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Abstract

In this thesis, I adapt ideas from the field of compressed sensing to mitigate the computational

and memory bottleneck of seismic processing workflows such as missing-trace interpolation, source

separation and wave-equation based inversion for large-scale 3- and 5-D seismic data. For interpo-

lation and source separation using rank-minimization, I propose three main ingredients, namely a

rank-revealing transform domain, a subsampling scheme that increases the rank in the transform

domain, and a practical large-scale data-consistent rank-minimization framework, which avoids the

need for expensive computation of singular value decompositions. We also devise a wave-equation

based factorization approach that removes computational bottlenecks and provides access to the

kinematics and amplitudes of full-subsurface offset extended images via actions of full extended im-

age volumes on probing vectors, which I use to perform the amplitude-versus- angle analyses and

automatic wave-equation migration velocity analyses on complex geological environments. After a

brief overview of matrix completion techniques in Chapter 1, we propose a singular value decompo-

sition (SVD)-free factorization based rank-minimization approach for large-scale matrix completion

problems. Then, I extend this framework to deal with large-scale seismic data interpolation prob-

lems, where I show that the standard approach of partitioning the seismic data into windows is not

required, which use the fact that events tend to become linear in these windows, while exploiting the

low-rank structure of seismic data. Carefully selected synthetic and realistic seismic data examples

validate the efficacy of the interpolation framework. Next, I extend the SVD-free rank-minimization

approach to remove the seismic cross-talk in simultaneous source acquisition. Experimental results

verify that source separation using the SVD-free rank-minimization approaches are comparable

to the sparsity-promotion based techniques; however, separation via rank-minimization is signif-

icantly faster and memory efficient. We further introduce a matrix-vector formulation to form

full-subsurface extended image volumes, which removes the storage and computational bottleneck

found in the convention methods. I demonstrate that the proposed matrix-vector formulation is

used to form different image gathers with which amplitude-versus-angle and wave-equation mi-

gration velocity analyses is performed, without requiring prior information on the geologic dips.

Finally, I conclude the thesis by outlining potential future research directions and extensions of the

thesis work.
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Lay Summary

In this thesis, I have developed fast computational techniques for large-scale seismic applications

using SVD-free factorization based rank-minimization approach for missing-trace interpolation and

source separation. The proposed framework is built upon the existing knowledge of compressed

sensing as a successful signal recovery paradigm and outlined the necessary components of a low-

rank domain, a rank-increasing sampling scheme, and a SVD-free rank-minimizing optimization

scheme for successful missing-trace interpolation. I also proposed a matrix-vector formulation

that avoids the explicit storage of full-subsurface offset extended image volumes and removes the

expensive loop over shots found in the conventional extended imaging.
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Chapter 1

Introduction

Exploration geophysics is an applied branch of geophysics whose aim is to predict the physical

properties of the subsurface of the earth, along with the anomalies, using data acquired over

the surface of the earth. This data ranges from seismic, gravitational, magnetic, electrical and

electromagnetic. Seismic methods are widely used in all the major oil and gas exploration activities

around the world because of the better resolution capability of small scale anomalies compared to

other existing geophysical methods. Although the acquisition principles are identical for land and

marine environments, the operational details such as the geometry and type of receivers systems,

the density of measurements made over a given area, and the type of sensors used differ between the

two environments [Caldwell and Walker, January 24 2017]. All seismic surveys involve application of

a seismic energy source at discrete surface locations, such as a vibroseis truck / shot-hole dynamite

on land / air-guns at sea (Figure 1.1). In this thesis, I focus my investigation on the issues related to

marine seismic data acquisition, processing and inversion. Figure 1.2 illustrates the different receiver

geometries used in marine seismic surveying, while Figure 1.3 provides a list of the different types

of surveys.

As outlined in [Caldwell and Walker, January 24 2017], in towed streamer acquisition, a cable

is towed or streamed behind a moving vessel that contains the hydrophones, where the length of

the streamer can vary between 3 and 12 kilometres depending upon the depth of the geological

target of interest. In ocean bottom surveys, the recording system contains a hydrophone and pos-

sibly 3-component geophones at each recording location. In vertical seismic profiling, 3-component

geophones are placed along vertical and/or horizontal wells. Seismic surveys are often acquired

either along single lines or over an area, termed 2D and 3D seismic acquisition, respectively. In 2D

acquisition, the sources and receivers are placed along a single sail line below the sea-surface with

the underlying assumption being that the reflections are generated in the same 2D vertical plane

lying below the sail line. The processing of 2D seismic data generates a 2D image of the subsurface

with detailed geological features, i.e., a map of the locations where the acoustic properties of the

earth change, which lie beneath the sail line, hence, the name 2D [Caldwell and Walker, January
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(a)

(b)

Figure 1.1: Schematic representation of (a) marine and (b) land seismic data acquisition.
Source [Enjolras, January 24 2017, RigZone, January 24 2017]

24 2017]. Figure 1.4 shows a standard 2D survey, where the 2D lines are placed on a grid. While

the 2D surveys are economical, the gaps between the receiver lines are in kilometres, which makes

interpretation of the subsurface problematic if there are strong lateral variations in the earth in the

cross-line direction. In that case, 2D assumption fails and we are not able to produce the correct

image of the subsurface. This limitation is overcome using 3D acquisition (Figure 1.4), where seis-

mic surveys are acquired over an area resulting in a 3D image of the subsurface, hence the term

3D seismic. Although 3D surveys capture the geological features in detail, they are very expen-

sive because they involve greater investment than 2D surveying in terms of logistics, turnaround

acquisition time and sophisticated equipment. Apart from 2D and 3D, seismic surveys are often

acquired repeatedly over a producing hydrocarbon field, known as 4D surveys (time-lapse), where

the interval between the surveys can be in the order of months or years. The objective of 4D surveys

is to estimate reservoir changes as a result of production and/or injection of fluid in the reservoir,

by comparing different datasets acquired over a period of time [Caldwell and Walker, January 24

2017].

Seismic data acquisition results in millions of recorded traces with reflection events generated

at interfaces between rock layers in the subsurface having different rock properties. Each trace

displays the data associated with its common depth point as a continuous function of pressure

oscillating on either side of a zero amplitude line (Figure 1.5a). The amplitude of the wiggle is

relative to how large the change in rock properties is between two layers. By Society of Exploration

Geophysicist (SEG) convention [AAPG, January 24 2017], a reflection event is displayed as a

positive peak (polarity is positive) if it is generated from an increase in acoustic impedance, such
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Figure 1.2: Illustration of various marine acquisition geometries, namely towed-streamer (1),
an ocean bottom geometry (2), buried seafloor array (3), and Vertical Seismic Profile
(4). All the seismic surveys involve a source (S), which is typically an airgun for marine
survey, and receivers (black dots) that are mainly hydrophones and/or 3-component
geophones. Source Caldwell and Walker [January 24 2017].

Figure 1.3: This table summarizes the different types of marine seismic surveys. Source Cald-
well and Walker [January 24 2017].

Figure 1.4: Here, we illustrate the basic difference between the 2D and 3D survey geometry.
The area covered by the two surveys is exactly identical, as suggested by the dashed
contour lines. Source Caldwell and Walker [January 24 2017].
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Figure 1.5: Various types of seismic displays: (a) wiggle trace, (b) variable area, (c) variable
area wiggle trace, and (d) variable density. Copyright: Conoco Inc.

as from a slow velocity shale to a high velocity dolomite. If a reflection event is generated from

the decrease in acoustic impedance, then it is displayed as a trough and the polarity is negative.

This convention is called normal polarity. In seismic processing, this reflection energy is mapped

to an image and/or attributes of the underground geological structures that are used to infer the

physical rock properties.

In realistic seismic data acquisition, each sub-surface point is sampled multiple times to increase

the fold, where fold is a measure of the redundancy of common midpoint seismic data equal to the

number of offset receivers that record a given data point or in a given bin. Fold improves the

signal-to-noise ratio and reduces the random environmental noise in the data during the stacking

(summation) process to produce the image of the subsurface. Various factors, such as depth and

thickness of the zone of interest, surface conditions and topography, play an important role in the

design of the seismic acquisition layout. Sources and receivers grid points are controlled by the bin

size, which determine how often you sample the subsurface. Bin sizes are smaller in the target-area

of interest where the aim is to get a higher resolution image of the subsurface. Apart from the bin

size, the frequency spectrum of the data controls the vertical resolution, since higher frequencies

have shorter wavelengths and provide a more detailed image of the subsurface.

1.1 Problem statement

Realistically, conventional oil and gas fields are increasingly difficult to explore and produce, calling

for more complex wave-equation based inversion (WEI) algorithms requiring dense long-offset sam-

plings and wide-azimuthal coverage. Due to budgetary and/or physical constraints, seismic data

acquisition involves coarser sampling (sub-sampling) along either sources or receivers, i.e., seismic

data along spatial sampling grids are typically sampled below Nyquist because of cost and certain

physical constraints. However, some of the seismic data processing and imaging techniques such as
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surface related multiple estimation, amplitude-versus-offset (AVO) and amplitude-versus-azimuth

(AVAz) analyses require densely sampled seismic data to avoid acquisition related artifacts in the

inverted model of the subsurface. To mitigate these artifacts, we rely on seismic data interpolation

methods that result in dense periodically sampled data preferably at or above Nyquist. I included

Figures 1.6 (a ,b) to show a fully sampled and 50% subsampled common-receiver gather extracted

from a 2D seismic data acquisition where sources and receivers are placed below the sea-surface.

The objective of different types of interpolation algorithms are to estimate the missing traces from

an undersampled dataset with minimal loss of coherent energy as shown in Figures 1.6 (c, d) and

(e,f).

The practitioner also proposed to acquire simultaneous source surveys to reduce costs by re-

ducing acquisition time and environmental impact (shorter disturbance of an area). Simultaneous

acquisition also mitigates sampling related issues and improves the quality of seismic data, wherein

single and/or multiple source vessels fire sources at near-simultaneous or slightly random times, re-

sulting in overlapping shot records (also known as blending). In general, there are two different types

of marine source surveys, namely static and dynamic surveys. During static surveys, sources are

towed behind the source vessels and receivers are fixed at the ocean-floor, whereas during dynamic

surveys, both sources and receivers are towed behind the source vessels. The current paradigm for

simultaneous towed-streamer marine acquisition (dynamic geometry) incorporates low-variability

in source firing times—i.e., 0 ≤ 1 or 2 seconds, since both the sources and receivers are moving.

Figures 1.7 and 1.8 show two instances of dynamic geometry, namely simultaneous long offset [Long

et al., 2013] and over/under [Hill et al., 2006, Moldoveanu et al., 2007, Lansley et al., 2007, Long,

2009, Hegna and Parkes, 2012, Torben Hoy, 2013], where we can see the low degree of randomness

in the overlapping shots in simultaneous data that presents a challenging case for source separation

according to compressed sensing. For static geometry, [Wason and Herrmann, 2013b, Li et al.,

2013] proposed an alternate sampling strategy for simultaneous acquisition (time-jittered marine)

leveraging ideas from compressed sensing (CS), where a single source vessel sails across an ocean-

bottom array continuously firing two airgun arrays at jittered source locations and time instances

with receivers recording continuously (Figure 1.9). This results in a continuous time-jittered simul-

taneous recording of seismic data (Figure 1.9). Simultaneous acquisitions are economically viable,

since overall acquisition becomes compressed, where we record the overlapping shot records. While

these cost savings are very welcome, especially in the current downturn, subsequent seismic data

processing and imaging workflows expect recordings where the data is collected for sequential shots.

So our task is to turn continuous recordings with overlapping shots into sequential recording with

the least amount of artifacts and loss of energy at late arrival time. Therefore, a practical (simulta-

neous) source separation technique is required, which aims to recover unblended (non-overlapping)

data—as acquired during conventional acquisition—from simultaneous data. However, all the in-

terpolation and source separation workflows for 3D seismic data acquisition results in exponential

growth in data volumes because the recovered seismic data contains traces on the order of millions,
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and prohibitive demands on computational resources. Given the data size volumes and resources,

one of the key challenges is to extract meaningful information from this huge dataset (which may

in the near future grow as large as on the order of petabytes) in computationally efficient ways, i.e.,

to reduce the turnaround time of each of the processing and inversion steps, apart from storing the

massive volumes of interpolated and separated seismic data on disks.

1.2 Objectives

The primary focus of this thesis is to propose fast computational techniques that are practical and

robust for large-scale seismic data processing, namely missing-trace interpolation, source separation,

and wave-equation based migration velocity analysis. The main objectives of this work are:

• to identify three basic principles of compressed sensing [Donoho, 2006b] for recovering seis-

mic data volumes using rank-minimization based techniques, namely a low-rank transform

domain, a rank-increasing sampling scheme, and a practical SVD-free rank-minimizing opti-

mization scheme for large-scale seismic data processing;

• to decrease the cost of large-scale simultaneous source acquisition for towed streamers and

ocean-bottom surveys by leveraging ideas from compressed sensing via randomization in

source locations and time instances followed by (SVD-free) computationally efficient source

separation;

• to derive a computationally feasible two-way wave-equation based factorization principle that

gives us access to the kinematics and amplitudes of full subsurface offset extended image vol-

umes without carrying out explicit cross-correlations between source and receiver wavefields

for each shot.

1.3 Contributions

To our knowledge this work represents the first instance where seismic data processing, namely

missing-trace interpolation and source separation, is performed using full 5D seismic data volume

by avoiding windowed based operations. In this work, I show the benefits of large-scale SVD-free

framework in terms of the computational time and memory requirements. We also propose a novel

matrix-vector formulation to extract information from the full-subsurface offset extended image vol-

umes that overcome prohibitive computational and storage costs of forming full-subsurface offset

extended image volumes, which cannot be formed using conventional extended imaging workflows.

I show that the purpose matrix-vector formulation offers new perspectives on the design and imple-

mentation of workflows that exploit information embedded in various types of subsurface extended

images. I further demonstrate the benefits of this matrix-vector formulation to obtain local infor-

mation, tied to individual subsurface points that can serve as quality control for velocity analyses
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(a) (b)

(c) (d)

(e) (f)

Figure 1.6: Common-receiver gather. (a) Fully sampled and (b) 50% subsampled. The final
goal is to recover the fully-sampled data from the subsampled data with minimal loss of
coherent energy. (c, e) Reconstruction results from two different types of interpolation
and (d, f) corresponding residual plots. We can see that the interpolation results in (e,
f) are better than (c, d) because the energy loss is small, especially at the cusp of the
common-receiver gather.
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(a)

Figure 1.7: Simultaneous long-offset acquisition, where an extra source vessel is deployed,
sailing one spread-length ahead of the main seismic vessel (see Chapter 4 for more
details). We record overlapping shot records in the field and separate them into non-
overlapping shots using source separation based techniques.

or as input to localized amplitude-versus-offset analyses, or global information that can be used to

drive automatic velocity analyses without requiring prior information on the geologic dip.

1.4 Outline

In Chapters 2 and 3, we first introduce the underlying theory of matrix completion and its SVD-

free approach for large-scale missing-trace interpolation problem. Next, we outline three practical

principles for using low-rank optimization techniques to recover missing seismic data which are

built upon theoretical ideas from Compressed Sensing. We further address the computational

challenges of using the matrix-based techniques for seismic data reconstruction, where we propose

to use either a (SVD-free) factorization based rank-minimization framework with the Pareto curve

approach or the factorization-based parallel matrix completion framework dubbed Jellyfish. We

also examine the popular approach of windowing a large data volume into smaller data volumes

to be processed in parallel, and empirically demonstrate how such a process does not respect the

inherent redundancy present in the data, degrading reconstruction quality as a result. Finally,

I demonstrate these observations on carefully selected real 2D seismic surveys and synthetic 3D

seismic surveys simulated using a complex velocity model provided by the BG Group. We also show
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(a)

Figure 1.8: Over/Under acquisition is an instance of low-variability in source firing times,
i.e, two sources are firing within 1 (or 2) seconds (see Chapter 4 for more details).

the computational advantages of matrix completion techniques over sparsity-promoting techniques

and tensor-based missing-trace reconstruction techniques.

In Chapter 4, I extend the low-rank optimization based approaches to perform source separation

in simultaneous towed-streamer marine acquisition, where I modified the matrix completion formu-

lation to separate multiple sources acquired simultaneously. We address the challenge of source sep-

aration for simultaneous towed-streamer acquisitions via two compressed sensing based approaches,

namely sparsity-promotion and rank-minimization. We exploit the sparse structure of seismic data

in the curvelet domain and low-rank structure of seismic data in the midpoint-offset domain. I

further incorporate the Hierarchical Semi-Separable matrix representation in rank-minimization

framework to exploit the low-rank structure of seismic data at higher frequencies. Finally, we illus-

trate the performance of both the sparsity-promotion and rank-minimization based techniques by

simulating two simultaneous towed-streamer acquisition scenarios: over/under and simultaneous

long offset. A field data example from the Gulf of Suez for the over/under acquisition scenario is

also included. I further compare these two techniques with the NMO-based median filtering type

approach.

In Chapter 5, I use rank-minimization based techniques to present a computationally tractable

algorithm to separate simultaneous time-jittered continuous recording for a 3D ocean-bottom cable

survey. First, I formulate a factorization based rank-minimization formulation that works on the
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(a)

Figure 1.9: Time-jittered marine continuous acquisition, where a single source vessel sails
across an ocean-bottom array firing two airgun arrays at jittered source locations and
time instances with receivers recording continuously

temporal-frequency domain using all monochromatic data matrices together. Then, I show the

efficacy of proposed framework on a synthetic 3D seismic survey simulated on a complex geological

velocity model provided by the BG Group.

In Chapter 6, we exploit the redundancy in extended image volumes, by first arranging the

extended image volume as a matrix, followed by probing this matrix in a way that avoids explicit

storage and removes the customary and expensive loop over shots found in conventional extended

imaging. As a result, we end up with a matrix-vector formulation where I form different image

gathers and use them to perform amplitude-versus-angle and wave-equation migration velocity

analyses, without requiring prior information on the geologic dips. Next, I show how this factor-

ization can be used to extract information on local geological dips and radiation patterns for AVA

purposes, and how full-subsurface offset extended image volumes can be used to carry out auto-

matic WEMVA. Each application is illustrated by carefully selected stylized numerical examples

on 2- and 3-D velocity models.
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In Chapter 7, I conclude the work presented in this thesis and propose future research directions.
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Chapter 2

Fast methods for denoising matrix

completion formulations, with

applications to robust seismic data

interpolation.

2.1 Summary

Recent SVD-free matrix factorization formulations have enabled rank minimization for systems

with millions of rows and columns, paving the way for matrix completion in extremely large-scale

applications, such as seismic data interpolation.

In this paper, we consider matrix completion formulations designed to hit a target data-fitting

error level provided by the user, and propose an algorithm called LR-BPDN that is able to exploit

factorized formulations to solve the corresponding optimization problem. Since practitioners typi-

cally have strong prior knowledge about target error level, this innovation makes it easy to apply

the algorithm in practice, leaving only the factor rank to be determined.

Within the established framework, we propose two extensions that are highly relevant to solving

practical challenges of data interpolation. First, we propose a weighted extension that allows known

subspace information to improve the results of matrix completion formulations. We show how this

weighting can be used in the context of frequency continuation, an essential aspect to seismic

data interpolation. Second, we propose matrix completion formulations that are robust to large

measurement errors in the available data.

We illustrate the advantages of LR-BPDN on collaborative filtering problem using the Movie-

A version of this chapter has been published in SIAM Journal on Scientific Computing, 2014, vol 36, pages
S237-S266.
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Lens 1M, 10M, and Netflix 100M datasets. Then, we use the new method, along with its robust

and subspace re-weighted extensions, to obtain high-quality reconstructions for large scale seismic

interpolation problems with real data, even in the presence of data contamination.

