The codes for the above methods were
provided by the authors, and we used them with the best
tuned parameters in each individual test case. For numerical
evaluation, we used the parameters that gave the best numbers,
and, in case of subjective evaluation, the parameters that gave
the best visual result. For the proposed method, we kept all
the parameters, except one: the σ range for the aBLMV was
changed to the same transparent scale parameter as it was
for the original BLMV. The other parameters were set to a
constant value: the maximum number of iterations for the
AD was set to 100, and the λ parameter of (6) was set to 2.

Fig. 7. Artificial images (256 × 256) used for numerical evaluation. Left
column: original image. Middle column: cartoon component. Right column:
texture component.

Note that λ = 2 is a low value, making the AD very sensitive
to edge inhibitions, which helps better preservation the cartoon
edges. The only parameter that was not constant during the
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Fig. 12. Separation of cartoon and texture components (Zebra). (a) AD [14]. (b) BLMV [5]. (c) aBLMV. (d) DPCA [7]. (e) DOSV [8]. (f) TVL1 [4].
(g) ROF [3]. (h) Proposed AD-aBLMV-ADE.

On the geometry image, all the methods eliminate the
texture from the cartoon part, but all of them bring some
cartoon edges on the texture (see Fig. 9). Here one should
consider how strong the cartoon edges on the texture image
are, and also how precise the cartoon part is.

The third image shows City towers. This image has precise
edges, which favors the TV-based methods, especially ROF
(see Fig. 10). However, some artifacts can be seen on cartoon
image of ROF, as the rectangular shaped cloud at the top of
the building on the left, or the disappearing top of the same
skyscraper. Most of the methods blur some parts of the image,
and almost none of them can eliminate the vertical line texture
from the darkest building.

For the fourth image (Pillars), the question is how well the
pillars are preserved on the cartoon image (or how strong the
edges of the pillars on the texture image are) and how blurred
the greenery in the background is (see Fig. 11). Here we can
say that BLMV, DOSV, and TVL1 produce good results, but
they are outperformed by aBLMV and the proposed method,
while AD and ROF perform very poorly: the texture is slightly
blurred on the cartoon image and the edges of the pillar are
already obviously present on the texture part. DPCA blurs
the texture the best (similar to the proposed method), but,
in the meantime, it brings some strong cartoon edges to the
texture part.

The last image, Zebra, is quite challenging, since the texture
of the Zebra has a wide range of sizes. See results on Fig. 12.
AD and ROF perform poorly, since most of the texture remains
on the cartoon, while nontextural parts such as slow changes
of gray level values and nontextural parts of the background
are apparent on the texture image. As was mentioned earlier,

AD is not suited for the tasks, since the edges of the texture
are stronger than some of the cartoon edges, and therefore
the cartoon edges are eliminated while the texture edges are
kept unchanged. DOSV cannot eliminate the larger texture
parts without blurring the cartoon. BLMV blurs the cartoon
even more, but it eliminates most of the texture, although
not as efficiently as aBLMV or the proposed method. TVL1
and DPCA perform similarly: they both eliminate most of the
texture, but a lot of nontextural edges are apparent on the
texture image as well.

B. Numerical Evaluation on Artificial Images

Numerical evaluation is a difficult task for cartoon/texture
decomposition since usually there is no ground truth for
the images. For this reason most papers in the field lack
this type of comparison and rely only on subjective visual
evaluation. We used artificial images for numerical evaluation
where the ground truth was available. The following measures
were calculated to compare quality: edge absolute difference
of the cartoon (ead(u)) and texture (ead(v)) images, the
absolute difference of the cartoon image (ad(u)), and the
correlation coefficient of the estimated texture and the ground-
truth texture. We define these measures as follows:

ead(u) = |e(u′) − e(u)|
ead(v) = |e(v ′) − e(v)|
ad(u) = |u′ − u|

corr(v ′, v) = cov(v ′, v)

σv ′σv
(17)
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of the Zebra has a wide range of sizes. See results on Fig. 12.
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even more, but it eliminates most of the texture, although
not as efficiently as aBLMV or the proposed method. TVL1
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evaluation. We used artificial images for numerical evaluation
where the ground truth was available. The following measures
were calculated to compare quality: edge absolute difference
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absolute difference of the cartoon image (ad(u)), and the
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Inspiration

cartoon-texture	decomposition	/	morphological	component	analysis	

often	stated	as:	

approximately	decompose							into:	
1. 					:	cartoon/background/piecewise-smooth	or	constant	component	
2. 					:	texture/details/pattern/oscillatory	component	

closely	related	to	robust	PCA	and	variants

[Osher	et	al.	(2003);	Starck	et	al.	(2005);	Schaeffer	and	Osher	(2013);	Ono	et	al.	(2014)]

[Candes	et	al.	(2011);	Gao	et	al.,	2011a	;	
	Gao	et	al.,	2011b]	

min
u,v
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v
<latexit sha1_base64="64r1px2CNsrgc1yYoHpdzwtjqPE=">AAAB6HicbZA9SwNBEIbn/IzxK2ppsxgEq3Bno50BG+0SMB+QHGFvM5es2ds7dvcC4cgvsLFQxNZfJHb+GzeXFJr4wsLDOzPszBskgmvjut/O2vrG5tZ2Yae4u7d/cFg6Om7qOFUMGywWsWoHVKPgEhuGG4HtRCGNAoGtYHQ7q7fGqDSP5YOZJOhHdCB5yBk11qqPe6WyW3FzkVXwFlC++YRctV7pq9uPWRqhNExQrTuemxg/o8pwJnBa7KYaE8pGdIAdi5JGqP0sX3RKzq3TJ2Gs7JOG5O7viYxGWk+iwHZG1Az1cm1m/lfrpCa89jMuk9SgZPOPwlQQE5PZ1aTPFTIjJhYoU9zuStiQKsqMzaZoQ/CWT16F5mXFs1x3y9X7eRpQgFM4gwvw4AqqcAc1aAADhCd4gVfn0Xl23pz3eeuas5g5gT9yPn4AU8CODA==</latexit><latexit sha1_base64="64r1px2CNsrgc1yYoHpdzwtjqPE=">AAAB6HicbZA9SwNBEIbn/IzxK2ppsxgEq3Bno50BG+0SMB+QHGFvM5es2ds7dvcC4cgvsLFQxNZfJHb+GzeXFJr4wsLDOzPszBskgmvjut/O2vrG5tZ2Yae4u7d/cFg6Om7qOFUMGywWsWoHVKPgEhuGG4HtRCGNAoGtYHQ7q7fGqDSP5YOZJOhHdCB5yBk11qqPe6WyW3FzkVXwFlC++YRctV7pq9uPWRqhNExQrTuemxg/o8pwJnBa7KYaE8pGdIAdi5JGqP0sX3RKzq3TJ2Gs7JOG5O7viYxGWk+iwHZG1Az1cm1m/lfrpCa89jMuk9SgZPOPwlQQE5PZ1aTPFTIjJhYoU9zuStiQKsqMzaZoQ/CWT16F5mXFs1x3y9X7eRpQgFM4gwvw4AqqcAc1aAADhCd4gVfn0Xl23pz3eeuas5g5gT9yPn4AU8CODA==</latexit><latexit sha1_base64="64r1px2CNsrgc1yYoHpdzwtjqPE=">AAAB6HicbZA9SwNBEIbn/IzxK2ppsxgEq3Bno50BG+0SMB+QHGFvM5es2ds7dvcC4cgvsLFQxNZfJHb+GzeXFJr4wsLDOzPszBskgmvjut/O2vrG5tZ2Yae4u7d/cFg6Om7qOFUMGywWsWoHVKPgEhuGG4HtRCGNAoGtYHQ7q7fGqDSP5YOZJOhHdCB5yBk11qqPe6WyW3FzkVXwFlC++YRctV7pq9uPWRqhNExQrTuemxg/o8pwJnBa7KYaE8pGdIAdi5JGqP0sX3RKzq3TJ2Gs7JOG5O7viYxGWk+iwHZG1Az1cm1m/lfrpCa89jMuk9SgZPOPwlQQE5PZ1aTPFTIjJhYoU9zuStiQKsqMzaZoQ/CWT16F5mXFs1x3y9X7eRpQgFM4gwvw4AqqcAc1aAADhCd4gVfn0Xl23pz3eeuas5g5gT9yPn4AU8CODA==</latexit><latexit sha1_base64="cdj0LMuLNxL55ya8pFpro8OIMas=">AAAB6HicbZA9TwJBEIbn8AvxC7W02UhMrMidjZQkNtpBIh8JXMjeMgcre3uX3T0ScuEX2FhojK0/yc5/4wJXKPgmmzx5ZyY78waJ4Nq47rdT2Nre2d0r7pcODo+OT8qnZ20dp4phi8UiVt2AahRcYstwI7CbKKRRILATTO4W9c4UleaxfDSzBP2IjiQPOaPGWs3poFxxq+5SZBO8HCqQqzEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOS/1UY0LZhI6wZ1HSCLWfLRedkyvrDEkYK/ukIUv390RGI61nUWA7I2rGer22MP+r9VIT1vyMyyQ1KNnqozAVxMRkcTUZcoXMiJkFyhS3uxI2pooyY7Mp2RC89ZM3oX1T9Sw33Ur9IY+jCBdwCdfgwS3U4R4a0AIGCM/wCm/Ok/PivDsfq9aCk8+cwx85nz/kDoz9</latexit>