2.2 Introduction

Sparsity- and rank-regularization have had significant impact in many areas over the last several

decades. Sparsity in certain transform domains has been exploited to solve underdetermined linear

systems with applications to compressed sensing Donoho [2006a], Candès and Tao [2006], nat-

ural image denoising/inpainting Starck et al. [2005], Mairal et al. [2008], Mansour et al. [2010],

and seismic image processing Herrmann and Hennenfent [2008a], Neelamani et al. [2010], Her-

rmann et al. [2012a], Mansour et al. [2012b]. Analogously, low-rank structure has been used to

efficiently solve matrix completion problems, such as the Netflix Prize problem, along with many

other applications, including control, system identification, signal processing, and combinatorial

optimization Fazel [2002], Recht et al. [2010b], Candès et al. [2011], and seismic data interpolation

and denoising Oropeza and Sacchi [2011].

Regularization formulations for both types of problems introduce a regularization functional of

the decision variable, either by adding an explicit penalty to the data-fitting term

min
x
ρ(A(x)− b) + λ||x||, (QPλ)

or by imposing constraints

min
x
ρ(A(x)− b) s.t. ||x|| ≤ τ . (LASSOτ )

In these formulations, x may be either a matrix or a vector, ‖ · ‖ may be a sparsity or low-rank

promoting penalty such as the `1 norm ‖ · ‖1 or the matrix nuclear norm ‖ · ‖∗, A may be any linear

operator that predicts the observed data vector b of size p× 1, and ρ(·) is typically taken to be the

2-norm.

These approaches require the user to provide regularization parameters whose values are typi-

cally not known ahead of time, and otherwise may require fitting or cross-validation procedures.

The alternate formulation

min
x
||x|| s.t. ρ(A(x)− b) ≤ η. (BPDNη)

has been successfully used for the sparse regularization of large scale systems Berg and Friedlander

[2008], and proposed for nuclear norm regularization Berg and Friedlander [2011]. This formulation

requires the user to provide an acceptable error bound in the data fitting domain (BPDNη), and

is preferable for many applications, especially when practitioners know (or are able to estimate)

an approximate data error level. We refer to (BPDNη), (QPλ) and (LASSOτ ) as regularization
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formulations, since all three limit the space of feasible solutions by considering the nuclear norm of

the decision variable.

A practical implementation of (BPDNη) for large scale matrix completion problems is difficult

because of the large size of the systems of interest, which makes SVD-based approaches intractable.

For example, seismic inverse problems work with 4D data volumes, and matricization of such data

creates structures whose size is a bottleneck for standard low-rank interpolation approaches.

Fortunately, a growing literature on factorization-based rank optimization approaches has enabled

matrix completion formulations for (QPλ) and (LASSOτ ) approaches for extremely large-scale sys-

tems that avoids costly SVD computations Rennie and Srebro [2005b], Lee et al. [2010b], Recht

and Ré [2011]. These formulations are non-convex, and therefore do not have the same convergence

guarantees as convex formulations for low-rank factorization. In addition, they require an a priori

rank specification, adding a rank constraint to the original problem. Nonetheless, factorized for-

mulations can be shown to avoid spurious local minima, so that if a local minimum is found, it will

correspond to the global minimum in the convex formulation, provided the chosen factor rank was

high enough. In addition, computational methods for factorized formulations are more efficient,

mainly because they can completely avoid SVD (or partial SVD) computations. In this paper,

we extend the framework of Berg and Friedlander [2011] to incorporate matrix factorization ideas,

enabling the (BPDNη) formulation for rank regularization of large scale problems, such as seismic

data interpolation.

While formulations in Berg and Friedlander [2008, 2011] choose ρ in (BPDNη) to be the

quadratic penalty, recent extensions Aravkin et al. [2013a] allow more general penalties to be

used. In particular, robust convex (see e.g. Huber [1981]) and nonconvex penalties (see e.g. Lange

et al. [1989], Aravkin et al. [2012]) can be used to measure misfit error in the (BPDNη) formulation.

We incorporate these extensions into our framework, allowing matrix completion formulations that

are robust to data contamination.

Finally, subspace information can be used to inform the matrix completion problem, analogously

to how partial support information can be used to improve the sparse recovery problem Friedlander

et al. [2011]. This idea is especially important for seismic interpolation, where frequency continua-

tion is used. We show that subspace information can be incorporated into the proposed framework

using reweighting, and that the resulting approach can improve recovery SNR in a frequency contin-

uation setting. Specifically, subspace information obtained at lower frequencies can be incorporated

into reweighted formulations for recovering data at higher frequencies.

To summarize, we design factorization-based formulations and algorithms for matrix completion

that

1. Achieve a specified target misfit level provided by the user (i.e. solve (BPDNη)).

2. Achieve recovery in spite of severe data contamination using robust cost functions ρ in (BPDNη)

3. Incorporate subspace information into the inversion using re-weighting.

14



The paper proceeds as follows. In section 2.3, we briefly discuss and compare the formula-

tions (QPλ), (LASSOτ ), and (BPDNη). We also review the SPG`1 algorithm Berg and Friedlander

[2008] to solve (BPDNη), along with recent extensions for (BPDNη) formulations developed in Ar-

avkin et al. [2013a]. In section 2.4, we formulate the convex relaxation for the rank optimization

problem, and review SVD-free factorization methods. In section 2.5, we extend analysis from Bu-

rer and Monteiro [2003] to characterize the relationship between local minima of rank-optimization

problems and their factorized counterparts in a general setting that captures all formulations of

interest here. In section 2.6, we propose an algorithm that combines matrix factorization with the

approach developed by Berg and Friedlander [2008, 2011], Aravkin et al. [2013a]. We develop the

robust extensions in section 2.7, and reweighting extensions in section 2.8. Numerical results for

both the Netflix Prize problem and for seismic trace interpolation of real data are presented in

section 2.9.

2.3 Regularization formulations

Each of the three formulations (QPλ), (LASSOτ ), and (BPDNη) controls the tradeoff between

data fitting and a regularization functional using a regularization parameter. However, there are

important differences between them.

From an optimization perspective, most algorithms solve (QPλ) or (LASSOτ ), together with

a continuation strategy to modify τ or λ, see e.g., Figueiredo et al. [2007], Berg and Friedlander

[2008]. There are also a variety of methods to determine optimal values of the parameters; see

e.g. Giryes et al. [2011] and the references within. However, from a modeling perspective (BPDNη)

has a significant advantage, since the η parameter can be directly interpreted as a noise floor, or

a threshold beyond which noise is commensurate with the data. In many applications, such as

seismic data interpolation, scientists have good prior knowledge of the noise floor. In the absence

of such knowledge, one still wants an algorithm that returns a reasonable solution given a fixed

computational budget, and some formulations for solving (BPDNη) satisfy this requirement.

van den Berg and Friedlander Berg and Friedlander [2008] proposed the SPG`1 algorithm for

optimizing (BPDNη) that captures the features discussed above. Their approach solves (BPDNη)

using a series of inexact solutions to (LASSOτ ). The bridge between these problems is provided by

the value function v : R→ R

v(τ) = min
x
ρ(A(x)− b) s.t. ‖x‖ ≤ τ , (2.1)

where the particular choice of ρ(·) = ‖ · ‖2 was made in Berg and Friedlander [2008, 2011]. The

graph of v(τ) is often called the Pareto curve. The (BPDNη) problem can be solved by finding the
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root of v(τ) = η using Newton’s method:

τk+1 = τk − v(τ)− η
v′(τ)

, (2.2)

and the quantities v(τ) and v′(τ) can be approximated by solving (LASSOτ ) problems. In the

context of sparsity optimization, (BPDNη) and (LASSOτ ) are known to be equivalent for certain

values of parameters τ and η. Recently, these results were extended to a much broader class of

formulations (see [Aravkin et al., 2013a, Theorem 2.1]). Indeed, convexity of ρ is not required for

this theorem to hold, and instead activity of the constraint at the solution plays a key role. The

main hypothesis requires that the constraint is active at any solution x, i.e. ρ(b−A(x)) = σ, and

‖x‖ = τ .

For any ρ, v(τ) is non-increasing, since larger τ allow a bigger feasible set. For any convex ρ

in (2.1), v(τ) is convex by inf-projection [Rockafellar and Wets, 1998, Proposition 2.22]. When ρ is

also differentiable, it follows from [Aravkin et al., 2013a, Theorem 5.2] that v(τ) is differentiable,

with derivative given in closed form by

v′(τ) = −‖A∗∇ρ(b−Ax̄)‖d , (2.3)

where A∗ is the adjoint to the operator A, ‖ ·‖d is the dual norm to ‖ ·‖, and x̄ solves LASSOτ . For

example, when the norm ‖ · ‖ in (2.1) is the 1-norm, the dual norm is the infinity norm, and (2.3)

evaluates to the maximum absolute entry of the gradient. In the matrix case, ‖ ·‖ is typically taken

to be the nuclear norm, and then ‖ · ‖d is the spectral norm, so (2.3) evaluates to the maximum

singular value of A∗∇ρ(r).

To design effective optimization methods, one has to be able to evaluate v(τ), and to compute

the dual norm ‖ · ‖d. Evaluating v(τ) requires solving a sequence of optimization problems (2.1),

for the sequence of τ given by (2.2).

A key idea that makes the approach of Berg and Friedlander [2008] very useful in practice is

solving LASSO problems inexactly, with increasing precision as the overarching Newton’s method

proceeds. The net computation is therefore much smaller than what would be required if one solved

a set of LASSO problems to a pre-specified tolerance. For large scale systems, the method of choice

is typically a first-order method, such as spectral projected gradient where after taking a step along

the negative gradient of the mismatch function ρ(A(x)− b), the iterate is projected onto the norm

ball ‖ · ‖ ≤ τ . Fast projection is therefore a necessary requirement for tractable implementation,

since it is used in every iteration of every subproblem.

With the inexact strategy, the convergence rate of the Newton iteration (2.2) may depend on

the conditioning of the linear operator A [Berg and Friedlander, 2008, Theorem 3.1]. For well-

conditioned problems, in practice one can often observe only a few (6-10) (LASSOτ ) problems to

find the solution for (BPDNη) for a given η. As the optimization proceeds, (LASSOτ ) problems for

16



larger τ warm-start from the solution corresponding to the previous τ .

2.4 Factorization approach to rank optimization

We now consider (BPDNη) in the specific context of rank minimization. In this setting, ‖ · ‖ is

taken to be the nuclear norm, where for a matrix X ∈ Rn×m, ‖X‖∗ = ‖σ‖1, where σ is the vector

of singular values. The dual norm in this case is ‖σ‖∞, which is relatively easy to find for very

large systems.

Unfortunately, solving the optimization problem in (2.1) is much more difficult. For the large

system case, this requires repeatedly projecting onto the set ‖X‖∗ ≤ τ , which which means repeated

SVD or partial SVD computations. This is not feasible for large systems.

Factorization-based approaches allow matrix completion for extremely large-scale systems by

avoiding costly SVD computations Rennie and Srebro [2005b], Lee et al. [2010a], Recht and Ré

[2011]. The main idea is to parametrize the matrix X as a product,

X = LRT , (2.4)

and to optimize over the factors L,R. If X ∈ Rn×m, then L ∈ Rn×k, and R ∈ Rm×k. The

decision variable therefore has dimension k(n + m), rather than nm; giving tremendous savings

when k � m,n. The asymptotic computational complexity of factorization approaches is the same

as that of partial SVDs, as both methods are dominated by an O(nmk) cost; the former having to

form X = LRT , and the latter computing partial SVDs, at every iteration. However, in practice the

former operation is much simpler than the latter, and factorization methods outperform methods

based on partial SVDs. In addition, factorization methods keep an explicit bound on the rank of

all iterates, which might otherwise oscillate, increasing the computational burden.

Using representation (2.4), the projection problem in (LASSOτ ) is trivial. For the nuclear norm,

we have Rennie and Srebro [2005b]

‖X‖∗ = inf
X=LRT

1

2

∥∥∥∥∥
[
L

R

]∥∥∥∥∥
2

F

, (2.5)

and therefore for any partiular L,R, we have

‖X‖∗ = ‖LRT ‖∗ ≤
1

2

∥∥∥∥∥
[
L

R

]∥∥∥∥∥
2

F

. (2.6)

The nuclear norm is not the only formulation that can be factorized. Lee et al. [2010b] have

recently introduced the max norm, which is closely related to the nuclear norm and has been

successfully used for matrix completion.
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2.5 Local minima correspondence between factorized and convex
formulations

All of the algorithms we propose for matrix completion are based on the factorization approach

described above. Even though the change of variables X = LRT makes the problem nonconvex,

it turns out that for a surprisingly general class of problems, this change of variables does not

introduce any extraneous local minima, and in particular any local minimum of the factorized

(non-convex) problem corresponds to a local (and hence global) minimum of the corresponding

un-factorized convex problem. This result appeared in [Burer and Monteiro, 2003, Proposition

2.3] in the context of semidefinite programming (SDP); however, it holds in general, as the authors

point out [Burer and Monteiro, 2003, p. 431].

Here, we state the result for a broad class of problems, which is general enough to capture all

of our formulations of interest. In particular, the continuity of the objective function is the main

hypothesis required for this correspondence. It is worthwhile to emphasize this, since in Section 2.7,

we consider smooth non-convex robust misfit penalties for matrix completion, which give impressive

results (see figure 2.11).

For completeness, we provide a proof in the appendix.

Theorem 1 (General Factorization Theorem) Consider an optimization problem of the form

min
Z�0

f(Z)

s.t. gi(Z) ≤ 0 i = 1, . . . , n

hj(Z) = 0 j = 1, . . . ,m

rank(Z) ≤ r,

(2.7)

where Z ∈ Rn×n is positive semidefinite, and f, gi, hi are continuous. Using the change of variable

Z = SST , take S ∈ Rn×r, and consider the problem

min
S

f(SST )

s.t. gi(SS
T ) ≤ 0 i = 1, . . . , n

hj(SS
T ) = 0 j = 1, . . . ,m

(2.8)

Let Z̄ = S̄S̄T , where Z̄ is feasible for (2.7). Then Z̄ is a local minimum of (2.7) if and only if S̄

is a local minimum of (2.8).

At first glance, Theorem 1 seems restrictive to apply to a recovery problem for a generic X,

since it is formulated in terms of a PSD variable Z. However, we show that all of the formulations

of interest can be expressed this way, due to the SDP characterization of the nuclear norm.

It was shown in [Recht et al., 2010b, Sec. 2] that the nuclear norm admits a semi-definite

18



programming (SDP) formulation. Given a matrix X ∈ Rn×m, we can characterize the nuclear

norm ‖X‖∗ in terms of an auxiliary matrix positive semidefinite marix Z ∈ R(n+m)×(n+m)

‖X‖∗ = min
Z�0

1
2Tr(Z)

subject to Z1,2 = ZT2,1 = X ,
(2.9)

where Z1,2 is the upper right n × m block of Z, and Z2,1 is the lower left m × n block. More

precisely, the matrix Z is a symmetric positive semidefinite matrix having the structure

Z =

[
L

R

] [
LT RT

]
=

[
LLT X

XT RRT

]
, (2.10)

where L and R have the same rank as X, and Tr(Z) = ‖L‖2F + ‖R‖2F .

Using characterization (2.9)-(2.10), we can show that a broad class of formulations of interest

in this paper are in fact problems in the class characterized by Theorem 1.

Corollary 1 (General Matrix Lasso) Any optimization problem of the form

min
X

f(X)

s.t. ‖X‖∗ ≤ τ

rank(X) ≤ r

(2.11)

where f is continuous has an equivalent problem in the class of problems (2.7) characterized by

Theorem 1.

Proof 1 Using (2.9), write (2.11) as

min
Z≥0

f(R(Z))

s.t. Tr(Z) ≤ τ

rank(Z) ≤ r,

(2.12)

where R(Z) extracts the upper right n × m block of Z. It is clear that if rank(Z) ≤ r, then

rank(X) ≤ r, so every solution feasible for the problem in Z is feasible for the problem in X

by (2.9). On the other hand, we can use the SVD of any matrix X of rank r to write X = LRT ,

with rank(L) = rank(R) = r, and then the matrix Z in (2.10) has rank r, contains X in its upper

right hand corner, and has as its trace the nuclear norm of X. In particular, if X = UΣV T , we

can use L = U
√

Σ, and R = V
√

Σ to get this representation. Therefore, every feasible point for

the X problem has a corresponding Z.
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2.6 LR-BPDN algorithm

The factorized formulations in the previous section have been used to design several algorithms

for large scale matrix completion and rank minimization Lee et al. [2010b], Recht and Ré [2011].

However, all of these formulations take the form (QPλ) or (LASSOτ ). The (LASSOτ ) formulation

enjoys a natural relaxation interpretation, see e.g. Herrmann et al. [2012b]; on the other hand, a lot

of work has focused on methods for λ-selection in (QPλ) formulations, see e.g. Giryes et al. [2011].

However, both formulations require some identification procedure of the parameters λ and τ .

Instead, we propose to use the factorized formulations to solve the (BPDNη) problem by travers-

ing the Pareto curve of the nuclear norm minimization problem. In particular, we integrate the

factorization procedure into the SPG`1 framework, which allows to find the minimum rank solution

by solving a sequence of factorized (LASSOτ ) subproblems (2.14). The cost of solving the factor-

ized (LASSOτ ) subproblems is relatively cheap and the resulting algorithm takes advantage of the

inexact subproblem strategy in Berg and Friedlander [2008].

For the classic nuclear norm minimization problem, we define

v(τ) = min
X
‖A(X)− b‖22 s.t. ‖X‖∗ ≤ τ , (2.13)

and find v(τ) = η using the iteration (2.2).

However, rather than parameterizing our problem with X, which requires SVD for each pro-

jection, we use the factorization formulation, exploiting Theorem 1 and Corollary 1. Specifically,

when evaluating the value function v(τ), we solve the corresponding factorized formulation

min
L,R
‖A(LRT )− b‖22 s.t.

1

2

∥∥∥∥∥
[
L

R

]∥∥∥∥∥
2

F

≤ τ (2.14)

using decision variables L,R with a fixed number of k columns each.

By Theorem 1 and Corollary 1, any local solution to this problem corresponds to a local solution

of the true LASSO problem, subject to a rank constraint rank(X) ≤ k. We use residual A(LR
T

)−b
reconstructed from (2.14) to evaluate both v(τ) and its derivative v′(τ). When the rank of L,R

is large enough, a local minimum of (2.14) corresponds to a local minimum of (2.13), and for any

convex ρ, every local minimum of (LASSOτ ) is also a global minimum. When the rank of the

factors L and R is smaller than the rank of the optimal LASSO solution, the algorithm looks for

local minima of the rank-constrained LASSO problem. Unfortunately, we cannot guarantee that

the solutions we find are local minima for (2.14), rather than simply stationary points. Nonetheless,

this approach works quickly and reliably in practice, as we show in our experiments.

Problem (2.14) is optimized using the spectral projected gradient algorithm. The gradient is

easy to compute, and the projection requires rescaling all entries of L,R by a single value, which

is fast, simple, and parallelizable.
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To evaluate v′(τ), we use the formula (2.3) for the Newton step corresponding to the original

(convex) problem in X; this requires computing the spectral norm (largest singular value) of

A∗(b−A(L̄R̄T )) ,

where A∗ is the adjoint of the linear operator A, while L̄ and R̄ are the solutions to (2.14). The

largest singular value of the above matrix can be computed relatively quickly using the power

method. Again, at every update requiring v(τ) and v′(τ), we are assuming here that our solution

X̄ = L̄R̄T is close to a local minimum of the true LASSO problem, but we do not have theoretical

guarantees of this fact.

2.6.1 Initialization

The factorized LASSO problem (2.14) has a stationary point at L = 0, R = 0. This means that in

particular, we cannot initialize from this point. Instead, we recommend initializing from a small

random starting point. Another possibility is trying to jump start the algorithm, for example using

the initialization technique of [Jain et al., 2013, Algorithm 1]. One can compute the partial SVD

of the adjoint of the linear operator A on the observed data:

USV T = A∗b

Then L and R are initialized as

L = U
√
S, R = V

√
S.

This initialization procedure can sometimes result in faster convergence over random initialization.

Compared to random initialization, this method has the potential to reduce the runtime of the

algorithm by 30-40% for smaller values of η, see Table 2.1. The key feature of any initialization

procedure is to ensure that the starting value of

τ0 =
1

2

[
L0

R0

]

is less than the solution to the root finding problem for (BPDNη), v(τ) = η.

2.6.2 Increasing k on the fly

In factorized formulations, the user must specify a factor rank. From a computational perspective,

it is better that the rank stay small; however if it is too small, it may be impossible to solve (BPDNη)

to a specified error level η. For some classes of problems, where the true rank is known ahead of

time (see e.g. Candès et al. [2013]), one is guaranteed that a solution will exist for a given rank.
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Table 2.1: Summary of the computational time (in seconds) for LR-BPDN, measuring the
effect of random versus smart ([Jain et al., 2013, Algorithm 1]) initialization of L and R
for factor rank k and relative error level η for (BPDNη). Comparison performed on the
1M MovieLens Dataset. Type of initialization had almost no effect on quality of final
reconstruction.

Random initialization
k 10 20 30 50

η=0.5 3.54 5.46 4.04 8.31
η=0.3 11.90 6.14 8.42 20.84
η=0.2 86.53 107.88 148.12 166.92

Smart initialization
k 10 20 30 50

η=0.5 5.01 5.75 6.84 8.24
η=0.3 11.15 18.88 12.38 21.02
η=0.2 58.78 84.29 95.07 114.21

However, if necessary, factor rank can be adjusted on the fly within our framework.

Specifically, adding columns to L and R can be done on the fly, since[
L l

] [
R r

]T
= LRT + lrT .

Moreover, the proposed framework for solving (BPDNη) is fully compatible with this strategy, since

the underlying root finding is blind to the factorization representation. Changing k only affects

iteration (2.2) through v(τ) and v′(τ).

2.6.3 Computational efficiency

One way of assessing the cost of LR-BPDN is to compare the computational cost per iteration of

the factorization constrained LASSO subproblems (2.14) with that of the nuclear norm constrained

LASSO subproblems (2.13). We first consider the cost for computing the gradient direction. A

gradient direction for the factor L in the factorized algorithm is given by

gL = A∗
(
A(LRT )− b

)
R,

with gR taking a similar form. Compare this to a gradient direction for X

gX = A∗ (A(X)− b) .

First, we consider the cost incurred in working with the residual and decision variables. While both

methods must compute the action of A∗ on a vector, the factorized formulation must modify factors

L,R (at a cost of O(k(n + m)) and re-form the matrix X = LRT (at a cost of at most O(knm),

for every iteration and line search evaluation. Since A is a sampling matrix for the applications

of interest, it is sufficient to form only the entries of X that are sampled by A, thus reducing the

cost to O(kp), where p is the dimension of the measurement vector b. The sparser the sampling
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operator A, the greater the savings. Standard approaches update an explicit decision variable X,

at a cost of O(nm), for every iteration and line search evaluation. If the fraction sampled is smaller

than the chosen rank k, the factorized approach is actually cheaper than the standard method. It

is also important to note that standard approaches have a memory footprint of O(mn), simply to

store the decision variable. In contrast, the memory used by factorized approaches are dominated

by the size of the observed data.

We now consider the difference in cost involved in the projection. The main benefit for the

factorized formulation is that projection is done using the Frobenius norm formulation (2.14), and

so the cost is O(k(n+m)) for every projection. In contrast, state of the art implementations that

compute full or partial SVDs in order to accomplish the projection (see e.g. Jain et al. [2010],

Becker et al. [2011]) are dominated by the cost of this calculation, which is (in the case of partial

k-SVD) O(nmk), assuming without loss of generality that k ≤ min(m,n).

While the complexity of both standard and factorized iterations is dominated by the term

O(mnk), in practice forming X = LRT from two factors with k columns each is still cheaper than

computing a k-partial SVD of X. This essentially explains why factorized methods are faster. While

it is possible to obtain further speed up for standard methods using inexact SVD computations,

the best reported improvement is a factor of two or three Lin and Wei [2010]. To test our approach

against a similar approach that uses Lanczos to compute partial SVDs, we modified the projection

used by the SPGL1 code to use this acceleration. We compare against this accelerated code, as

well as against TFOCS Becker et al. [2011] in section 2.9 (see Table 2.7).

Finally, both standard and factorized versions of the algorithm require computing the maximum

singular value in order to compute v′(τ). The analysis in section 2.5 shows that if the chosen

rank of the factors L and R is larger than or equal to the rank of the global minimizers of the

nuclear norm LASSO subproblems, then any local minimizer of the factorized LASSO subproblem

corresponds to a global minimizer for the convex nuclear norm LASSO formulation. Consequently,

both formulations will have similar of Pareto curve updates, since the derivates are necessarily

equal at any global minimum whenever ρ is strictly convex1.

2.7 Robust formulations

Robust statistics Huber [1981], Maronna et al. [2006] play a crucial role in many real-world appli-

cations, allowing good solutions to be obtained in spite of data contamination. In the linear and

nonlinear regression setting, the least-squares problem

min
X
‖F (X)− b‖22

1It is shown in Aravkin et al. [2013a] that for any differentiable convex ρ, the dual problem for the residual
r = b−Ax has a unique solution. Therefore, any global minimum for (LASSOτ ) guarantees a unique residual when
ρ is strictly convex, and the claim follows, since the derivative only depends on the residual.
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corresponds to the maximum likelihood estimate of X for the statistical model

b = F (X) + ε , (2.15)

where ε is a vector of i.i.d. Gaussian variables. Robust statistical approaches relax the Gaussian

assumption, allowing other (heavier tailed) distributions to be used. Maximum likelihood estimates

of X under these assumptions are more robust to data contamination. Heavy-tailed distributions,

in particular the Student’s t, yield formulations that are more robust to outliers than convex

formulations Lange et al. [1989], Aravkin et al. [2012]. This corresponds to the notion of a re-

descending influence function Maronna et al. [2006], which is simply the derivative of the negative

log likelihood. The relationship between densities, penalties, and influence functions is shown in

Figure 2.1. Assuming that ε has the Student’s t density leads to the maximum likelihood estimation

problem

min
X

ρ(F (x)− b) :=
∑
i

log(ν + (F (X)i − bi)2), (2.16)

where ν is the Student’s t degree of freedom.

A general version of (BPDNη) was proposed in Aravkin et al. [2013a], allowing different penalty

funtionals ρ. The root-finding procedure of Berg and Friedlander [2008] was extended in Aravkin

et al. [2013a] to this more general context, and used for root finding for both convex and noncovex

ρ (e.g. as in (2.16)).

The (BPDNη) formulation for any ρ do not arise directly from a maximum likelihood estimator

of (2.15), because they appear in the constraint. However, we can think about penalties ρ as agents

who, given an error budget η, distribute it between elements of the residual. The strategy that each

agent ρ will use to accomplish this task can be deduced from tail features evident in Figure 2.1.

Specifically, the cost of a large residual is prohibitively expensive for the least squares penalty,

since its cost is commensurate with that of a very large number of small residuals. For example,

(10α)2 = 100α2; so a residual of size 10α is worth as much as 100 residuals of size α to the least

squares penalty. Therefore, a least squares penalty will never assign a single residual a relatively

large value, since this would quickly use up the entire error budget. In contrast, |10α| = 10|α|, so

a residual of size 10α is worth only 10 residuals of size α when the 1-norm penalty is used. This

penalty is likely to grant a few relatively large errors to certain residuals, if this resulted in a better

fit. For the penalty in (2.16), it is easy to see that the cost of a residual of size 10α can be worth

fewer than 10 residuals of size α, and specific computations depend on ν and actual size of α. A

nonconvex penalty ρ, e.g. the one in (2.16), allows large residuals, as long as the majority of the

remaining residuals are fit well.

From the discussion in the previous paragraph, it is clear that robust penalties are useful as

constraints in (BPDNη), and can cleverly distribute the allotted error budget η, using it for outliers

while fitting good data. The LR-BPDN framework proposed in this paper captures the robust
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Figure 2.1: Gaussian (black dashed line), Laplace (red dashdotted line), and Student’s t (blue
solid line); Densities (left plot), Negative Log Likelihoods (center plot), and Influence
Functions (right plot). Student’s t-density has heavy tails, a non-convex log-likelihood,
and re-descending influence function.

extension, allowing robust data interpolation in situations when some of available data is heavily

contaminated. To develop this extension, we follow Aravkin et al. [2013a] to define the generalized

value function

vρ(τ) = min
X

ρ(A(X)− b) s.t. ‖X‖∗ ≤ τ , (2.17)

and find vρ(τ) = η using the iteration (2.2). As discussed in section 2.3, for any convex smooth

penalty ρ,

v′ρ(τ) = −‖A∗∇ρ(r̄)‖2 , (2.18)

where ‖ · ‖2 is the spectral norm, and r̄ = A(X̄)− b for optimal solution X̄ that achieves vρ(τ). For

smooth non-convex ρ, e.g. (2.16), we still use (2.18) in iteration (2.2).

As with standard least squares, we use the factorization formulation to avoid SVDs. Note that

Theorem 1 and Corollary 1 hold for any choice of penalty ρ. When evaluating the value function

vρ(τ), we actually solve

min
L,R

ρ(A(LRT )− b) s.t.
1

2

∥∥∥∥∥
[
L

R

]∥∥∥∥∥
2

F

≤ τ . (2.19)

For any smooth penalty ρ, including (2.16), a stationary point for this problem can be found using

the projected gradient method.

2.8 Reweighting

Every rank-k solution X̄ of (BPDNη) lives in a lower dimensional subspace of Rn×m spanned by

the n×k row and m×k column basis vectors corresponding to the nonzero singular values of X̄. In

certain situations, it is possible to estimate the row and column subspaces of the matrix X either

from prior subspace information or by solving an initial (BPDNη) problem.

In the vector case, it was shown that prior information on the support (nonzero entries) can

be incorporated in the `1-recovery algorithm by solving the weighted-`1 minimization problem. In

this case, the weights are applied such that solutions with large nonzero entries on the support
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estimate have a lower cost (weighted `1 norm) than solutions with large nonzeros outside of the

support estimate Friedlander et al. [2011].

In the matrix case, the support estimate is replaced by estimates of the row and column

subspace bases U0 ∈ Rn×k and V0 ∈ Rm×k of the largest k singular values of X. Let the matrices

Ũ ∈ Rn×k and Ṽ ∈ Rm×k be estimates of U0 and V0, respectively.

The weighted nuclear norm minimization problem can be formulated as follows:

min
X
||QXW ||∗ s.t. ρ(A(X)− b) ≤ η, (wBPDNη)

where Q = ωŨŨT + Ũ⊥Ũ⊥T , W = ωṼ Ṽ T + Ṽ ⊥Ṽ ⊥T , and ω is some constant between zero and

one. Here, we use the notation Ũ⊥ ∈ Rn×n−k to refer to the orthogonal complement of Ũ in

Rn×n, and similarly for Ṽ ⊥ in Rm×m. The matrices Q and W are weighted projection matrices

of the subspaces spanned by Ũ and Ṽ and their orthogonal complements. Therefore, minimizing

||QXW ||∗ penalizes solutions that live in the orthogonal complement spaces more when ω < 1.

Note that matrices Q and W are invertible, and hence the reweighed LASSO problem still fits

into the class of problems characterized by Theorem 1. Specifically, we can write any objective

f(X) subject to a reweighted nuclear norm constraint as

min f(Q−1R(Z)W−1)

s.t. Tr(Z) ≤ τ ,
(2.20)

where as in Corollary 1, R(Z) extracts the upper n ×m block of Z (see (2.10)). A factorization

similar to (2.14) can then be formulated for the (wBPDNη) problem in order to optimize over the

lower dimensional factors L ∈ Rn×k and R ∈ Rm×k.
In particular, we can solve a sequence of (LASSOτ ) problems

min
L,R
‖A(LRT )− b‖22 s.t.

1

2

∥∥∥∥∥
[
QL

WR

]∥∥∥∥∥
2

F

≤ τ , (2.21)

where Q and W are as defined above. Problem (2.21) can also be solved using the spectral projected

gradient algorithm. However, unlike to the non-weighted formulation, the projection in this case is

nontrivial. Fortunately, the structure of the problem allows us to find an efficient formulation for

the projection operator.
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2.8.1 Projection onto the weighted frobenius norm ball

The projection of a point (L,R) onto the weighted Frobenius norm ball 1
2

(
‖QL‖2F + ‖WR‖2F

)
≤ τ

is achieved by finding the point (L̃, R̃) that solves

min
L̂,R̂

1

2

∥∥∥∥∥
[
L̂− L
R̂−R

]∥∥∥∥∥
2

F

s.t.
1

2

∥∥∥∥∥
[
QL̂

WR̂

]∥∥∥∥∥
2

F

≤ τ.

The solution to the above problem is given by

L̃ =
(

(µω2 + 1)−1Ũ ŨT + (µ+ 1)−1Ũ⊥Ũ⊥
T
)
L

R̃ =
(

(µω2 + 1)−1Ṽ Ṽ T + (µ+ 1)−1Ṽ ⊥Ṽ ⊥
T
)
R,

where µ is the Lagrange multiplier that solves f(µ) ≤ τ with f(µ) given by

f(µ) =
1

2
Tr
[( ω2

(µω2 + 1)2
Ũ ŨT +

1

(µ+ 1)2
Ũ⊥Ũ⊥

T
)
LLT

+
( ω2

(µω2 + 1)2
Ṽ Ṽ T +

1

(µ+ 1)2
Ṽ ⊥Ṽ ⊥

T
)
RRT

]
.

(2.22)

The optimal µ that solves equation (2.22) can be found using the Newton iteration

µ(t) = µ(t−1) − f(µ(t−1))− τ
∇f(µ(t−1))

,

where ∇f(µ) is given by

Tr
[( −2ω4

(µω2 + 1)2
Ũ ŨT +

−2

(µ+ 1)3
Ũ⊥Ũ⊥

T
)
LLT

+
( −2ω4

(µω2 + 1)3
Ṽ Ṽ T +

−2

(µ+ 1)3
Ṽ ⊥Ṽ ⊥

T
)
RRT

]
.

2.8.2 Traversing the pareto curve

The design of an effective optimization method that solves (wBPDNη) requires 1) evaluating prob-

lem (2.21), and 2) computing the dual of the weighted nuclear norm ‖QXW‖∗.
We first define a gauge function κ(x) as a convex, nonnegative, positively homogeneous function

such that κ(0) = 0. This class of functions includes norms and therefore includes the formulations

described in (wBPDNη) and (2.21). Recall from section 2.3 that taking a Newton step along the

Pareto curve of (wBPDNη) requires the computation of the derivative of v(τ) as in (2.3). Therefore,
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we also define the polar (or dual) of κ as

κo(x) = sup
w
{wTx | κ(w) ≤ 1}. (2.23)

Note that if κ is a norm, the polar reduces to the dual norm.

To compute the dual of the weighted nuclear norm, we follow Theorem 5.1 of Berg and Fried-

lander [2011] which defines the polar (or dual) representation of a weighted gauge function κ(Φx)

as κo(Φ−1x), where Φ is an invertible linear operator. The weighted nuclear norm ‖QXW‖∗ is in

fact a gauge function with invertible linear weighting matrices Q and W . Therefore, the dual norm

is given by

(‖Q(·)W‖∗)d(Z) := ‖Q−1ZW−1‖∞.

2.9 Numerical experiments

We test the performance of LR-BPDN on two example applications. In section 2.9.1, we con-

sider the Netflix Prize problem, which is often solved using rank minimization Funk [2006], Gross

[2011], Recht and Ré [2011]. Using MovieLens 1M, 10M, and Netflix 100M datasets, we compare

and discuss advantages of different formulations, compare our solver against state of the art con-

vex (BPDNη) solver SPG`1, and report timing results. We show that the proposed algorithm is

orders of magnitude faster than the best convex (BPDNη) solver.

In section 2.9.2, we apply the proposed methods and extensions to seismic trace interpolation, a

key application in exploration geophysics Sacchi et al. [1998], where rank regularization approaches

have recently been used successfully Oropeza and Sacchi [2011]. In section 2.9.2, we include an

additional comparison of LR-BPDN with classic SPG`1 as well as with TFOCS Becker et al.

[2011] for small matrix completion and seismic data interpolation problems. Then, using real data

collected from the Gulf of Suez, we show results for robust completion in section 2.9.2, and present

results for the weighted extension in section 2.9.2.

2.9.1 Collaborative filtering

We tested the performance of our algorithm on completing missing entries in the MovieLens (1M), (10M),

and Netflix (100M) datasets, which contain anonymous ratings of movies made by Netflix users.

The ratings are on an integer scale from 1 to 5. The ratings matrix is not complete, and the goal is

to infer the values in the unseen test set. In order to test our algorithm, we further subsampled the

available ratings by randomly removing 50% of the known entries. We then solved the (BPDNη)

formulation to complete the matrix, and compared the predicted (P) and actual (A) removed en-

tries in order to assess algorithm performance. We report the signal-to-noise ratio (SNR) and root
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means square error (RMSE):

SNR = 20 log

(
‖A‖F

‖P −A‖F

)
, RMSE = ‖P −A‖F /‖A‖0

for different values of η in the (BPDNη) formulation.

Since our algorithm requires pre-defining the rank of the factors L and R, we perform the

recovery with ranks k ∈ {10, 20, 30, 50}. Table 2.2 shows the reconstruction SNR for each of the

ranks k and for a relative error η ∈ {0.5, 0.3, 0.2} (the data mismatch is reduced to a fraction η

of the initial error). The last row of table 2.2 shows the recovery for an unconstrained low-rank

formulation, using the work and software of Vandereycken [2013]. This serves as an interesting

baseline, since the rank k of the Riemannian manifold in the unconstrained formulation functions

as a regularizer. It is clear that for small k, we get good results without additional functional

regularization; however, as k increases, the quality of the rank k solution decays without further

constraints. In contrast, we get better results as the rank increases, because we consider a larger

model space, but solve the BPDN formulation each time. This observation demonstrates the

importance of the nuclear norm regularization, especially when the underlying rank of the problem

is unknown.

Table 2.3 shows the timing (in seconds) used by all methods to obtain solutions. There are

several conclusions that can be readily drawn. First, for error-level constrained problems, a tighter

error bound requires a higher computational investment by our algorithm, which is consistent with

the original behavior of SPG`1 Berg and Friedlander [2008]. Second, the unconstrained prob-

lem is easier to solve (using the Riemmanian manifolds approach of Vandereycken [2013]) than a

constrained problem of the same rank; however, it is interesting to note that as the rank of the

representation increases, the unconstrained Riemmanian approach becomes more expensive than

the constrained problem for the levels η considered, most likely due to second-order methods used

by the particular implementation of Vandereycken [2013].