m
<latexit sha1_base64="nJugnnvSzUB0GtYZ0mvN1vwiHqs=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7G+0M2GiXgPmA5Ah7m7lkze7dsbsnhCO/wMZCEVt/kdj5b9xcUmjiCwsP78ywM2+QCK6N6347hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUJqEbBI2wabgR2EoVUBgLbwfhmVm8/otI8ju7NJEFf0mHEQ86osVZD9ssVt+rmIqvgLaBy/Qm56v3yV28Qs1RiZJigWnc9NzF+RpXhTOC01Es1JpSN6RC7FiMqUftZvuiUnFlnQMJY2RcZkru/JzIqtZ7IwHZKakZ6uTYz/6t1UxNe+RmPktRgxOYfhakgJiazq8mAK2RGTCxQprjdlbARVZQZm03JhuAtn7wKrYuqZ7nhVmp38zSgCCdwCufgwSXU4Bbq0AQGCE/wAq/Og/PsvDnv89aCs5g5hj9yPn4ARhyOAw==</latexit><latexit sha1_base64="nJugnnvSzUB0GtYZ0mvN1vwiHqs=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7G+0M2GiXgPmA5Ah7m7lkze7dsbsnhCO/wMZCEVt/kdj5b9xcUmjiCwsP78ywM2+QCK6N6347hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUJqEbBI2wabgR2EoVUBgLbwfhmVm8/otI8ju7NJEFf0mHEQ86osVZD9ssVt+rmIqvgLaBy/Qm56v3yV28Qs1RiZJigWnc9NzF+RpXhTOC01Es1JpSN6RC7FiMqUftZvuiUnFlnQMJY2RcZkru/JzIqtZ7IwHZKakZ6uTYz/6t1UxNe+RmPktRgxOYfhakgJiazq8mAK2RGTCxQprjdlbARVZQZm03JhuAtn7wKrYuqZ7nhVmp38zSgCCdwCufgwSXU4Bbq0AQGCE/wAq/Og/PsvDnv89aCs5g5hj9yPn4ARhyOAw==</latexit><latexit sha1_base64="nJugnnvSzUB0GtYZ0mvN1vwiHqs=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7G+0M2GiXgPmA5Ah7m7lkze7dsbsnhCO/wMZCEVt/kdj5b9xcUmjiCwsP78ywM2+QCK6N6347hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUJqEbBI2wabgR2EoVUBgLbwfhmVm8/otI8ju7NJEFf0mHEQ86osVZD9ssVt+rmIqvgLaBy/Qm56v3yV28Qs1RiZJigWnc9NzF+RpXhTOC01Es1JpSN6RC7FiMqUftZvuiUnFlnQMJY2RcZkru/JzIqtZ7IwHZKakZ6uTYz/6t1UxNe+RmPktRgxOYfhakgJiazq8mAK2RGTCxQprjdlbARVZQZm03JhuAtn7wKrYuqZ7nhVmp38zSgCCdwCufgwSXU4Bbq0AQGCE/wAq/Og/PsvDnv89aCs5g5hj9yPn4ARhyOAw==</latexit><latexit sha1_base64="eeBsx0vDweswX9CgwB0ibbzxiiA=">AAAB6HicbZBNSwMxEIZn61etX1WPXoJF8FR2veix4EVvLdgPaJeSTWfb2CS7JFmhlP4CLx4U8epP8ua/MW33oK0vBB7emSEzb5QKbqzvf3uFjc2t7Z3ibmlv/+DwqHx80jJJphk2WSIS3YmoQcEVNi23AjupRiojge1ofDuvt59QG56oBztJMZR0qHjMGbXOash+ueJX/YXIOgQ5VCBXvV/+6g0SlklUlglqTDfwUxtOqbacCZyVepnBlLIxHWLXoaISTThdLDojF84ZkDjR7ilLFu7viSmVxkxk5DoltSOzWpub/9W6mY1vwilXaWZRseVHcSaITcj8ajLgGpkVEweUae52JWxENWXWZVNyIQSrJ69D66oaOG74ldp9HkcRzuAcLiGAa6jBHdShCQwQnuEV3rxH78V79z6WrQUvnzmFP/I+fwDWaoz0</latexit>