Table 2.4 shows the value of ‖X‖∗ of the reconstructed signal corresponding to the settings in

Table 2.2. While the interpretation of the η values are straightforward (they are fractions of the

initial data error), it is much more difficult to predict ahead of time which value of τ one may

want to use when solving (LASSOτ ). This illustrates the modeling advantage of the (BPDNη)

formulation: it requires only the simple parameter η, which is an estimate of the (relative) noise

floor. Once η is provided, the algorithm (not the user) will instantiate (LASSOτ ) formulations, and

find the right value τ that satisfies v(τ) = η. When no estimate of η is available, our algorithm can

still be applied to the problem, with η = 0 and a fixed computational budget (see Table 2.5. )

Table 2.5 shows a comparison between classic SPG`1, accelerated with a Lanczos-based trun-

cated SVD projector, against the new solver, on the MovieLens (10M) dataset, for a fixed budget

of 100 iterations. Where the classic solver takes over six hours, the proposed method finishes in less

than a minute. For a problem of this size, explicit manipulation of X as a full matrix of size 10K
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Table 2.2: Summary of the recovery results on the MovieLens (1M) data set for factor rank
k and relative error level η for (BPDNη). SNR in dB (higher is better) listed in the left
table, and RMSE (lower is better) in the right table. The last row in each table gives
recovery results for the non-regularized data fitting factorized formulation solved with
Riemannian optimization (ROPT). Quality degrades with k due to overfitting for the
non-regularized formulation, and improves with k when regularization is used.

k 10 20 30 50
η

0.5 5.93 5.93 5.93 5.93
0.3 10.27 10.27 10.26 10.27
0.2 12.50 12.54 12.56 12.56

ROPT 11.16 8.38 6.01 2.6

k 10 20 30 50
η

0.5 1.89 1.89 1.89 1.89
0.3 1.14 1.14 1.15 1.14
0.2 0.88 0.88 0.88 0.88

ROPT 1.03 1.42 1.87 2.77

Table 2.3: Summary of the computational timing (in seconds) on the MovieLens (1M) data
set for factor rank k and relative error level η for (BPDNη). The last row gives compu-
tational timing for the non-regularized data fitting factorized formulation solved with
Riemannian optimization.

k 10 20 30 50
η

0.5 5.0 5.7 6.8 8.2
0.3 11.1 18.8 12.3 21.0
0.2 58.7 84.2 95.0 114.2

ROPT 14.9 43.5 98.4 327.3

by 20K is computationally prohibitive. Table 2.6 gives timing and reconstruction quality results

for the Netflix (100M) dataset, where the full matrix is 18K by 500K when fully constructed.

2.9.2 Seismic missing-trace interpolation

In exploration seismology, large-scale data sets (approaching the order of petabytes for the latest

land and wide-azimuth marine acquisitions) must be acquired and processed in order to determine

the structure of the subsurface. In many situations, only a subset of the complete data is acquired

due to physical and/or budgetary constraints. Recent insights from the field of compressed sensing

allow for deliberate subsampling of seismic wavefields in order to improve reconstruction quality and

reduce acquisition costs Herrmann and Hennenfent [2008a]. The acquired subset of the complete

data is often chosen by randomly subsampling a dense regular periodic source or receiver grid.

Interpolation algorithms are then used to reconstruct the dense regular grid in order to perform
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Table 2.4: Nuclear-norms of the solutions X = LRT for results in Table 2.2, corresponding
to τ values in (LASSOτ ). These values are found automatically via root finding, but
are difficult to guess ahead of time.

k 5 10 30 50
η

0.5 5.19e3 5.2e3 5.2e3 5.2e3
0.3 9.75e3 9.73e3 9.76e3 9.74e3
0.2 1.96e4 1.96e4 1.93e4 1.93e4

Table 2.5: Classic SPGL1 (using Lanczos based truncated SVD) versus LR factorization on
the MovieLens (10M) data set ( 10000×20000 matrix) shows results for a fixed iteration
budget (100 iterations) for 50% subsampling of MovieLens data. SNR, RMSE and
computational time are shown for k = 5, 10, 20.

MovieLens (10M)
k 5 10 20

SPG`1
SNR (dB) 11.32 11.37 11.37

RMSE 1.02 1.01 1.01
time (sec) 22680 93744 121392

LR
SNR (dB) 11.87 11.77 11.72

RMSE 0.95 0.94 0.94
time (sec) 54.3 48.2 47.5

additional processing on the data such as removal of artifacts, improvement of spatial resolution,

and key analysis, such as imaging.

In this section, we apply the new rank-minimization approach, along with weighted and robust

extensions, to the trace-interpolation problem for two different seismic acquisition examples. We

first describe the structure of the datasets, and then present the transform we use to cast the

interpolation as a rank-minimization problem.

The first example is a real data example from the Gulf of Suez. Seismic data are organized

into seismic lines, where Nr receivers and Ns sources are collocated in a straight line. Sources are

deployed sequentially, and receivers collect each shot record2 for a period of Nt time samples. The

Gulf of Suez data contains Ns = 354 sources, Nr = 354 receivers, and Nt = 1024 with a sampling

interval of 0.004s, leading to a shot duration of 4s and a maximum temporal frequency of 125 Hz.

Most of the energy of the seismic line is preserved when we restrict the spectrum to the 12-60Hz

frequency band. Figs. 2.2(a) and (b) illustrate the 12Hz and 60Hz frequency slices in the source-

2Data collection performed for several sources taken with increasing or decreasing distance between sources and
receivers.
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Table 2.6: LR method on the Netflix (100M) data set ( 17770×480189 matrix) shows results
for 50% subsampling of Netflix data. SNR, computational time and RMSE are shown
for factor rank k and relative error level η for (BPDNη).

Netflix (100M)
k 2 4 6

η=0.5
SNR (dB) 7.37 7.03 7.0

RMSE 1.60 1.67 1.68
time (sec) 236.5 333.0 335.0

η=0.4
SNR (dB) 8.02 7.96 7.93

RMSE 1.49 1.50 1.50
time (sec) 315.2 388.6 425.0

η=0.3
SNR (dB) 10.36 10.32 10.35

RMSE 1.14 1.14 1.14
time (sec) 1093.2 853.7 699.7

receiver domain, respectively. Columns in these frequency slices represent the monochromatic

response of the earth to a fixed source and as a function of the receiver coordinate. In order to

simulate missing traces, we apply a subsampling mask that randomly removes 50% of the sources,

resulting in the subsampled frequency slices illustrated in Figs. 2.2 (c) and (d).

State of the art trace-interpolation schemes transform the data into sparsifying domains, for

example using the Fourier Sacchi et al. [1998] and curvelet Herrmann and Hennenfent [2008a]

transforms. The underlying sparse structure of the data is then exploited to recover the missing

traces. The approach proposed in this paper allows us to instead exploit the low-rank matrix

structure of seismic data, and to design formulations that can achieve trace-interpolation using

matrix-completion strategies.

The main challenge in applying rank-minimization for seismic trace-interpolation is to find a

transform domain that satisfies the following two properties:

1. Fully sampled seismic lines have low-rank structure (quickly decaying singular values)

2. Subsampled seismic lines have high rank (slowly decaying singular values).

When these two properties hold, rank-penalization formulations allow the recovery of missing traces.

To achieve these aims, we use the transformation from the source-receiver (s-r) domain to the

midpoint-offset (m-h). The conversion from (s-r) domain to (m-h) domain is a coordinate transfor-

mation, with the midpoint is defined by m = 1
2(s+r) and the half-offset is defined by h = 1

2(s-r).3

This transformation is illustrated by transforming the 12Hz and 60Hz source-receiver domain fre-

quency slices in Figs. 2.2(a) and (b) to the midpoint-offset domain frequency slices in Figs. 2.2(e)

3 In mathematical terms, the transformation from (s-r) domain to (m-h) domain represents a tight frame.
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Figure 2.2: Frequency slices of a seismic line from Gulf of Suez with 354 shots, 354 receivers.
Full data for (a) low frequency at 12 Hz and (b) high frequency at 60 Hz in s-r domain.
50% Subsampled data for (c) low frequency at 12 Hz and (d) high frequency at 60 Hz
in s-r domain. Full data for (e) low frequency at 12 hz and (f) high frequency at 60
Hz in m-h domain. 50% subsampled data for (g) low frequency at 12 Hz and (h) high
frequency at 60 Hz in m-h domain.

and (f). The corresponding subsampled frequency slices in the midpoint-offset domain are shown

in Figs. 2.2(g) and (h).

To show that the midpoint-offset transformation achieves aims 1 and 2 above, we plot the decay

of the singular values of both the 12Hz and 60Hz frequency slices in the source-receiver domain

and in the midpoint-offset domain in Figs. 2.3 (a) and (c). Notice that the singular values of both

frequency slices decay faster in the midpoint-offset domain, and that the singular value decay is

slower for subsampled data in Figs. 2.3 (b) and (d).

Let X denote the data matrix in the midpoint-offset domain and let R be the subsampling

operator that maps Figs. 2.2 (e) and (f) to Figs. 2.2(g) and (h). Denote by S the transformation

operator from the source-receiver domain to the midpoint-offset domain. The resulting measure-

ment operator in the midpoint-offset domain is then given by A = RSH .

We formulate and solve the matrix completion problem (BPDNη) to recover a seismic line

from Gulf of Suez in the (m-h) domain. We first performed the interpolation for the frequency

slices at 12Hz and 60Hz to get a good approximation of the lower and higher limit of the rank

value. Then, we work with all the monochromatic frequency slices and adjust the rank within the

limit while going from low- to high-frequency slices. We use 300 iterations of LR for all frequency

slices. Figures 2.4(a) and (b) show the recovery and error plot for the low frequency slice at 12
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Figure 2.3: Singular value decay of fully sampled (a) low frequency slice at 12 Hz and (c)
high frequency slice at 60 Hz in (s-r) and (m-h) domains. Singular value decay of 50%
subsampled (b) low frequency slice at 12 Hz and (d) high frequency data at 60 Hz
in (s-r) and (m-h) domains. Notice that for both high and low frequencies, decay of
singular values is faster in the fully sampled (m-h) domain than in the fully sampled
(s-r) domain, and that subsampling does not significantly change the decay of singular
value in (s-r) domain, while it destroys fast decay of singular values in (m-h) domain.

Hz, respectively. Figures 2.4(c) and (d) show the recovery and error plot for the high frequency

slice at 60 Hz, respectively. Figures 2.5 shows a common-shot gather section after missing-trace

interpolation from Gulf of Suez data set. We can clearly see that we are able to recapture most of

the missing traces in the data (Figures 2.5c), also evident from residual plot (Figures 2.5d).

In the second acquisition example, we implement the proposed formulation on the 5D synthetic

seismic data (2 source dimension, 2 receiver dimension, 1 temporal dimension) provided by BG

Group. We extract a frequency slice at 12.3Hz to perform the missing-trace interpolation, where

the size of the to-be recovered matrix is 400×400 receivers spaced by 25m and 68×68 sources spaced
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by 150m. Due to the low spatial frequency content of the data at 12.3 Hz, we further subsample the

data in receiver coordinates by a factor of two to speed up the computation. We apply sub-sampling

masks that randomly remove 75% and 50% of the shots. In case of 4D, we have two choices of

matricization Silva and Herrmann [2013c], Demanet [2006a], as shown in Figures 2.6(a,b), where

we can either place the (Receiver x, Receiver y) dimensions in the rows and (Source x, Source y)

dimensions in the columns, or (Receiver y, Source y) dimensions in the rows and (Receiver x, Source

x) dimensions in the columns. We observed the faster decay of singular value decay as shown in

Figure 2.7(a,b), for each of these strategies. We therefore selected the transform domain to be the

permutation of source and receivers coordinates, where matricization of each 4D monochromatic

frequency slices is done using (Source x, Receiver x) and (Source y, Receiver y) coordinates. We use

rank 200 for the interpolation, and run the solver for a maximum of 1000 iterations. The results

after interpolation are shown in Figures 2.8 and 2.9 for 75% and 50% missing data, respectively.

We can see that when 75% of data is missing, we start losing coherent energy (Figures 2.8c). With

50% missing data, we capture most of the coherent energy (Figures 2.9c). We also have higher

SNR values for recovery in case of 50% compared to 75% missing data.

To illustrate the importance of the nuclear-norm regularization, we solved the interpolation

problem using a simple least-squares formulation on the same seismic data set from Gulf of

Suez. The least squares problem was solved using the L, R factorization structure, thereby im-

plicitly enforcing a rank on the recovered estimate (i.e, formulation (2.14) was optimized with-

out the τ -constraint). The problem was then solved with the factors L and R having a rank

k ∈ {5, 10, 20, 30, 40, 50, 80, 100}. The reconstruction SNRs comparing the recovery for the reg-

ularized and non-regularized formulations are shown in Fig. 2.10. The Figure shows that the

performance of the non-regularized approach decays with rank, due to overfitting. The regularized

approach, in contrast, obtains better recovery as the factor rank increases.

Comparison with classical nuclear-norm formulation

To illustrate the advantage of proposed matrix-factorization formulation (which we refer to as LR

below) over classical nuclear-norm formulation, we compare the reconstruction error and computa-

tion time with the existing techniques. The most natural baseline is the SPG`1 algorithm Berg and

Friedlander [2011] applied to the classic nuclear norm (BPDNη) formulation, where the decision

variable is X, the penalty function ρ is the 2-norm, and the projection is done using the SVD. This

example tests the classic (BPDNη) formulation against the LR extension proposed in this paper.

The second comparison is with the TFOCSBecker et al. [2011], which is a library of first-order

methods for a variety of problems with explicit examples written by the authors for the (BPDNη)

formulation. The TFOCS approach to (BPDNη) relies on a proximal function for the nuclear norm,

which, similar to projection, requires computing SVDs or partial SVDs.

The comparisons are done using three different data sets. In the first example, we interpolated
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missing traces of a monochromatic slice (of size 354×354), extracted from Gulf of Suez data set. We

subsampled the frequency slice by randomly removing the 50% of shots and performed the missing-

trace interpolation in the midpoint-offset (m-h) domain. We compares the SNR, computation time

and iterations for a fixed set of η. The rank of the factors was set to 28. The seismic example in

Table 2.7 shows the results. Both the classic SPG`1 algorithm and LR are faster than TFOCS.

In the quality of recovery, both SPG`1 and LR have better SNR than TFOCS. In this case LR is

faster than SPG`1 by a factor of 15 (see Table 2.7).

In the second example, we generated a rank 10 matrix of size 100 × 100. We subsampled the

matrix by randomly removing 50% of the data entries. The synthetic low-rank example in Table

2.7 shows the comparison of SNR and computational time. The rank of the factors was set to be

the true rank of the original data matrix for this experiment. The LR formulation proposed in

this paper is faster than classic SPG`1, and both are faster than TFOCS. As the error threshold

tightens, TFOCS requires a large number of iterations to converge. For a small problem size, LR

and the classic SPG`1 perform comparably. When operating on decision variables with the correct

rank LR gave uniformly better SNR results than classic SPG`1 and TFOCS, and the improvement

was significant for lower error thresholds.4 In reality, we do not know the rank value in advance.

To make a fair comparison, we used MovieLens (10M) dataset, where we subsampled the available

ratings by randomly removing 50% of the known entries. In this example, we fixed the number of

iterations to 100 and compared the SNR and computational time (Table 2.5) for multiple ranks,

k = 5, 10, 20. It is evident that the we get better SNR in case of LR, also the computational speed

of LR is significantly faster then the classic SPG`1.

Simultaneous missing-trace interpolation and denoising

To illustrate the utility of robust cost functions, we consider a situation where observed data

are heavily contaminated. The goal here is to simultaneously denoise interpolate the data. We

work with same seismic line from Gulf of Suez. To obtain the observed data, we apply a sub-

sampling mask that randomly removes 50% of the shots, and to simulate contamination, we replace

another 10% of the shots with large random errors, whose amplitudes are three times the maximum

amplitude present in the data. In reality, we know the sub-sampling mask but we do not know

the behaviour and amplitude of noise. In this example, we formulate and solve the robust matrix

completion problem (BPDNη), where the cost ρ is taken to be the penalty (2.16); see section 2.7

for the explanation and motivation. As in the previous examples, the recovery is done in the

(m-h) domain. We implement the formulation in the frequency domain, where we work with

monochromatic frequency slices, and adjust the rank and ν parameter while going from low to

high frequency slices. Figure 2.11 compares the recovery results with and without using a robust

4We tested this hypothesis by re-running the experiment with higher factor rank. For example, selecting factor
rank to be 40 gives SNRs of 16.5, 36.7, 42.4, 75.3 for the corresponding η values for the synthetic low-rank experiment
in 2.7.
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Table 2.7: TFOCS versus classic SPG`1 (using direct SVDs) versus LR factorization. Syn-
thetic low rank example shows results for completing a rank 10, 100 × 100 matrix,
with 50% missing entries. SNR, Computational time and iterations are shown for
η = 0.1, 0.01, 0.005, 0.0001. Rank of the factors is taken to be 10. Seismic exam-
ple shows results for matrix completion a low-frequency slice at 10 Hz, extracted from
the Gulf of Suez data set, with 50% missing entries. SNR, Computational time and
iterations are shown for η = 0.2, 0.1, 0.09, 0.08. Rank of factors was taken to be 28.

Synthetic low rank
η 0.1 0.01 0.005 0.0001

TFOCS
SNR (dB) 17.2 36.3 56.2 76.2
time (s) 24 179 963 2499
iteration 1151 8751 46701 121901

SPG`1

SNR (dB) 14.5 36.4 39.2 76.2
time (s) 4.9 17.0 17.2 61.1
iteration 12 46 47 152

LR
SNR (dB) 16.5 36.7 42.7 76.2
time (s) 0.6 0.5 0.58 0.9
iteration 27 64 73 119

Seismic
η 0.2 0.1 0.09 0.08

TFOCS
SNR (dB) 13.05 17.4 17.9 18.5
time (s) 593 3232 4295 6140
iteration 1201 3395 3901 4451

SPG`1

SNR (dB) 12.8 17.0 17.4 17.9
time (s) 30.4 42.8 32.9 58.8
iteration 37 52 40 73

LR
SNR (dB) 13.1 17.1 17.4 18.0
time (s) 1.6 2.9 3.2 4.0
iteration 38 80 87 113

penalty function. The error budget plays a significant role in this example, and we standardized

the problems by setting the relative error to be 20% of the initial error, so that the formulations

are comparable.

We can clearly see that the standard least squares formulation is unable to recover the true

solution. The intuitive reason is that the least squares penalty is simply unable to budget large

errors to what should be the outlying residuals. The Student’s t penalty, in contrast, achieves a

good recovery in this extreme situation, with an SNR of 17.9 DB. In this example, we used 300

iterations of SPG`1 for all frequency slices.

Re-weighting

Re-weighting for seismic trace interpolation was recently used in Mansour et al. [2012a] to improve

the interpolation of subsampled seismic traces in the context of sparsity promotion in the curvelet

domain. The weighted `1 formulation takes advantage of curvelet support overlap across adjacent

frequency slices.

Analogously, in the matrix setting, we use the weighted rank-minimization formulation (wBPDNη)

to take advantage of correlated row and column subspaces for adjacent frequency slices. We first

demonstrate the effectiveness of solving the (wBPDNη) problem when we have accurate subspace

information. For this purpose, we compute the row and column subspace bases of the fully sampled

low frequency (11Hz) seismic slice and pass this information to (wBPDNη) using matrices Q and
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Figure 2.4: Recovery results for 50% subsampled 2D frequency slices using the nuclear norm
formulation. (a) Interpolation and (b) residual of low frequency slice at 12 Hz with
SNR = 19.1 dB. (c) Interpolation and (d) residual of high frequency slice at 60 Hz with
SNR = 15.2 dB.

W . Figures 2.12(a) and (b) show the residual of the frequency slice with and without weighting.

The reconstruction using the (wBPDNη) problem achieves a 1.5dB improvement in SNR over the

non-weighted (BPDNη) formulation.

Next, we apply the (wBPDNη) formulation in a practical setting where we do not know subspace

bases ahead of time, but learn them as we proceed from low to high frequencies. We use the

row and column subspace vectors recovered using (BPDNη) for 10.75 Hz and 15.75 Hz frequency

slices as subspace estimates for the adjacent higher frequency slices at 11 Hz and 16 Hz. Using

the (wBPDNη) formulation in this way yields SNR improvements of 0.6dB and 1dB, respectively,

over (BPDNη) alone. Figures 2.13(a) and (b) show the residual for the next higher frequency

without using the support and Figures 2.13(c) and (d) shows the residual for next higher frequency

with support from previous frequency. Figure 2.14 shows the recovery SNR versus frequency for

weighted and non-weighted cases for a range of frequencies from 9 Hz to 17 Hz.
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Figure 2.5: Missing trace interpolation of a seismic line from Gulf of Suez. (a) Ground truth.
(b) 50% subsampled common shot gather. (c) Recovery result with a SNR of 18.5 dB.
(d) Residual.

2.10 Conclusions

We have presented a new method for matrix completion. Our method combines the Pareto curve

approach for optimizing (BPDNη) formulations with SVD-free matrix factorization methods.

We demonstrated the modeling advantages of the (BPDNη) formulation on the Netflix Prize

problem, and obtained high-quality reconstruction results for the seismic trace interpolation prob-

lem. Comparison with state of the art methods for the (BPDNη) formulation showed that the

factorized formulation is faster than both TFOCS and classic SPG`1 formulations that rely on the

SVD. The presented factorized approach also has a small memory imprint and does not rely on

SVDs, which makes this method applicable to truly large-scale problems.

We also proposed two extensions. First, using robust penalties ρ in (BPDNη), we showed

that simultaneous interpolation and denoising can be achieved in the extreme data contamination

case, where 10% of the data was replaced by large outliers. Second, we proposed a weighted

39



Source x, Source y

R
e

c
e

iv
e

r 
x

, 
R

e
c

e
iv

e
r 

y

 

 

50 100 150 200 250 300 350 400

50

100

150

200

250

300

350

400 −2

−1

0

1

2
x 10

−4

(a)

Source x, Source y

R
e

c
e

iv
e

r 
x

, 
R

e
c

e
iv

e
r 

y

 

 

50 100 150 200 250 300 350 400

50

100

150

200

250

300

350

400 −2

−1

0

1

2
x 10

−4

(b)

Source x, Receiver x

S
o

u
rc

e
 y

, 
R

e
c

e
iv

e
r 

y

 

 

50 100 150 200 250 300 350 400

50

100

150

200

250

300

350

400 −2

−1

0

1

2
x 10

−4

(c)

Source x, Receiver x

S
o

u
rc

e
 y

, 
R

e
c

e
iv

e
r 

y

 

 

50 100 150 200 250 300 350 400

50

100

150

200

250

300

350

400 −2

−1

0

1

2
x 10

−4

(d)

Figure 2.6: Matricization of 4D monochromatic frequency slice. Top: (Source x, Source y)
matricization. Bottom: (Source x, Receiver x) matricization. Left: Fully sampled
data; Right: Subsampled data.
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Figure 2.7: Singular value decay in case of different matricization of 4D monochromatic fre-
quency slice. Left: Fully sampled data; Right: Subsampled data.
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Figure 2.8: Missing-trace interpolation of a frequency slice at 12.3Hz extracted from 5D data
set, 75% missing data. (a,b,c) Original, recovery and residual of a common shot gather
with a SNR of 11.4 dB at the location where shot is recorded. (d,e,f) Interpolation of
common shot gathers at the location where no reference shot is present.

extension (wBPDNη), and used it to incorporate subspace information we learned on the fly to

improve interpolation in adjacent frequencies.

2.11 Appendix

Proof of Theorem 1 Recall [Burer and Monteiro, 2003, Lemma 2.1]: if SST = KKT , then S = KQ

for some orthogonal matrix Q ∈ Rr×r. Next, note that the objective and constraints of (2.8) are

given in terms of SST , and for any orthogonal Q ∈ Rr×r, we have SQQTST = SST , so S̄ is a local

minimum of (2.8) if and only if S̄Q is a local minimum for all orthogonal Q ∈ Rr×r.
If Z̄ is a local minimum of (2.7), then any factor S̄ with Z̄ = S̄S̄T is a local minimum of (2.8).

Otherwise, we can find a better solution S̃ in the neighborhood of S̄, and then Z̃ := S̃S̃T will be a

feasible solution for (2.7) in the neighborhood of Z̄ (by continuity of the map S → SST ).

We prove the other direction by contrapositive. If Z̄ is not a local minimum for (2.7), then

you can find a sequence of feasible solutions Zk with f(Zk) < f(Z̄) and Zk → Z̄. For each k,
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Figure 2.9: Missing-trace interpolation of a frequency slice at 12.3Hz extracted from 5D data
set, 50% missing data. (a,b,c) Original, recovery and residual of a common shot gather
with a SNR of 16.6 dB at the location where shot is recorded. (d,e,f) Interpolation of
common shot gathers at the location where no reference shot is present.

write Zk = SkS
T
k . Since Zk are all feasible for (2.7), so Sk are feasible for (2.8). By assumption

{Zk} is bounded, and so is Sk; we can therefore find a subsequence of Sj → S̃ with S̃S̃T = Z̄,

and f(SjS
T
j ) < f(S̃S̃T ). In particular, we have Z̄ = S̄S̄T = S̃S̃T , and S̃ is not a local minimum

for (2.8), and therefore (by previous results) S̄ cannot be either.
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Figure 2.10: Comparison of regularized and non-regularized formulations. SNR of (a) low
frequency slice at 12 Hz and (b) high frequency slice at 60 Hz over a range of factor
ranks. Without regularization, recovery quality decays with factor rank due to over-
fiting; the regularized formulation improves with higher factor rank.
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Figure 2.11: Comparison of interpolation and denoising results for the Student’s t and least-
squares misfit function. (a) 50% subsampled common receiver gather with another
10 % of the shots replaced by large errors. (b) Recovery result using the least-
squares misfit function. (c,d) Recovery and residual results using the student’s t
misfit function with a SNR of 17.2 dB.
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Figure 2.12: Residual error for recovery of 11 Hz slice (a) without weighting and (b) with
weighting using true support. SNR in this case is improved by 1.5 dB.
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Figure 2.13: Residual of low frequency slice at 11 Hz (a) without weighing (c) with support
from 10.75 Hz frequency slice. SNR is improved by 0.6 dB. Residual of low frequency
slice at 16 Hz (b) without weighing (d) with support from 15.75 Hz frequency slice.
SNR is improved by 1dB. Weighting using learned support is able to improve on the
unweighted interpolation results.
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Figure 2.14: Recovery results of practical scenario in case of weighted factorized formulation
over a frequency range of 9-17 Hz. The weighted formulation outperforms the non-
weighted for higher frequencies. For some frequency slices, the performance of the
non-weighted algorithm is better, because the weighted algorithm can be negatively
affected when the subspaces are less correlated.
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Chapter 3

Efficient matrix completion for

seismic data reconstruction

3.1 Summary

Despite recent developments in improved acquisition, seismic data often remains undersampled

along source and receiver coordinates, resulting in incomplete data for key applications such as

migration and multiple prediction. We interpret the missing-trace interpolation problem in the

context of matrix completion and outline three practical principles for using low-rank optimiza-

tion techniques to recover seismic data. Specifically, we strive for recovery scenarios wherein the

original signal is low rank and the subsampling scheme increases the singular values of the ma-

trix. We employ an optimization program that restores this low rank structure to recover the full

volume. Omitting one or more of these principles can lead to poor interpolation results, as we

show experimentally. In light of this theory, we compensate for the high-rank behaviour of data

in the source-receiver domain by employing the midpoint-offset transformation for 2D data and a

source-receiver permutation for 3D data to reduce the overall singular values. Simultaneously, in

order to work with computationally feasible algorithms for large scale data, we use a factorization-

based approach to matrix completion, which significantly speeds up the computations compared

to repeated singular value decompositions without reducing the recovery quality. In the context

of our theory and experiments, we also show that windowing the data too aggressively can have

adverse effects on the recovery quality. To overcome this problem, we carry out our interpolations

for each frequency independently while working with the entire frequency slice. The result is a

computationally efficient, theoretically motivated framework for interpolating missing-trace data.

Our tests on realistic two- and three-dimensional seismic data sets show that our method compares

favorably, both in terms of computational speed and recovery quality, to existing curvelet-based

A version of this chapter has been published in Geophysics, 2015, vol 80, pages V97-V114.
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and tensor-based techniques.

3.2 Introduction

Coarsely sampled seismic data creates substantial problems for seismic applications such as mi-

gration and inversion [Canning and Gardner, 1998, Sacchi and Liu, 2005]. In order to mitigate

acquisition related artifacts, we rely on interpolation algorithms to reproduce the missing traces

accurately. The aim of these interpolation algorithms is to reduce acquisition costs and to provide

densely sampled seismic data to improve the resolution of seismic images and mitigate subsampling

related artifacts such as aliasing. A variety of methodologies, each based on various mathematical

techniques, have been proposed to interpolate seismic data. Some of the methods require trans-

forming the data into different domains, such as the Radon [Bardan, 1987, Kabir and Verschuur,

1995], Fourier [Duijndam et al., 1999, Sacchi et al., 1998, Curry, 2009, Trad, 2009] and curvelet

domains [Herrmann and Hennenfent, 2008a, Sacchi et al., 2009, Wang et al., 2010]. The CS ap-

proach exploits the resulting sparsity of the signal, i.e. small number of nonzeros [Donoho, 2006a]

in these domains. In the CS framework, the goal for effective recovery is to first find a repre-

sentation in which the signal of interest is sparse, or well-approximated by a sparse signal, and

where the the mask encoding missing traces makes the signal much less sparse. Hennenfent and

Herrmann [2006b], Herrmann and Hennenfent [2008a] successfully applied the ideas of CS to the

reconstruction of missing seismic traces in the curvelet domain.

More recently, rank-minimization-based techniques have been applied to interpolating seismic

data [Trickett et al., 2010, Oropeza and Sacchi, 2011, Kreimer and Sacchi, 2012c,a, Yang et al., 2013].

Rank minimization extends the theoretical and computational ideas of CS to the matrix case (see

Recht et al. [2010a] and the references within). The key idea is to exploit the low-rank structure of

seismic data when organized as a matrix, i.e. a small number of nonzero singular values or quickly

decaying singular values. Oropeza and Sacchi [2011] identified that seismic temporal frequency

slices organized into a block Hankel matrix, under ideal conditions, is a matrix of rank k, where

k is the number of different plane waves in the window of analysis. These authors showed that

additive noise and missing samples increase the rank of the block Hankel matrix, and the authors

presented an iterative algorithm that resembles seismic data reconstruction with the method of

projection onto convex sets, where they use a low-rank approximation of the Hankel matrix via

the randomized singular value decomposition [Liberty et al., 2007, Halko et al., 2011b, Mahoney,

2011] to interpolate seismic temporal frequency slices. While this technique may be effective for

interpolating data with a limited number of distinct dips, first, the approach requires embedding the

data into an even larger space where each dimension of size n is mapped to a matrix of size n×n, so a

frequency slice with 4 dimensions becomes a Hankel tensor with 8 dimensions. Second, the process

involves partitioning the input data in to smaller subsets that can be processed independently.

As we know the theory of matrix completion is predicated upon the notion of an m × n matrix
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being relatively low rank in order to ensure successful recovery. That is, the ratio of rank of the

matrix to the ambient dimension, min(m,n), should be small for rank-minimizing techniques to

be successful in recovering the matrix from appropriately subsampled data. With the practice of

windowing, we are inherently increasing the relative rank by decreasing the ambient dimension.

Although mathematically desirable due to the seismic signal being stationary in sufficiently small

windows, the act of windowing from a matrix rank point of view can lead to lower quality results,

as we will see later in experiments. Choosing window sizes apriori is also a difficult task, as it is

not altogether obvious how to ensure that the resulting sub-volume is approximately a plane-wave.

Previously proposed methods for automatic window size selection include Sinha et al. [2005], Wang

et al. [2011] in the context of time-frequency analysis.

Other than the Hankel transformation, Yang et al. [2013] used a texture-patch based trans-

formation of the data, initially proposed by Schaeffer and Osher [2013], to exploit the low-rank

structure of seismic data. They showed that seismic data can be expressed as a combination of a

few textures, due to continuity of seismic data. They divided the signal matrix into small r × r
submatrices, which they then vectorized in to the columns of a matrix with r2 rows using the same

ordering, and approximated the resulting matrix using low rank techniques. Although experimen-

tally promising, this organization has no theoretically motivated underpinning and its performance

is difficult to predict as a function of the submatrix size. The authors proposed two algorithms to

solve this matrix completion problem, namely accelerated proximal gradient method (APG) and

low-rank matrix fitting (LMaFit). APG does not scale well to large scale seismic data because it

involves repeated singular value decompositions, which are very expensive. LMaFit, on the other

hand, parametrizes the matrix in terms of two low-rank factors and uses nonlinear successive-over-

relaxation to reconstruct the seismic data, but without penalizing the nuclear norm of the matrix.

As shown in Aravkin et al. [2014a], without a nuclear norm penalty, choosing an incorrect rank

parameter k can lead to overfitting of the data and degrading the interpolated result. Moreover,

Mishra et al. [2013] demonstrates the poor performance of LMaFit, both in terms of speed and

solution quality, compared to more modern matrix completion techniques that penalize the nuclear

norm.

Another popular approach to seismic data interpolation is to exploit the multi-dimensional

nature of seismic data and parametrize it as a low-rank tensor. Many of the ideas from low rank

matrices carry over to the multidimensional case, although there is no unique extension of the SVD

to tensors. It is beyond the scope of this paper to examine all of the various tensor formats in this

paper, but we refer to a few tensor-based seismic interpolation methods here. Kreimer and Sacchi

[2012a] stipulates that the seismic data volume of interest is well captured by a k−rank Tucker

tensor and subsequently propose a projection on to non-convex sets algorithm for interpolating

missing traces. Silva and Herrmann [2013a] develop an algorithm for interpolating Hierarchical

Tucker tensors, which are similar to Tucker tensors but have much smaller dimensionality. Trickett

et al. [2013] proposes to take a structured outer product of the data volume, using a tensor ordering
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similar to Hankel matrices, and performs tensor completion in the CP-Parafac tensor format. The

method of Kreimer et al. [2013], wherein the authors consider a nuclear norm-penalizing approach

in each matricization of the tensor, that is to say, the reshaping of the tensor, along each dimension,

in to a matrix.

These previous CS-based approaches, using sparsity or rank-minimization, incur computational

difficulties when applied to large scale seismic data volumes. Methods that involve redundant

transforms, such as curvelets, or that add additional dimensions, such as taking outer products of

tensors, are not computationally tractable for large data volumes with four or more dimensions.

Moreover, a number of previous rank-minimization approaches are based on heuristic techniques and

are not necessarily adequately grounded in theoretical considerations. Algorithmic components such

as parameter selection can significantly affect the computed solution and “hand-tuning” parameters,

in addition to incurring unnecessary computational overhead, may lead to suboptimal results [Owen

and Perry, 2009, Kanagal and Sindhwani, 2010].

3.2.1 Contributions

Our contributions in this work are three-fold. First, we outline a practical framework for recovering

seismic data volumes using matrix and tensor completion techniques built upon the theoretical

ideas from CS. In particular, understanding this framework allows us to determine apriori when

the recovery of signals sampled at sub-Nyquist will succeed or fail and provides the principles upon

which we can design practical experiments to ensure successful recovery. The ideas themselves

have been established for some time in the literature, albeit implicitly by means of the somewhat

technical conditions of CS and matrix completion. We explicitly describe these ideas on a high

level in a qualitative manner in the hopes of broadening the accessibility of these techniques to

a wider audience. These principles are all equally necessary in order for CS-based approaches of

signal recovery to succeed and we provide examples of how recovery can fail if one or more of these

principles are omitted.

Second, we address the computational challenges of using these matrix-based techniques for

seismic-data reconstruction, since traditional rank minimization algorithms rely on computing the

singular value decomposition (SVD), which is prohibitively expensive for large matrices. To over-

come this issue we propose to use either a fast optimization approach that combines the (SVD-free)

matrix factorization approach recently developed by Lee et al. [2010a] with the Pareto curve ap-

proach proposed by Berg and Friedlander [2008] and the factorization-based parallel matrix comple-

tion framework dubbed Jellyfish [Recht and Ré, 2013]. We demonstrate the superior computational

performances of both of these approaches compared to the tensor-based interpolation of Kreimer

et al. [2013] as well as traditional curvelet-based approaches on realistic 2D and 3D seismic data

sets.

Third, we examine the popular approach of windowing a large data volume in to smaller data
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volumes to be processed in parallel and empirically demonstrate how such a process does not respect

the inherent redundancy present in the data, degrading reconstruction quality as a result.

3.2.2 Notation

In this paper, we use lower case boldface letters to represent vectors (i.e. one-dimensional quan-

tities), e.g., b, f ,x,y, . . . . We denote matrices and tensors using upper case boldface letters, e.g.,

X,Y,Z, . . . and operators that act on vectors, matrices, or tensors will be denoted using calligraphic

upper case letters, e.g., A. 2D seismic volumes have one source and one receiver dimensions, de-

noted xsrc, xrec, respectively, and time, denoted t. 3D seismic volumes have two source dimensions,

denoted xsrc, ysrc, two receiver dimensions, denoted xrec, yrec, and time t. We also denote midpoint

and offset coordinates as xmidpt, xoffset for the x-dimensions and similarly for the y-dimensions.

The Frobenius norm of a m × n matrix X, denoted as ‖X‖F , is simply the usual `2 norm

of X when considered as a vector, i.e., ‖X‖F =
√∑m

i=1

∑n
j=1 X2

ij . We write the SVD of X as

X = USV H , where U and V are orthogonal and S = diag(s1, s2, . . . , sr) is a block diagonal

matrix of singular values, s1 ≥ s2 ≥ · · · ≥ sr ≥ 0. The matrix X has rank k when sk > 0 and

sk+1 = sk+2 = · · · = sr = 0. The nuclear norm of X is defined as ‖X‖∗ =
∑r

i=1 si.

We will use the matricization operation freely in the text below, which reshapes a tensor in to

a matrix along specific dimensions. Specifically, if X is a temporal frequency slice with dimensions

xsrc, ysrc, xrec, yrec indexed by i = 1, . . . , 4, the matrix X(i) is formed by vectorizing the ith dimen-

sion along the rows and the remaining dimensions along the columns. Matricization can also be

performed not only along singleton dimensions, but also with groups of dimensions. For example,

X(i) with i = xsrc, ysrc places the x and y source dimensions along the columns and the remaining

dimensions along the columns.

3.3 Structured signal recovery

In this setting, we are interested in completing a matrix X when we only view a subset of its

entries. For instance, in the 2D seismic data case, X is typically a frequency slice and missing shots

correspond to missing columns from this matrix. Matrix completion arises as a natural extension

of Compressive Sensing ideas to recovering two dimensional signals. Here we consider three core

components of matrix completion.

1. Signal structure - low rank

Compressed Sensing is a theory that is deals with recovering vectors x that are sparse, or

have a few nonzeros. For a matrix X, a direct analogue for sparsity in a signal x is sparsity in

the singular values of X. We are interested in the case where the singular values of X decay

quickly, so that X is well approximated by a rank k matrix. The set of all rank-k matrices

has low dimensionality compared to the ambient space of m × n matrices, which will allow
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us to recover a low rank signal from sufficiently incoherent measurements.

When our matrix X has slowly decaying singular values, i.e. is high rank, we consider

transformations that promote quickly decaying singular values, which will allow us to recover

our matrix in another domain.

Since we are sampling points from our underlying matrix X, we want to make sure that X is

not too ”spiky” and is sufficiently ”spread out”. If our matrix of interest was, for instance, the

matrix of all zeros with one nonzero entry, we could not hope to recover this matrix without

sampling the single, nonzero entry. In the seismic case, given that our signals of interest are

composed of oscillatory waveforms, they are rarely, if ever, concentrated in a single region of,

say, (source,receiver) space.