Minkowski sum 
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https://en.wikipedia.org/wiki/Minkowski_addition



Minkowski sum 
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construct	‘complicated’	sets	from	‘simple’	sets



Minkowski	set	not	suitable	by	itself:	

• need	bound	constraints	and	more	on	

• would	like	more	than	one	constraint	on				and	

Minkowski sum constraint sets
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V ⌘ C1 + C1 = {m = u+ v | u 2 C1, v 2 C2}
<latexit sha1_base64="F9i+eAsXihcyZp8FFF4kKppt1Rc="></latexit><latexit sha1_base64="F9i+eAsXihcyZp8FFF4kKppt1Rc="></latexit><latexit sha1_base64="F9i+eAsXihcyZp8FFF4kKppt1Rc="></latexit><latexit sha1_base64="6MeOZaFWE3el/fpw8qkfys3P7ZI="></latexit>

u
<latexit sha1_base64="qVVJcGOvZhOljZwykiAwb2LB5qI=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7G+0M2GiXgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kdj5b9xcUmjiCwsP78ywM2+QCK6N6347hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUJqEbBJTYNNwI7iUIaBQLbwfhmVm8/otI8lvdmkqAf0aHkIWfUWKuR9ssVt+rmIqvgLaBy/Qm56v3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7FiWNUPtZvuiUnFlnQMJY2ScNyd3fExmNtJ5Ege2MqBnp5drM/K/WTU145WdcJqlByeYfhakgJiazq8mAK2RGTCxQprjdlbARVZQZm03JhuAtn7wKrYuqZ7nhVmp38zSgCCdwCufgwSXU4Bbq0AQGCE/wAq/Og/PsvDnv89aCs5g5hj9yPn4AUjyOCw==</latexit><latexit sha1_base64="qVVJcGOvZhOljZwykiAwb2LB5qI=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7G+0M2GiXgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kdj5b9xcUmjiCwsP78ywM2+QCK6N6347hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUJqEbBJTYNNwI7iUIaBQLbwfhmVm8/otI8lvdmkqAf0aHkIWfUWKuR9ssVt+rmIqvgLaBy/Qm56v3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7FiWNUPtZvuiUnFlnQMJY2ScNyd3fExmNtJ5Ege2MqBnp5drM/K/WTU145WdcJqlByeYfhakgJiazq8mAK2RGTCxQprjdlbARVZQZm03JhuAtn7wKrYuqZ7nhVmp38zSgCCdwCufgwSXU4Bbq0AQGCE/wAq/Og/PsvDnv89aCs5g5hj9yPn4AUjyOCw==</latexit><latexit sha1_base64="qVVJcGOvZhOljZwykiAwb2LB5qI=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7G+0M2GiXgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kdj5b9xcUmjiCwsP78ywM2+QCK6N6347hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUJqEbBJTYNNwI7iUIaBQLbwfhmVm8/otI8lvdmkqAf0aHkIWfUWKuR9ssVt+rmIqvgLaBy/Qm56v3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7FiWNUPtZvuiUnFlnQMJY2ScNyd3fExmNtJ5Ege2MqBnp5drM/K/WTU145WdcJqlByeYfhakgJiazq8mAK2RGTCxQprjdlbARVZQZm03JhuAtn7wKrYuqZ7nhVmp38zSgCCdwCufgwSXU4Bbq0AQGCE/wAq/Og/PsvDnv89aCs5g5hj9yPn4AUjyOCw==</latexit><latexit sha1_base64="dk3/JkWdwlV3jTr79xH3uZS4Vrw=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCKtFz2SeNEbJBZIoCHbZQor222zuzUhDb/AiweN8epP8ua/cYEeFHyTTZ68M5OdecNUcG1c99spbWxube+Udyt7+weHR9Xjk7ZOMsXQZ4lIVDekGgWX6BtuBHZThTQOBXbCye283nlCpXkiH8w0xSCmI8kjzqixVisbVGtu3V2IrINXQA0KNQfVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxaIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1XmaimyDnMs0MSrb8KMoEMQmZX02GXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR1aF/VPcstt9a4L+IowxmcwyV4cA0NuIMm+MAA4Rle4c15dF6cd+dj2VpyiplT+CPn8wfiioz8</latexit>

v
<latexit sha1_base64="64r1px2CNsrgc1yYoHpdzwtjqPE=">AAAB6HicbZA9SwNBEIbn/IzxK2ppsxgEq3Bno50BG+0SMB+QHGFvM5es2ds7dvcC4cgvsLFQxNZfJHb+GzeXFJr4wsLDOzPszBskgmvjut/O2vrG5tZ2Yae4u7d/cFg6Om7qOFUMGywWsWoHVKPgEhuGG4HtRCGNAoGtYHQ7q7fGqDSP5YOZJOhHdCB5yBk11qqPe6WyW3FzkVXwFlC++YRctV7pq9uPWRqhNExQrTuemxg/o8pwJnBa7KYaE8pGdIAdi5JGqP0sX3RKzq3TJ2Gs7JOG5O7viYxGWk+iwHZG1Az1cm1m/lfrpCa89jMuk9SgZPOPwlQQE5PZ1aTPFTIjJhYoU9zuStiQKsqMzaZoQ/CWT16F5mXFs1x3y9X7eRpQgFM4gwvw4AqqcAc1aAADhCd4gVfn0Xl23pz3eeuas5g5gT9yPn4AU8CODA==</latexit><latexit sha1_base64="64r1px2CNsrgc1yYoHpdzwtjqPE=">AAAB6HicbZA9SwNBEIbn/IzxK2ppsxgEq3Bno50BG+0SMB+QHGFvM5es2ds7dvcC4cgvsLFQxNZfJHb+GzeXFJr4wsLDOzPszBskgmvjut/O2vrG5tZ2Yae4u7d/cFg6Om7qOFUMGywWsWoHVKPgEhuGG4HtRCGNAoGtYHQ7q7fGqDSP5YOZJOhHdCB5yBk11qqPe6WyW3FzkVXwFlC++YRctV7pq9uPWRqhNExQrTuemxg/o8pwJnBa7KYaE8pGdIAdi5JGqP0sX3RKzq3TJ2Gs7JOG5O7viYxGWk+iwHZG1Az1cm1m/lfrpCa89jMuk9SgZPOPwlQQE5PZ1aTPFTIjJhYoU9zuStiQKsqMzaZoQ/CWT16F5mXFs1x3y9X7eRpQgFM4gwvw4AqqcAc1aAADhCd4gVfn0Xl23pz3eeuas5g5gT9yPn4AU8CODA==</latexit><latexit sha1_base64="64r1px2CNsrgc1yYoHpdzwtjqPE=">AAAB6HicbZA9SwNBEIbn/IzxK2ppsxgEq3Bno50BG+0SMB+QHGFvM5es2ds7dvcC4cgvsLFQxNZfJHb+GzeXFJr4wsLDOzPszBskgmvjut/O2vrG5tZ2Yae4u7d/cFg6Om7qOFUMGywWsWoHVKPgEhuGG4HtRCGNAoGtYHQ7q7fGqDSP5YOZJOhHdCB5yBk11qqPe6WyW3FzkVXwFlC++YRctV7pq9uPWRqhNExQrTuemxg/o8pwJnBa7KYaE8pGdIAdi5JGqP0sX3RKzq3TJ2Gs7JOG5O7viYxGWk+iwHZG1Az1cm1m/lfrpCa89jMuk9SgZPOPwlQQE5PZ1aTPFTIjJhYoU9zuStiQKsqMzaZoQ/CWT16F5mXFs1x3y9X7eRpQgFM4gwvw4AqqcAc1aAADhCd4gVfn0Xl23pz3eeuas5g5gT9yPn4AU8CODA==</latexit><latexit sha1_base64="cdj0LMuLNxL55ya8pFpro8OIMas=">AAAB6HicbZA9TwJBEIbn8AvxC7W02UhMrMidjZQkNtpBIh8JXMjeMgcre3uX3T0ScuEX2FhojK0/yc5/4wJXKPgmmzx5ZyY78waJ4Nq47rdT2Nre2d0r7pcODo+OT8qnZ20dp4phi8UiVt2AahRcYstwI7CbKKRRILATTO4W9c4UleaxfDSzBP2IjiQPOaPGWs3poFxxq+5SZBO8HCqQqzEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOS/1UY0LZhI6wZ1HSCLWfLRedkyvrDEkYK/ukIUv390RGI61nUWA7I2rGer22MP+r9VIT1vyMyyQ1KNnqozAVxMRkcTUZcoXMiJkFyhS3uxI2pooyY7Mp2RC89ZM3oX1T9Sw33Ur9IY+jCBdwCdfgwS3U4R4a0AIGCM/wCm/Ok/PivDsfq9aCk8+cwx85nz/kDoz9</latexit>