2. Structure-destroying sampling operator

Since our matrix has an unknown but small rank k, we will look for the matrix X of smallest

rank that fits our sampled data, i.e., A(X) = B, for a subsampling operator A. As such, we

need to employ subsampling schemes that increase the rank or decay of the singular values

of the matrix. That is to say, we want to consider sampling schemes that are incoherent

with respect to the left and right singular vectors. Given a subsampling operator A, the

worst possible subsampling scheme for the purposes of recovery would be removing columns

(equivalently, rows) from the matrix, i.e. A(X) = XIk, where Ik is a subset of the columns

of identity matrix. Removing columns from the matrix can never allow for successful recon-

struction because this operation lowers the rank, and therefore the original matrix X is no

longer the matrix of smallest rank that matches the data (for instance, the data itself would

be a candidate solution).

Unfortunately, for, say, a 2D seismic data frequency slice X with sources placed along the

columns and receivers along the rows, data is often acquired with missing sources, which

translates to missing columns of X. Similarly, periodic subsampling can be written as A(X) =

ITkXIk′ , where Ik, Ik′ are subsets of the columns of the identity matrix. A similar consideration

shows that this operator lowers the rank and thus rank minimizing interpolation will not

succeed in this sampling regime.

The problematic aspect of the aforementioned sampling schemes is that they are separable

with respect to the matrix. That is, if X = USVH is the singular value decomposition

of X, the previously mentioned schemes yield a subsampling operator of the form A(X) =

CXDH = (CU)S(DV)H , for some matrices C,D. In the compressed sensing context, this

type of sampling is coherent with respect to the left and right singular vectors, which is an

unfavourable recovery scenario.

The incoherent sampling considered in the matrix completion literature is that of uniform

random sampling, wherein the individual entries of X are sampled from the matrix with equal
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probability [Candès and Recht, 2009, Recht, 2011]. This particular sampling scheme, although

theoretically convenient to analyze, is impractical to implement in the seismic context as it

corresponds to removing (source, receiver) pairs from the data. Instead, we will consider

non-separable transformations, i.e., transforming data from the source-receiver domain to

the midpoint-offset domain, under which the missing sources operator is incoherent. The

resulting transformations will simultaneously increase the decay of the singular values of our

original signal, thereby lowering its rank, and slow the decay of the singular values of the

subsampled signal, thereby creating a favourable recovery scenario.

3. Structure-promoting optimization program

Since we assume that our target signal X is low-rank and that subsampling increases the

rank, the natural approach to interpolation is to find the matrix of lowest possible rank that

agrees with our observations. That is, we solve the following problem for A, our measurement

operator, and B, our subsampled data, up to a given tolerance σ,

minimize
X

‖X‖∗ (3.1)

subject to ‖A(X)−B‖F ≤ σ.

Similar to using the `1 norm in the sparse recovery case, minimizing the nuclear norm promotes

low-rank structure in the final solution. Here we refer to this problem as Basis Pursuit

Denoising (BPDNσ).

In summary, these three principles are all necessary for the recovery of subsampled signals

using matrix completion techniques. Omitting any one of these three principles will, in general,

cause such methods to fail, which we will see in the next section. Although this framework is

outlined for matrix completion, a straightforward extension of this approach also applies to the

tensor completion case.

3.4 Low-rank promoting data organization

Before we can apply matrix completion techniques to interpolate F, our unvectorized frequency

slice of fully-sampled data, we must deal with the following issues. First, in the original (src, rec)

domain, the missing sources operator, A, removes columns from F, which sets the singular values

to be set to zero at the end of the spectrum, thereby decreasing the rank.

Second, F itself also has high rank, owing to the presence of strong diagonal entries (zero

offset energy) and subsequent off-diagonal oscillations. Our previous theory indicates that naively

applying matrix completion techniques in this domain will yield poor results. Simply put, we are

missing two of the prerequisite signal recovery principles in the (src, rec) domain, which we can see

by plotting the decay of singular values in Figure 3.1. In light of our previous discussion, we will
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examine different transformations under which the missing sources operator increases the singular

values of our data matrix and hence promotes recovery in an alternative domain.

3.4.1 2D seismic data

In this case, we use the Midpoint-Offset transformation, which defines new coordinates for the

matrix as

xmidpt =
1

2
(xsrc + xrec)

xoffset =
1

2
(xsrc − xrec).

This coordinate transformation rotates the matrix F by 45 degrees and is a tight frame operator

with a nullspace, as depicted in Figure 3.2. If we denote this operator by M, then M∗M = I,

so transforming from (src, rec) to (midpt, offset) to (src, rec) returns the original signal, but

MM∗ 6= I, so the transformation from (midpt, offset) to (src, rec) and back again does not

return the original signal. By using this transformation, we move the strong diagonal energy to

a single column in the new domain, which mitigates the slow singular value decay in the original

domain. Likewise, the restriction operator A now removes super-/sub-diagonals from F rather than

columns, demonstrated in Figure 3.2, which results in an overall increase in the singular values, as

seen in Figure 3.1, placing the interpolation problem in a favourable recovery scenario as per the

previous section. Our new optimization variable is X̃ = M(X), which is the data volume in the

midpoint-offset domain, and our optimization problem is therefore

minimize
X̃

‖X̃‖∗

s.t. ‖AM∗(X̃)−B‖F ≤ σ.

3.4.2 3D seismic data

Unlike in the matrix-case, there is no unique generalization of the SVD to tensors and as a result,

there is no unique notion of rank for tensors. Instead, can consider the rank of different matri-

cizations of F. Instead of restricting ourselves to matricizations F(i) where i = xsrc, ysrc, xrec, yrec,

we consider the case where i = {xsrc, ysrc}, {xsrc, xrec}, {xsrc, yrec}, {ysrc, xrec}. Owing to the reci-

procity relationship between sources and receivers in F, we only need to consider two different

matricizations of F, which are depicted in Figure 3.3 and Figure 3.4. As we see in Figure 3.5, the

i = (xrec, yrec) organization, that is, placing both receiver coordinates along the rows, results in

a matrix that has high rank and the missing sources operator removes columns from the matrix,

decreasing the rank as mentioned previously. On the other hand, the i = (ysrc, yrec) matriciza-
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Figure 3.1: Singular value decay in the source-receiver and midpoint-offset domain. Left :
fully sampled frequency slices. Right : 50% missing shots. Top: low frequency slice.
Bottom: high frequency slice. Missing source subsampling increases the singular values
in the (midpoint-offset) domain instead of decreasing them in the (src-rec) domain.

tion yields fast decay of the singular values for the original signal and a subsampling operator

that causes the singular values to increase. This scenario is much closer to the idealized matrix

completion sampling, which would correspond to the nonphysical process of randomly removing

(xsrc, ysrc, xrec, yrec) points from F. We note that this data organization has been considered in the

context of solution operators of the wave equation in Demanet [2006b], which applies to our case

as our data volume F is the restriction of a Green’s function to the acquisition surface.

3.5 Large scale data reconstruction

In this section, we explore the modifications necessary to extend matrix completion to 3D seismic

data and compare this approach to an existing tensor-based interpolation technique. Matrix-
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Figure 3.2: A frequency slice from the the seismic dataset from Nelson field. Left : Fully
sampled data. Right : 50% subsampled data. Top: Source-receiver domain. Bottom:
Midpoint-offset domain.

completion techniques, after some modification, easily scale to interpolate large, multidimensional

seismic volumes.

3.5.1 Large scale matrix completion

For the matrix completion approach, the limiting component for large scale data is that of the

nuclear norm projection. As mentioned in Aravkin et al. [2014a], the projection on to the set

‖X‖∗ ≤ τ requires the computation of the SVD of X. The main computational costs of computing

the SVD of a n× n matrix has computational complexity O(n3), which is prohibitively expensive

when X has tens of thousands or even millions of rows and columns. On the assumption that X is

approximately low-rank at a given iteration, other authors such as Stoll [2012] compute a partial

SVD using a Krylov approach, which is still cost-prohibitive for large matrices.

We can avoid the need for the expensive computation of SVDs via a well known factorization

of the nuclear norm. Specifically, we have the following characterization of the nuclear norm, due
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Figure 3.3: (xrec, yrec) matricization. Top: Full data volume. Bottom: 50% missing sources.
Left : Fully sampled data. Right : Zoom plot

to Srebro [2004],

‖X‖∗ = minimize
L,R

1

2
(‖L‖2F + ‖R‖2F )

subject to X = LRT .

This allows us to write X = LRT for some placeholder variables L and R of a prescribed rank

k. Therefore, instead of projecting on to ‖X‖∗ ≤ τ , we can instead project on to the factor ball
1
2(‖L‖2F +‖R‖2F ) ≤ τ . This factor ball projection only involves computing ‖L‖2F , ‖R‖2F and scaling

the factors by a constant, which is substantially cheaper than computing the SVD of X.

Equipped with this factorization approach, we can still use the basic idea of SPG`1 to flip the

objective and the constraints. The resulting subproblems for solving BPDNσ can be solved much

more efficiently in this factorized form, while still maintaining the quality of the solution. The

resulting algorithm is dubbed SPG-LR by Aravkin et al. [2014a]. This reformulation allows us to
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Figure 3.4: (ysrc, yrec) matricization. Top: Fully sampled data. Bottom: 50% missing
sources. Left : Full data volume. Right : Zoom plot. In this domain, the sampling
artifacts are much closer to the idealized ’pointwise’ random sampling of matrix com-
pletion.
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Figure 3.5: Singular value decay (normalized) of the Left : (xrec, yrec) matricization and Right :
(ysrc, yrec) matricization for full data and 50% missing sources.

59



apply these matrix completion techniques to large scale seismic data interpolation.

This factorization turns the convex subproblems for solving BPDNσ posed in terms of X into

a nonconvex problem in terms of the variables L,R, so there is a possibility for local minima or

non-critical stationary points to arise when using this approach. As it turns out, as long as the

prescribed rank k is larger than the rank of the optimal X, any local minima encountered in the

factorized problem is actually a global minimum [Burer and Monteiro, 2005, Aravkin et al., 2014a].

The possibility of non-critical stationary points is harder to discount, and remains an open problem.

There is preliminary analysis indicating that initializing L and R so that LRT is sufficiently close

to the true X will ensure that this optimization program will converge to the true solution [Sun and

Luo, 2014]. In practice, we initialize L and R randomly with appropriately scaled Gaussian random

entries, which does not noticeably change the recovery results across various random realizations.

An alternative approach to solving the factorized BPDNσ is to relax the data constraint of

Equation (3.1) in to the objective, resulting in the QPλ formulation,

min
L,R

1

2
‖A(LRH)−B‖2F + λ(‖L‖2F + ‖R‖2F ). (3.2)

The authors in Recht and Ré [2013] exploit the resulting independance of various subblocks

of the L and R factors to create a partitioning scheme that updates components of these factors

in parallel, resulting in a parallel matrix completion framework dubbed Jellyfish. By using this

Jellyfish approach, each QPλ problem for fixed λ and fixed internal rank k can be solved very

efficiently and cross-validation techniques can choose the optimal λ and rank parameters.

3.5.2 Large scale tensor completion

Following the approach of Kreimer et al. [2013], which applies the method developed in Gandy

et al. [2011] to seismic data, we can also exploit the tensor structure of a frequency slice F for

interpolating missing traces.

We now stipulate that each matricization F(i) for i = 1, . . . , 4 has low-rank. We can proceed in

an analogous way to the matrix completion case by solving the following problem

minimize
F

4∑
i=1

‖F(i)‖∗

subject to ‖A(F)−B‖2 ≤ σ,

i.e. look for the tensor F that has simultaneously the lowest rank in each matricization F(i) that

fits the subsampled data B. In the case of Kreimer et al. [2013], this interpolation is performed in

the (xmidpt, ymidpt, xoffset, yoffset) domain on each frequency slice, which we also employ in our later

experiments.

To solve this problem, the authors in Kreimer et al. [2013] use the Douglas-Rachford variable
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splitting technique that creates 4 additional copies of the variable F, denoted Xi, with each copy

corresponding to each matricization F(i). This is an inherent feature of this approach to solve

convex optimization problems with coupled objectives/constraints and thus cannot be avoided or

optimized away. The authors then use an Augmented Lagrangian approach to solve the decoupled

problem

minimize
X1,X2,X3,X4,F

4∑
i=1

‖Xi‖∗ + λ‖A(F)−B‖22 (3.3)

subject to Xi = F(i) for i = 1, . . . , 4.

The resulting problem is convex, and thus has a unique solution. We refer to this method as

the alternating direction method of multipliers (ADMM) tensor method. This variable splitting

technique can be difficult to implement for realistic problems, as the tensor F is often unable

to be stored fully in working memory. Given the large number of elements of F, creating at

minimum four extraneous copies of F can quickly overload the storage and memory of even a

large computing cluster. Moreover, there are theoretical and numerical results that state that

this problem formulation is in fact no better than imposing the nuclear norm penalty on a single

matricization of F, at least in the case of Gaussian measurements [Oymak et al., 2012, Signoretto

et al., 2011]. We shall see a similar phenomenon in our subsequent experiments.

Penalizing the nuclear norm in this fashion, as in all methods that use an explicit nuclear

norm penalty, scales very poorly as the problem size grows. When our data F has four or more

dimensions, the cost of computing the SVD of one of its matricizations easily dominates the overall

computational costs of the method. Applying this operation four times per iteration in the above

problem, as is required due to the variable splitting, prevents this technique from performing

efficiently for large realistic problems.

3.6 Experiments

We perform seismic data interpolation on five different data sets. In case of 2D, the first data set,

which is a shallow-water marine scenario, is from the Nelson field provided to us by PGS. The

Nelson data set contains 401× 401 sources and receivers with the temporal sampling interval of

0.004s. The second synthetic data set is from the Gulf of Mexico (GOM) and is provided to us

by the Chevron. It contains 3201 sources and 801 receivers with a spatial interval of 25m. The

third data set is simulated on a synthetic velocity model (see Berkhout and Verschuur [2006]) using

IWave [Symes et al., 2011a]. An anticline salt structure over-lies the target, i.e., a fault structure.

A seismic line is modelled using a fixed-spread configuration where sources and receivers are placed

at an interval of 15m. This results in a data set of 361× 361 sources and receivers.

Our 3D examples consist of two different data sets. The first data set is generated on a synthetic
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single-layer model. This data set has 50 sources and 50 receivers and we use a frequency slice at

4 Hz. This simple data set allows us to compare the running time of the various algorithms under

consideration. The Compass data set is provided to us by the BG Group and is generated from

an unknown but geologically complex and realistic model. We selected a few 4D monochromatic

frequency slices from this data set at 4.68, 7.34, and 12.3Hz. Each monochromatic frequency slice

has 401×401 receivers spaced by 25m and 68×68 sources spaced by 150m. In all the experiments,

we initialize L and R using random numbers.

3.6.1 2D seismic data

In this section, we compare matrix-completion based techniques to existing curvelet-based interpo-

lation for interpolating 2D seismic data. For details on the curvelet-based reconstruction techniques,

we refer to [Herrmann and Hennenfent, 2008a, Mansour et al., 2013]. For concreteness, we concern

ourselves with the missing-sources scenario, although the missing-receivers scenario is analogous.

In all the experiments, we set the data misfit parameter σ to be equal to η‖B‖F where η ∈ (0, 1)

is the fraction of the input data energy to fit.

Nelson data set

Here, we remove 50%, 75% of the sources, respectively. For the sake of comparing curvelet-based and

rank-minimization based reconstruction methods on identical data, we first interpolate a single 2D

frequency slice at 10 Hz. When working with frequency slices using curvelets, Mansour et al. [2013]

showed that the best recovery is achieved in the midpoint-offset domain, owing to the increased

curvelet sparsity. Therefore, in order to draw a fair comparison with the matrix-based methods, we

perform curvelet-based and matrix-completion based reconstruction in the midpoint-offset domain.

We summarize these results of interpolating a single 2D frequency slice in Table 3.1. Compared

to the costs associated to applying the forward and adjoint curvelet transform, SPG-LR is much

more efficient and, as such, this approach significantly outperforms the `1-based curvelet interpo-

lation. Both methods perform similarly in terms of reconstruction quality for low frequency slices,

since these slices are well represented both as a sparse superposition of curvelets and as a low-rank

matrix. High frequency data slices, on the other hand, are empirically high rank, which can be

shown explicitly for a homogeneous medium as a result of Lemma 2.7 in Engquist and Ying [2007],

and we expect matrix completion to perform less well in this case, as high frequencies contains

oscillations away from the zero-offset. On the other hand, these oscillations can be well approxi-

mated by low-rank values in localized domains. To perform the reconstruction of seismic data in

the high frequency regime, Kumar et al. [2013a] proposed to represent the matrix in the Hierar-

chical semi-separable (HSS) format, wherein data is first windowed in off-diagonal and diagonal

blocks and the diagonal blocks are recursively partitioned. The interpolation is then performed

on each subset separately. In the interest of brevity, we omit the inclusion of this approach here.
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Additionally, since the high frequency slices are very oscillatory, they are much less sparse in the

curvelet dictionary.

Owing to the significantly faster performance of matrix completion compared to the curvelet-

based method, we apply the former technique to an entire seismic data volume by interpolating

each frequency slice in the 5-85Hz band. Figures 3.6 show the interpolation results in case of 75%

missing traces. In order to get the best rank values to interpolation the full seismic line, we first

performed the interpolation for the frequency slices at 10 Hz and 60 Hz. The best rank value we

get for these two slices is 30 and 60 respectively. Keeping this in mind, we work with all of the

monochromatic frequency slices and adjust the rank linearly from 30 to 60 when moving from low

to high frequencies. The running time is 2 h 18 min using SPG-LR on a 2 quad-core 2.6GHz Intel

processor with 16 GB memory and implicit multithreading via LAPACK libraries. We can see

that we have low-reconstruction error with little coherent energy in the residual when 75% of the

sources are missing. Figure 3.7 shows the qualitative measurement of recovery for all frequencies in

the energy-band. We can further mitigate such coherent residual energy by exploiting additional

structures in the data such as symmetry, as in Kumar et al. [2014].

Remark

It is important to note that if we omit the first two principles of matrix completion by interpolat-

ing the signal in the source-receiver domain, as discussed previously, we obtain very poor results, as

shown in Figure 3.8. Similar to CS-based interpolation, choosing an appropriate transform-domain

for matrix and tensor completion is vital to ensure successful recovery.

Table 3.1: Curvelet versus matrix completion (MC). Real data results for completing a
frequency slice of size 401 × 401 with 50% and 75% missing sources. Left : 10 Hz (low
frequency), right : 60 Hz (high frequency). SNR, computational time, and number of
iterations are shown for varying levels of η = 0.08, 0.1.

Curvelets MC
η 0.08 0.1 0.08 0.1

50%
SNR (dB) 18.2 17.3 18.6 17.7
time (s) 1249 1020 15 10

iterations 123 103 191 124

75%
SNR (dB) 13.5 13.2 13.0 13.3
time (s) 1637 1410 8.5 8

iterations 162 119 105 104

Curvelets MC
η 0.08 0.1 0.08 0.1

50%
SNR (dB) 10.5 10.4 12.5 12.4
time (s) 1930 1549 19 13
iteration 186 152 169 118

75%
SNR (dB) 6.0 5.9 6.9 7.0
time (s) 3149 1952 15 10
iteration 284 187 152 105

Gulf of mexico data set

In this case, we remove 80% of the sources. Here, we perform the interpolation on a frequency

spectrum of 5-30hz. Figure 3.10 shows the comparison of the reconstruction error using rank-

63



Figure 3.6: Missing-trace interpolation. Top : Fully sampled data and 75% subsampled
common receiver gather. Bottom Recovery and residual results with a SNR of 9.4 dB.
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Figure 3.7: Qualitative performance of 2D seismic data interpolation for 5-85 Hz frequency
band for 50% and 75% subsampled data.
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Figure 3.8: Recovery results using matrix-completion techniques. Left : Interpolation in the
source-receiver domain, low-frequency SNR 3.1 dB. Right : Difference between true
and interpolated slices. Since the sampling artifacts in the source-receiver domain
do not increase the singular values, matrix completion in this domain is unsuccesful.
This example highlights the necessity of having the appropriate principles of low-rank
recovery in place before a seismic signal can be interpolated effectively.

minimization based approach for a frequency slice at 7Hz and 20 Hz. For visualization purposes,

we only show a subset of interpolated data corresponding to the square block in Figure 3.9, but we

interpolate the monochromatic slice over all sources and receivers. Even in the highly sub-sampled

case of 80%, we are still able to recover to a high SNR of 14.2 dB, 10.5dB, respectively, but we

start losing coherent energy in the residual as a result of the high-subsampling ratio. These results

indicate that even in complex geological environments, low-frequencies are still low-rank in nature.