m
<latexit sha1_base64="nJugnnvSzUB0GtYZ0mvN1vwiHqs=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7G+0M2GiXgPmA5Ah7m7lkze7dsbsnhCO/wMZCEVt/kdj5b9xcUmjiCwsP78ywM2+QCK6N6347hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUJqEbBI2wabgR2EoVUBgLbwfhmVm8/otI8ju7NJEFf0mHEQ86osVZD9ssVt+rmIqvgLaBy/Qm56v3yV28Qs1RiZJigWnc9NzF+RpXhTOC01Es1JpSN6RC7FiMqUftZvuiUnFlnQMJY2RcZkru/JzIqtZ7IwHZKakZ6uTYz/6t1UxNe+RmPktRgxOYfhakgJiazq8mAK2RGTCxQprjdlbARVZQZm03JhuAtn7wKrYuqZ7nhVmp38zSgCCdwCufgwSXU4Bbq0AQGCE/wAq/Og/PsvDnv89aCs5g5hj9yPn4ARhyOAw==</latexit><latexit sha1_base64="nJugnnvSzUB0GtYZ0mvN1vwiHqs=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7G+0M2GiXgPmA5Ah7m7lkze7dsbsnhCO/wMZCEVt/kdj5b9xcUmjiCwsP78ywM2+QCK6N6347hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUJqEbBI2wabgR2EoVUBgLbwfhmVm8/otI8ju7NJEFf0mHEQ86osVZD9ssVt+rmIqvgLaBy/Qm56v3yV28Qs1RiZJigWnc9NzF+RpXhTOC01Es1JpSN6RC7FiMqUftZvuiUnFlnQMJY2RcZkru/JzIqtZ7IwHZKakZ6uTYz/6t1UxNe+RmPktRgxOYfhakgJiazq8mAK2RGTCxQprjdlbARVZQZm03JhuAtn7wKrYuqZ7nhVmp38zSgCCdwCufgwSXU4Bbq0AQGCE/wAq/Og/PsvDnv89aCs5g5hj9yPn4ARhyOAw==</latexit><latexit sha1_base64="nJugnnvSzUB0GtYZ0mvN1vwiHqs=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7G+0M2GiXgPmA5Ah7m7lkze7dsbsnhCO/wMZCEVt/kdj5b9xcUmjiCwsP78ywM2+QCK6N6347hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUJqEbBI2wabgR2EoVUBgLbwfhmVm8/otI8ju7NJEFf0mHEQ86osVZD9ssVt+rmIqvgLaBy/Qm56v3yV28Qs1RiZJigWnc9NzF+RpXhTOC01Es1JpSN6RC7FiMqUftZvuiUnFlnQMJY2RcZkru/JzIqtZ7IwHZKakZ6uTYz/6t1UxNe+RmPktRgxOYfhakgJiazq8mAK2RGTCxQprjdlbARVZQZm03JhuAtn7wKrYuqZ7nhVmp38zSgCCdwCufgwSXU4Bbq0AQGCE/wAq/Og/PsvDnv89aCs5g5hj9yPn4ARhyOAw==</latexit><latexit sha1_base64="eeBsx0vDweswX9CgwB0ibbzxiiA=">AAAB6HicbZBNSwMxEIZn61etX1WPXoJF8FR2veix4EVvLdgPaJeSTWfb2CS7JFmhlP4CLx4U8epP8ua/MW33oK0vBB7emSEzb5QKbqzvf3uFjc2t7Z3ibmlv/+DwqHx80jJJphk2WSIS3YmoQcEVNi23AjupRiojge1ofDuvt59QG56oBztJMZR0qHjMGbXOash+ueJX/YXIOgQ5VCBXvV/+6g0SlklUlglqTDfwUxtOqbacCZyVepnBlLIxHWLXoaISTThdLDojF84ZkDjR7ilLFu7viSmVxkxk5DoltSOzWpub/9W6mY1vwilXaWZRseVHcSaITcj8ajLgGpkVEweUae52JWxENWXWZVNyIQSrJ69D66oaOG74ldp9HkcRzuAcLiGAa6jBHdShCQwQnuEV3rxH78V79z6WrQUvnzmFP/I+fwDWaoz0</latexit>
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Definition 1: Generalized Minkowski set
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Proposition 1. The generalized Minkowski set is convex if     ,    , and      are 
convex sets for all i, j and k. 