This can also be seen since, for a continuous function, the smoother the function is (i.e., the more

derivatives it has), the faster its singular values decay (see, for instance, Chang and Ha [1999]).

For comparison purposes, we plot the frequency-wavenumber spectrum of the 20Hz frequency slice

in Figure 3.11 along with the corresponding spectra of matrix with 80% of the sources removed

periodically and uniform randomly. In this case, the volume is approximately three times aliased in

the bandwidth of the original signal for periodic subsampling, while the randomly subsampled case

has created noisy aliases. The average sampling interval for both schemes is the same. As shown in

this figure, the interpolated matrix has a significantly improved spectrum compared to the input.

Figure 3.12 shows the interpolation result over a common receiver gather using rank-minimization

based techniques. In this case, we set the rank parameter to be 40 and use the same rank for all

the frequencies. The running time on a single frequency slice in this case is 7 min using SPG-LR

and 1320 min using curvelets.
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Figure 3.9: Gulf of Mexico data set. Top: Fully sampled monochromatic slice at 7 Hz.
Bottom left : Fully sampled data (zoomed in the square block). Bottom right : 80%
subsampled sources. For visualization purpose, the subsequent figures only show the
interpolated result in the square block.

Synthetic fault model

In this setting, we remove 80% of the sources and display the results in Figure 3.13. For simplicity,

we only perform rank-minimization based interpolation on this data set. In this case we set the

rank parameter to be 30 and used the same for all frequencies. Even though the presence of faults

make the geological environment complex, we are still able to successfully reconstruct the data

volume using rank-minimization based techniques, which is also evident in the low-coherency of

the data residual (Figure 3.13).

66



Source (km)

R
e
c
e
iv

e
r 

(k
m

)

30 35 40 45 50

30

32

34

36

38

40

42

44

46

48

50

Source (km)

R
e
c
e
iv

e
r 

(k
m

)

30 35 40 45 50

30

32

34

36

38

40

42

44

46

48

50

Figure 3.10: Reconstruction errors for frequency slice at 7Hz (left) and 20Hz (right) in case
of 80% subsampled sources. Rank-minimization based recovery with a SNR of 14.2
dB and 11.0 dB respectively.
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Figure 3.11: Frequency-wavenumber spectrum of the common receiver gather. Top left :
Fully-sampled data. Top right : Periodic subsampled data with 80% missing
sources. Bottom left : Uniform-random subsampled data with 80% missing sources.
Bottom Right : Reconstruction of uniformly-random subsampled data using rank-
minimization based techniques. While periodic subsampling creates aliasing, uniform-
random subsampling turns the aliases in to incoherent noise across the spectrum.
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Figure 3.12: Gulf of Mexico data set, common receiver gather. Left : Uniformly-random
subsampled data with 80% missing sources. Middle : Reconstruction results using
rank-minimization based techniques (SNR = 7.8 dB). Right : Residual.
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Figure 3.13: Missing-trace interpolation (80% sub-sampling) in case of geological structures
with a fault. Left : 80% sub-sampled data. Middle: after interpolation (SNR = 23
dB). Right : difference.

68



3.6.2 3D seismic data

Single-layer reflector data

Before proceeding to a more realistically sized data set, we first test the performance of the SPG-LR

matrix completion and the tensor completion method of Kreimer et al. [2013] on a small, synthetic

data set generated from a simple, single-reflector model. We only use a frequency slice at 4 Hz. We

normalize the volume to unit norm and randomly remove 50% of the sources from the data.

For the alternating direction method of multipliers (ADMM) tensor method, we complete the

data volumes in the midpoint-offset domain, which is the same domain used in Kreimer et al.

[2013]. In the context of our framework, we note that the midpoint-offset domain for recovering

3D frequency slices has the same recovery-enhancing properties as for recovering 2D frequency

slices, as mentioned previously. Specifically, missing source sampling tends to increase the rank

of the individual source and receiver matricizations in this domain, making completion via rank-

minimization possible in midpoint-offset compared to source-receiver. In the original source-receiver

domain, removing (xsrc, xrec) points from the tensor does not increase the singular values in the

xsrc and xrec matricizations and hence the reconstruction quality will suffer. On the other hand,

for the matrix completion case, the midpoint-offset conversion is a tight frame that acts on the left

and right singular vectors of the matricized tensor F(xsrc,xrec) and thus does not affect the rank for

this particular matricization. Also in this case, we consider the effects of windowing the input data

on interpolation quality and speed. We let ADMM-w denote the ADMM method with a window

size of w with an additional overlap of approximately 20%. In our experiments, we consider w = 10

(small windows), w = 25 (large windows), and w = 50 (no windowing).

In the ADMM method, the two parameters of note are λ, which control the relative penalty

between data misfit and nuclear norm, and β, which controls the speed of convergence of the

individual matrices X(i) to the tensor F. The λ, β parameters proposed in Kreimer et al. [2013] do

not appear to work for our problems, as using the stated parameters penalizes the nuclear norm

terms too much compared to the data residual term, resulting in the solution tensor converging

to X = 0. Instead, we estimate the optimal λ, β parameters by cross validation, which involves

removing 20% of the 50% known sources, creating a so-called ”test set”, and using the remaining

data points as input data. We use various combinations of λ, β to solve Problem 3.3, using 50

iterations, and compare the SNR of the interpolant on the test set in order to determine the best

parameters, i.e. we estimate the optimal λ, β without reference to the unknown entries of the

tensor. Owing to the large computational costs of the ”no window” case, we scan over the values

of λ increasing exponentially and fix β = 0.5. For the windowed cases, we scan over exponentially

increasing values of λ, β for a single window and use the estimated λ, β for interpolating the other

windows. For the SPG-LR, we set our internal rank parameter to be 20 and allow the algorithm to

run for 1000 iterations. As shown in Aravkin et al. [2014a], as long as the chosen rank is sufficiently
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Method SNR Solve time Parameter selection time Total time

SPG-LR 25.5 0.9 N/A 0.9

ADMM - 50 20.8 87.4 320 407.4

ADMM - 25 16.8 4.4 16.4 20.8

ADMM - 10 10.9 0.1 0.33 0.43

Table 3.2: Single reflector data results. The recovery quality (in dB) and the computational
time (in minutes) is reported for each method. The quality suffers significantly as the
window size decreases due to the smaller redundancy of the input data, as discussed
previously.

large, further increasing the rank parameter will not significantly change the results. We summarize

our results in Table 3.2 and display the results in Figure 3.14.

Even disregarding the time spent selecting ideal parameters, SPG-LR matrix completion dras-

tically outperforms the ADMM method on this small example. The tensor-based, per-dimension

windowing approach also degrades the overall reconstruction quality, as the algorithm is unable to

take advantage of the redundancy of the full data volume once the windows are sufficiently small.

There is a very prominent tradeoff between recovery speed and reconstruction quality as the size

of the windows become smaller, owing to the expensive nature of the ADMM approach itself for

large data volumes and the inherent redundancy in the full data volume that makes interpolation

possible which is decreased when windowing.

BG compass data

Owing to the smoothness of the data at lower frequencies, we uniformly downsample the individual

frequency slices in the receiver coordinates without introducing aliasing. This reduces the overall

computational complexity while simultaneously preserving the recovery quality. The 4.64Hz, 7.34Hz

and 12.3Hz slices were downsampled to 101×101, 101×101 and 201×201 receiver grids, respectively.

For these problems, the data was subsampled along the source coordinates by removing 25%, 50%,

and 75% of the shots.

In order to apply matrix completion without windowing on the entire data set, the data was

organized as a matrix using the low-rank promoting organization described previously. We used

Jellyfish and SPG-LR implementations to complete the resulting incomplete matrix and compared

these methods to the ADMM Tensor method and LMaFit, an alternating least-squares approach

to matrix completion detailed in Wen et al. [2012]. LMaFit is a fast matrix completion solver

that avoids using nuclear norm penalization but must be given an appropriate rank parameter in

order to achieve reasonable results. We use the code available from the author’s website. SPG-LR,

ADMM, and LMaFit were run on a 2 quad-core 2.6GHz Intel processor with 16 GB memory and

implicit multithreading via LAPACK libraries while Jellyfish was run on a dual Xeon X650 CPU
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Figure 3.14: ADMM data fit + recovery quality (SNR) for single reflector data, common
receiver gather. Middle row: recovered slices, bottom row: residuals corresponding to
each method in the middle row. Tensor-based windowing appears to visibly degrade
the results, even with overlap.

(6 x 2 cores) with 24 GB of RAM with explicit multithreading. The hardware configurations of

both of these environments are very similar, which results in SPG-LR and Jellyfish performing

comparably.

For the Jellyfish experiments, the model parameter µ, which plays the same role as the λ

parameter above, and the optimization parameters (initial step size and step decay) were selected

by validation, which required 120 iterations of the optimization procedure for each (frequency,

subsampling ratio) pair. The maximum rank value was set to the rank value used in the SPG-LR

results. For the SPG-LR experiments, we interpolate a subsection of the data for various rank

values and arrived at 120, 150 and 200 as the best rank parameters for each frequency. We perform

the same validation techniques on the rank parameter k of LMaFit. In order to focus solely on

comparing computational times, we omit reporting the parameter selection times for the ADMM

method.

The results for 75% missing sources in Figure 3.15 demonstrate that, even in the low subsampling
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regime, matrix completion methods can successfully recover the missing shot data at these low

frequencies. Table 3.3 gives an extensive summary of our results for different subsampling ratios and

frequencies. The comparative results between Jellyfish and SPG-LR agree the with the theoretical

results that establish the equivalence of BPDNσ and QPλ formulations. The runtime values include

the parameter estimation procedure, which was carried out individually in each case. As we have

seen previously, the ADMM approach does not perform well both in terms of computational time

and in terms of recovery.

In our experiments, we noticed that successful parameter combinations work well for other

problems too. Hence we can argue that in a real-world problem, once a parameter combination

is selected, it can be used for different instances or it can be used as an initial point for a local

parameter search.

Matrix completion with windowing

When windowing the data, we use the same matricizations of the data as discussed previously,

but now split the volume in to nonoverlapping windows. We now use matrix completion on the

resulting windows of data individually. We used Jellyfish for matrix completion on individual

windows. Again, we use cross validation to select our parameters. We performed the experiments

with two different window sizes. For the small window case, the matricization was partitioned

into 4 segments along rows and columns, totalling 16 windows. For the large window case, the

matricization was split into 16 segments along rows and columns, yielding 256 windows. This

windowing is distinctly different from the windowing explored for the single-layer model, since here

we are windowing the matricized form of the tensor, in the (xsrc, xrec) unfolding, as opposed to

the per-dimension windowing in the previous section. The resulting windows created in this way

contain much more sampled data than in the tensor-windowing case yet are still small enough in

size to be processed efficiently.

The results in Figure 3.16 suggest that for this particular form of windowing, the matrix comple-

tion results are particularly degraded by only using small windows of data at a time. As mentioned

previously, since we are relying on a high redundancy (with respect to the SVD) in the underlying

and sampled data to perform matrix completion, we are reducing the overall redundancy of the in-

put data by partitioning it. On the other hand, the real-world benefits of windowing in this context

become apparent when the data cannot be fit into the memory at the cost of reconstruction quality.

In this case, windowing allows us to partition the problem, offsetting the I/O cost that would result

from memory paging. Based on these results, whenever possible, we strive to include as much data

as possible in a given problem in order to recover the original matrix/tensor adequately.
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Figure 3.15: BG 5-D seismic data, 12.3 Hz, 75% missing sources. Middle row: interpolation
results, bottom row: residuals.

3.7 Discussion

As the above results demonstrate, the L,R matrix completion approach significantly outperforms

the ADMM tensor-based approach due to the need to avoid the computation of SVDs as well as the

minimal duplication of variables compared to the latter method. For the simple synthetic data, the

ADMM method is able to achieve a similar recovery SNR to matrix completion, albeit at a much

larger computational cost. For realistically sized data sets, the difference between the two methods

can mean the difference between hours and days to produce an adequate result. In terms of the

difference between SPG-LR and Jellyfish matrix completion, both return results that are similar

in quality, which agrees with the fact that they are both based off of L,R factorizations and the

ranks used in these experiments are identical. Compared to these two methods, LMaFit converges
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Figure 3.16: BG 5D seismic data, 4.68 Hz, Comparison of interpolation results with and
without windowing using Jellyfish for 75% missing sources. Top row: interpolation
results for differing window sizes, bottom row: residuals.

Frequency Missing sources SPG-LR Jellyfish ADMM LmaFit
SNR Time SNR Time SNR Time SNR Time

4.68 Hz
75% 15.9 84 16.34 36 0.86 1510 14.7 204
50% 20.75 96 19.81 82 3.95 1510 17.5 91
25% 21.47 114 19.64 124 9.17 1510 18.9 66

7.34 Hz
75% 11.2 84 11.99 52 0.39 1512 10.7 183
50% 15.2 126 15.05 146 1.71 1512 14.1 37
25% 16.3 138 15.31 195 4.66 1512 14.3 21

12.3 Hz
75% 7.3 324 9.34 223 0.06 2840 8.1 814
50% 12.6 438 12.12 706 0.21 2840 11.1 72
25% 14.02 450 12.90 1295 0.42 2840 11.3 58

Table 3.3: 3D seismic data results. The recovery quality (in dB) and the computational time
(in minutes) is reported for each method.
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much faster for regimes when there is more data available, while producing a lower quality result.

When there is very little data available, as is typical in realistic seismic acquisition scenarios, the

algorithm has issues converging. We note that, since it is a sparse linear algebra method, Jellyfish

tends to outperform SPG-LR when the number of missing traces is high. This sparse linear algebra

approach can conceivably be employed with the SPG-LR machinery. In these examples, we have

not made any attempts to explicitly parallelize the SPG-LR or ADMM methods, instead relying

on the efficient dense linear algebra routines used in Matlab, whereas Jellyfish is an inherently

parallelized method.

Without automatic mechanisms for parameter selection as in SPG-LR, the Jellyfish, ADMM,

and LMaFit algorithms rely on cross-validation techniques that involve solving many problem

instances at different parameters. The inherently parallel nature of Jellyfish allows it to solve each

problem instance very quickly and thus achieves very similar performance to SPG-LR. LMaFit

has very fast convergence when there is sufficient data, but slows down significantly in scenarios

with very little data. The ADMM method, on the other hand, scales much more poorly for

large data volumes and spends much more time on parameter selection than the other methods.

However, in practice, we can assume that across frequency slices, say, optimally chosen parameters

for one frequency slice will likely work well for neighbouring frequency slices and thus the parameter

selection time can be amortized over the whole volume.

In our experiments, aside from the simple 3D layer model and the Nelson dataset, the geological

models used were not low rank. That is to say, the models had complex geology and were not simply

horizontally layered media. Instead, through the use of these low rank techniques, we are exploiting

the low rank structure of the data volumes achieved from the data acquisition process, not merely

any low rank structure present in the models themselves. As the temporal frequency increases, the

inherent rank of the resulting frequency slices increases, which makes low rank interpolation more

challenging. Despite this observation, we still achieve reasonable results for higher frequencies using

our methods.

As predicted by our theoretical considerations, the choice of windowing in this case has a

negative effect on the generated results in the situation where the earth model permits a low-rank

representation that is reflected in the midpoint-offset domain. In case of earth models that are not

inherently low-rank, such as those with salt bodies, we can still recover the low-frequency slices

as shown by the examples without performing the windowing on the data sets. As a general rule

of thumb, we advise to incorporate as much of the input data is possible in to a given matrix-

completion problem but clearly there is a tradeoff between the size of the data windows, the

amount of memory available to process such volumes, and the inherent complexity of the model.

Additionally, one should avoid methods that needlessly create extraneous copies of the data when

working with large scale volumes.

Here we have also demonstrated the importance of theoretical components for signal recovery

using matrix and tensor completion methods. By ignoring these principles of matrix completion, a
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practitioner can unintentionally find herself in a disadvantageous scenario and produce sub-optimal

results without a guiding theory to remedy the situation. However, by choosing an appropriate

transform domain in which to complete the matrix or tensor, we can successfully employ this rank-

minimizing machinery to interpolate a signal with missing traces in a computationally efficient

manner.

From a practitioner’s point of view, the purpose of this interpolation machinery is to remove the

acquisition footprint from missing-trace data that is used in further downstream seismic processes

such as migration and full waveform inversion. These techniques can help mitigate the lack of data

coverage in certain areas that would otherwise have created artifacts or non-physical regions in a

seismic image.

3.8 Conclusion

Building upon existing knowledge of compressive sensing as a successful signal recovery paradigm,

this work has outlined the necessary components of using matrix and tensor completion methods

for interpolating large-scale seismic data volumes. As we have demonstrated numerically, with-

out the necessary components of a low-rank domain, a rank-increasing sampling scheme, and a

rank-minimizing optimization scheme, matrix completion-based techniques cannot successfully re-

cover subsampled seismic signals. Once all of these ingredients are in place, however, we can use

existing convex solvers to recover the fully sampled data volume. Since such solvers invariably

involve computing singular-value decomposition of large matrices, we have presented two alter-

native factorized-based formulations that scale much more efficiently than their strictly convex

counterparts when the data volumes are large. We have shown that our factorization-based ma-

trix completion approach is very competitive compared to existing curvelet-based methods for 2D

seismic data and alternating direction method of multipliers tensor-based methods for 3D seismic

data.

From a practical point of view, this theoretical framework is exceedingly flexible. We have

shown the effectiveness of midpoint-offset organization for 2D data and (xsource, xreceiver) matrix

organization for 3D data for promoting low-rank structure in the data volumes but it is conceivable

that other seismic data organizations could also be useful in this regard, e.g., midpoint-offset-

azimuth. Our optimization framework also allows us to operate on both large-scale data without

having to select a large number of parameters and we do not need to recourse to using small windows

of data, which may degrade the recovery results. In the seismic context, reusing the interpolated

results from lower frequencies as a warm-start for interpolating data at higher frequencies can

further reduce the overall computational costs. The proposed approach to matrix completion and

the Jellyfish method are very promising for large scale data sets and can conceivably be applied to

interpolate wide azimuth data sets as well.
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Chapter 4

Source separation for simultaneous

towed-streamer marine acquisition—a

compressed sensing approach

4.1 Summary

Apart from performing seismic data interpolation as shown in previous chapters, rank-minimization

based techniques have shown great potential in dealing with seismic data acquired in simultaneous

fashion. In marine environment, simultaneous acquisition is an economic way to sample seismic

data and speedup acquisition, wherein single and/or multiple source vessels fire sources at near-

simultaneous or slightly random times, resulting in overlapping shot records. The current paradigm

for simultaneous towed-streamer marine acquisition incorporates “low-variability” in source firing

times—i.e., 0 ≤ 1 or 2 seconds, since both the sources and receivers are moving. This results

in low degree of randomness in simultaneous data, which is challenging to separate (into its con-

stituent sources) using compressed sensing based separation techniques since randomization is the

key to successful recovery via compressed sensing. In this chapter, we address the challenge of

source separation for simultaneous towed-streamer acquisitions via two compressed sensing based

approaches—i.e., sparsity-promotion and rank-minimization. We illustrate the performance of both

the sparsity-promotion and rank-minimization based techniques by simulating two simultaneous

towed-streamer acquisition scenarios—i.e., over/under and simultaneous long offset. A field data

example from the Gulf of Suez for the over/under acquisition scenario is also included. We observe

that the proposed approaches give good and comparable recovery qualities of the separated sources,

but the rank-minimization technique outperforms the sparsity-promoting technique in terms of the

computational time and memory. We also compare these two techniques with the NMO-based

A version of this chapter has been published in Geophysics, 2016, vol 80, pages WD73-WD88.
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median filtering type approach.