Proof. It follows from the definition (almost)

Di
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Projections onto the generalized Minkowski set
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Projection:	

• follow	same	recipe	as	for	intersections	

• matrices	->	block-structured	linear	systems	

• same	algorithm	in	the	end,	different	inputs

argmin
u,v,w

1

2
kw�mk22+

pX

i=1

◆Di(Aiu)+
qX

j=1

◆Ej (Bjv)+
rX

k=1

◆Fk(Ckw)+◆w=u+v(w, u, v)
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Conclusions (1)
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Intersections	of	sets	are	particularly	suitable	in	case	of	many	constraint	sets.	

Introduced	the	generalized	Minkowski	set.	

Intersections	and	sums	of	sets	allow	for	the	inclusion	of	more	prior	info.	

Solve	inverse	problems	directly	as	a	projection,	or	
include	projection	as	part	of	projected	gradient-type	algorithm.	

Developed	new	constraint	relaxation	strategies	for	seismic	inverse	problems.	



Conclusions (2)
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Developed	a	new	algorithm	for	projecting	onto	an	intersection,	as	well	as	
the	generalized	Minkowski	set.	

High	performance	implementation	in	Julia:	
• hybrid	worker-threading	parallelism	
• multilevel	
• tested	on	inverse	problems	with	up	to	12	constraint	sets	
• tested	on	geophysical	and	video	problems	of	up	to	4003	cube	



Future research directions

set-theoretic	uncertainty	quantification	

combine	neural	networks	and	
projections	onto	intersections	of	sets
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Thank	you!
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