4.2 Introduction

The benefits of simultaneous source marine acquisition are manifold—it allows the acquisition of

improved-quality seismic data at standard (conventional) acquisition turnaround, or a reduced

turnaround time while maintaining similar quality, or a combination of both advantages. In simul-

taneous marine acquisition, a single or multiple source vessels fire sources at near-simultaneous or

slightly random times resulting in overlapping shot records [de Kok and Gillespie, 2002, Beasley,

2008, Berkhout, 2008b, Hampson et al., 2008, Moldoveanu and Quigley, 2011, Abma et al., 2013], as

opposed to non-overlapping shot records in conventional marine acquisition. A variety of simulta-

neous source survey designs have been proposed for towed-streamer and ocean bottom acquisitions,

where small-to-large random time delays between multiple sources have been used [Beasley, 2008,

Moldoveanu and Fealy, 2010, Mansour et al., 2012c, Abma et al., 2013, Wason and Herrmann,

2013b, Mosher et al., 2014].

An instance of low-variability in source firing times—e.g., 0 ≤ 1 (or 2) second, is the over/under

(or multi-level) source acquisition [Hill et al., 2006, Moldoveanu et al., 2007, Lansley et al., 2007,

Long, 2009, Hegna and Parkes, 2012, Torben Hoy, 2013]. The benefits of acquiring and processing

over/under data are clear, the recorded bandwidth is extended at both low and high ends of the

spectrum since the depths of the sources produce complementary ghost functions, avoiding deep

notches in the spectrum. The over/under acquisition allows separation of the up- and down-going

wavefields at the source (or receiver) using a vertical pair of sources (or receivers) to determine

wave direction. Simultaneous long offset acquisition (SLO) is another variation of simultaneous

towed-streamer acquisition, where an extra source vessel is deployed, sailing one spread-length

ahead of the main seismic vessel [Long et al., 2013]. The SLO technique is better in comparison

to conventional acquisition since it provides longer coverage in offsets, less equipment downtime

(doubling the vessel count inherently reduces the streamer length by half), easier maneuvering, and

shorter line turns.

Simultaneous acquisition (e.g., over/under and SLO) results in seismic interferences or source

crosstalk that degrades quality of the migrated images. Therefore, an effective (simultaneous)

source separation technique is required, which aims to recover unblended interference-free data—

as acquired during conventional acquisition—from simultaneous data. The challenge of source

separation (or deblending) has been addressed by many researchers [Stefani et al., 2007, Moore et al.,

2008, Akerberg et al., 2008, Huo et al., 2009], wherein the key observation has been that as long

as the sources are fired at suitably randomly dithered times, the resulting interferences (or source

crosstalk) will appear noise-like in specific gather domains such as common-offset and common-

receiver, turning the separation problem into a (random) noise removal procedure. Inversion-type

algorithms [Moore, 2010, Abma et al., 2010, Mahdad et al., 2011, Doulgeris et al., 2012, Baardman
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and van Borselen, 2013] take advantage of sparse representations of coherent seismic signals. Wason

and Herrmann [2013a]; Wason and Herrmann [2013b] proposed an alternate sampling strategy

for simultaneous acquisition (time-jittered marine) that leverages ideas from compressed sensing

(CS), addressing the deblending problem through a combination of tailored (blended) acquisition

design and sparsity-promoting recovery via convex optimization using one-norm constraints. This

represents a scenario of high-variability in source firing times—e.g., > 1 second, resulting in irregular

shot locations.

One of the source separation techniques is the normal moveout based median filtering, where the

key idea is as follows: i) transform the blended data into the midpoint-offset domain, ii) perform

semblance analysis on common-midpoint gathers to pick the normal moveout (NMO) velocities

followed by NMO corrections, iii) perform median filtering along the offset directions and then

apply inverse NMO corrections. One of the major assumptions in the described workflow is that

the seismic events become flat after NMO corrections, however, this can be challenging when the

geology is complex and/or with the presence of noise in the data. Therefore, the above process

along with the velocity analysis is repeated a couple of times to get a good velocity model to

eventually separate simultaneous data.

Recently, rank-minimization based techniques have been used for source separation by Maras-

chini et al. [2012] and Cheng and Sacchi [2013]. The general idea is to exploit the low-rank structure

of seismic data when it is organized in a matrix. Low-rank structure refers to the small number

of nonzero singular values, or quickly decaying singular values. Maraschini et al. [2012] followed

the rank-minimization based approach proposed by Oropeza and Sacchi [2011], who identified that

seismic temporal frequency slices organized into a block Hankel matrix, in ideal conditions, is a

matrix of rank k, where k is the number of different plane waves in the window of analysis. Oropeza

and Sacchi [2011] showed that additive random noise increase the rank of the block Hankel matrix

and presented an iterative algorithm that resembles seismic data reconstruction with the method of

projection onto convex sets, where they use a low-rank approximation of the Hankel matrix via the

randomized singular value decomposition [Liberty et al., 2007, Halko et al., 2011a] to interpolate

seismic temporal frequency slices. While this technique may be effective the approach requires

embedding the data into an even larger space where each dimension of size n is mapped to a matrix

of size n×n. Consequently, these approaches are applied on small data windows, where one has to

choose the size of these windows. Although mathematically desirable due to the seismic signal be-

ing stationary in sufficiently small windows, Kumar et al. [2015a] showed that the act of windowing

from a matrix-rank point of view degrades the quality of reconstruction in the case of missing-trace

interpolation. Choosing window sizes apriori is also a difficult task, as it is not altogether obvious

how to ensure that the resulting sub-volume is approximately a plane-wave.
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4.2.1 Motivation

The success of CS hinges on randomization of the acquisition, as presented in our previous work

on simultaneous source acquisition [Mansour et al., 2012c, Wason and Herrmann, 2013b], which

represents a case of high-variability in source firing times—e.g., within a range of 1-20 seconds, re-

sulting in overlapping shot records that lie on irregular spatial grids. Consequently, this made our

method applicable to marine acquisition with ocean bottom cables/nodes. Successful separation of

simultaneous data by sparse inversion via one-norm minimization, in this high-variability scenario,

motivated us to analyze the performance of our separation algorithm for the low-variability, simulta-

neous towed-streamer acquisitions. In this chapter, we address the challenge of source separation for

two types of simultaneous towed-streamer marine acquisition—over/under and simultaneous long

offset. We also compare the sparsity-promoting separation technique with separation via rank-

minimization based technique, since the latter is relatively computationally faster and memory

efficient, as shown by Kumar et al. [2015a] for missing-trace interpolation.

4.2.2 Contributions

Our contributions in this work are the following: first, we propose a practical framework for source

separation based upon the compressed sensing (CS) theory, where we outline the necessary con-

ditions for separating the simultaneous towed-streamer data using sparsity-promoting and rank-

minimization techniques. Second, we show that source separation using the rank-minimization

based framework includes a “transform domain” where we exploit the low-rank structure of seismic

data. We further establish that in simultaneous towed-streamer acquisition each monochromatic

frequency slice of the fully sampled blended data matrix with periodic firing times has low-rank

structure in the proposed transform domain. However, uniformly random firing-time delays increase

the rank of the resulting frequency slice in this transform domain, which is a necessary condition

for successful recovery via rank-minimization based techniques.

Third, we show that seismic frequency slices in the proposed transform domain exhibit low-

rank structure at low frequencies, but not at high frequencies. Therefore, in order to exploit the

low-rank structure at higher frequencies we adopt the Hierarchical Semi-Separable matrix repre-

sentation (HSS) method proposed by Chandrasekaran et al. [2006] to represent frequency slices.

Finally, we combine the (SVD-free) matrix factorization approach recently developed by Lee et al.

[2010a] with the Pareto curve approach proposed by Berg and Friedlander [2008]. This renders the

framework suitable for large-scale seismic data since it avoids the computation of the singular value

decomposition (SVD), a necessary step in traditional rank-minimization based methods, which is

prohibitively expensive for large matrices.

We simulate two simultaneous towed-streamer acquisitions—over/under and simultaneous long

offset, and also use a field data example for over/under acquisition. We compare the recovery in

terms of the separation quality, computational time and memory usage. In addition, we also make
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comparisons with the NMO-based median filtering type technique proposed by Chen et al. [2014].

4.3 Theory

Compressed sensing is a signal processing technique that allows a signal to be sampled at sub-

Nyquist rate and offers three fundamental principles for successful reconstruction of the original

signal from relatively few measurements. The first principle utilizes the prior knowledge that the

underlying signal of interest is sparse or compressible in some transform domain—i.e., if only a

small number k of the transform coefficients are nonzero or if the signal can be well approximated

by the k largest-in-magnitude transform coefficients. The second principle is based upon a sampling

scheme that breaks the underlying structure—i.e., decreases the sparsity of the original signal in the

transform domain. Once the above two principles hold, a sparsity-promoting optimization problem

can be solved in order to recover the fully sampled signal. It is well known that seismic data admit

sparse representations by curvelets that capture “wavefront sets” efficiently (see e.g., Smith [1998],

Candès and Demanet [2005], Hennenfent and Herrmann [2006a] and the references therein).

For high resolution data represented by the N -dimensional vector f0 ∈ RN , which admits a

sparse representation x0 ∈ CP in some transform domain characterized by the operator S ∈ CP×N

with P ≥ N , the sparse recovery problem involves solving an underdetermined system of equations:

b = Ax0, (4.1)

where b ∈ Cn, n � N ≤ P , represents the compressively sampled data of n measurements, and

A ∈ Cn×P represents the measurement matrix. We denote by x0 a sparse synthesis coefficient

vector of f0. When x0 is strictly sparse—i.e., only k < n nonzero entries in x0, sparsity-promoting

recovery can be achieved by solving the `0 minimization problem, which is a combinatorial problem

and quickly becomes intractable as the dimension increases. Instead, the basis pursuit denoise

(BPDNε) convex optimization problem:

minimize
x∈CP

‖x‖1 subject to ‖b−Ax‖2 ≤ ε, (BPDNε)

can be used to recover x̃, which is an estimate of x0. Here, ε represents the error-bound in

the least-squares misfit and the `1 norm ‖x‖1 is the sum of absolute values of the elements of a

vector x. The matrix A can be composed of the product of an n × N sampling (or acquisition)

matrix M and the sparsifying operator S such that A := MSH , here H denotes the Hermitian

transpose. Consequently, the measurements are given by b = Ax0 = Mf0. A seismic line with Ns

sources, Nr receivers, and Nt time samples can be reshaped into an N dimensional vector f , where

N = Ns×Nr×Nt. For simultaneous towed-streamer acquisition, given two unblended data vectors
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x1 and x2 and (blended) measurements b, we can redefine Equation 4.1 as

A︷ ︸︸ ︷[
MT1SH MT2SH

] x︷ ︸︸ ︷[
x1

x2

]
= b,

(4.2)

where T1 and T2 are defined as the firing-time delay operators which apply uniformly random

time delays to the first and second source, respectively. Note that accurate knowledge of the firing

times is essential for successful recovery by the proposed source separation techniques. We wish

to recover a sparse approximation f̃ of the discretized wavefield f (corresponding to each source)

from the measurements b. This is done by solving the BPDNε sparsity-promoting program, using

the SPG`1 solver [see Berg and Friedlander, 2008, Hennenfent et al., 2008, for details], yielding

f̃ = SH x̃ for each source.

Sparsity is not the only structure seismic data exhibits where three- or five-dimensional seismic

data is organized as a vector. High-dimensional seismic data volumes can also be represented

as matrices or tensors, where the low-rank structure of seismic data can be exploited [Trickett

and Burroughs, 2009, Oropeza and Sacchi, 2011, Kreimer and Sacchi, 2012a, Silva and Herrmann,

2013b, Aravkin et al., 2014b]. This low-rank property of seismic data leads to the notion of matrix

completion theory which offers a reconstruction strategy for an unknown matrix X from its known

subsets of entries [Candès and Recht, 2009, Recht et al., 2010a]. The success of matrix completion

framework hinges on the fact that regularly sampled target dataset should exhibit a low-rank

structure in the rank-revealing “transform domain” while subsampling should destroy the low-rank

structure of seismic data in the transform domain.

4.3.1 Rank-revealing “transform domain”

Following the same analogy of CS, the main challenge in applying matrix completion techniques to

the source separation problem is to find a “transform domain” wherein: i) fully sampled conven-

tional (or unblended) seismic data have low-rank structure—i.e., quickly decaying singular values;

ii) blended seismic data have high-rank structure—i.e., slowly decaying singular values. When these

properties hold, rank-minimization techniques (used in matrix completion) can be used to recover

the deblended signal. Kumar et al. [2013a] showed that the frequency slices of unblended seismic

data do not exhibit low-rank structure in the source-receiver (s-r) domain since strong wavefronts

extend diagonally across the s-r plane. However, transforming the data into the midpoint-offset

(m-h) domain results in a vertical alignment of the wavefronts, thereby reducing the rank of the
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frequency slice matrix. The midpoint-offset domain is a coordinate transformation defined as:

xmidpoint =
1

2
(xsource + xreceiver),

xoffset =
1

2
(xsource − xreceiver).

These observations motivate us to exploit the low-rank structure of seismic data in the midpoint-

offset domain for simultaneous towed-streamer acquisition. Figures 4.1a and 4.1c show a monochro-

matic frequency slice (at 5 Hz) for simultaneous acquisition with periodic firing times in the source-

receiver (s-r) and midpoint-offset (m-h) domains, while Figures 4.1b and 4.1d show the same for

simultaneous acquisition with random firing-time delays. Note that we use the source-receiver

reciprocity to convert each monochromatic frequency slice of the towed-streamer acquisition to

split-spread type acquisition, which is required by our current implementation of rank-minimization

based techniques for 2-D seismic acquisition. For 3-D seismic data acquisition, however, where seis-

mic data exhibit 5-D structure, we can follow the strategy proposed by Kumar et al. [2015a], where

different matricization is used as a transformation domain to exploit the low-rank structure of seis-

mic data. Therefore, in 3-D seismic data acquisition we do not have to work in the midpoint-offset

domain which removes the requirement of source-receiver reciprocity.

As illustrated in Figure 4.1, simultaneously acquired data with periodic firing times preserves

continuity of the waveforms in the s-r and m-h domains, which inherently do not change the

rank of blended data compared to unblended data. Introducing random time delays destroys

continuity of the waveforms in the s-r and m-h domains, thus increasing the rank of the blended

data matrix drastically, which is a necessary condition for rank-minimization based algorithms

to work effectively. To illustrate this behaviour, we plot the decay of the singular values of a 5

Hz monochromatic frequency slice extracted from the periodically and randomized simultaneous

acquisition in the s-r and m-h domains, respectively in Figure 4.2a. Note that uniformly random

firing-time delays do not noticeably change the decay of the singular values in the source-receiver

(s-r) domain, as expected, but significantly slow down the decay rate in the m-h domain.

Similar trends are observed for a monochromatic frequency slice at 40 Hz in Figure 4.2b. Fol-

lowing the same analogy, Figures 4.2c and 4.2d show how randomization in acquisition destroys the

sparse structure of seismic data in the source-channel (or source-offset) domain—i.e., slow decay of

the curvelet coefficients, hence, favouring recovery via sparsity-promotion in this domain. Similarly,

for simultaneous long offset acquisition, we exploit the low-rank structure of seismic data in the

m-h domain, and the sparse structure in the source-channel domain.

Seismic frequency slices exhibit low-rank structure in the m-h domain at low frequencies, but

the same is not true for data at high frequencies. This is because in the low-frequency slices, the

vertical alignment of the wavefronts can be accurately approximated by a low-rank representation.

On the other hand, high-frequency slices include a variety of wave oscillations that increase the rank,
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Figure 4.1: Monochromatic frequency slice at 5 Hz in the source-receiver (s-r) and midpoint-
offset (m-h) domain for blended data (a,c) with periodic firing times and (b,d) with
uniformly random firing times for both sources.

even though the energy remains focused around the diagonal [Kumar et al., 2013a]. To illustrate

this phenomenon, we plot a monochromatic frequency slice at 40 Hz in the s-r domain and the m-h

domain for over/under acquisition in Figure 4.3. When analyzing the decay of the singular values

for high-frequency slices in the s-r domain and the m-h domain (Figure 4.2b), we observe that the

singular value decay is slower for the high-frequency slice than for the low-frequency slice. Therefore,

rank-minimization in the high-frequency range requires extended formulations that incorporate the

low-rank structure.

To exploit the low-rank structure of high-frequency data, we rely on the Hierarchical Semi-

Separable matrix representation (HSS) method proposed by Chandrasekaran et al. [2006] to rep-

resent frequency slices. The key idea in the HSS representation is that certain full-rank matrices,

e.g., matrices that are diagonally dominant with energy decaying along the off-diagonals, can be

represented by a collection of low-rank sub-matrices. Kumar et al. [2013a] showed the possibility

of finding accurate low-rank approximations of sub-matrices of the high-frequency slices by par-

titioning the data into the HSS structure for missing-trace interpolation. Jumah and Herrmann

[2014] showed that HSS representations can be used to reduce the storage and computational cost
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Figure 4.2: Decay of singular values for a frequency slice at (a) 5 Hz and (b) 40 Hz of
blended data. Source-receiver domain: blue—periodic, red—random delays. Midpoint-
offset domain: green—periodic, cyan—random delays. Corresponding decay of the
normalized curvelet coefficients for a frequency slice at (c) 5 Hz and (d) 40 Hz of
blended data, in the source-channel domain.

for the estimation of primaries by sparse inversions. They combined the HSS representation with

the randomized SVD proposed by Halko et al. [2011c] to accelerate matrix-vector multiplications

that are required for sparse inversion.

4.3.2 Hierarchical semi-separable matrix representation (HSS)

The HSS structure first partitions a matrix into diagonal and off-diagonal sub-matrices. The same

partitioning structure is then applied recursively to the diagonal sub-matrices only. To illustrate the

HSS partitioning, we consider a 2-D monochromatic high-frequency data matrix at 40 Hz in the s-r

domain. We show the first-level of partitioning in Figure 4.4a and the second-level partitioning in

Figure 4.4b in their corresponding source-receiver domains. Figures 4.5a and 4.5b display the first-

level off-diagonal sub-blocks, Figure 4.5c is the diagonal sub-block, and the corresponding decay of

the singular values is displayed in Figure 4.6. We can clearly see that the off-diagonal sub-matrices

have low-rank structure, while the diagonal sub-matrices have higher rank. Further partitioning

of the diagonal sub-blocks (Figure 4.4b) allows us to find better low-rank approximations. The

same argument holds for the simultaneous long offset acquisition. Therefore, for low-variability

acquisition scenarios, each frequency slice is first partitioned using HSS and then deblended in its

respective m-h domain, as showed for missing-trace interpolation by Kumar et al. [2013a].
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Figure 4.3: Monochromatic frequency slice at 40 Hz in the s-r and m-h domain for blended
data (a,c) with periodic firing times and (b,d) with uniformly random firing times for
both sources.

[a] [b]

Figure 4.4: HSS partitioning of a high-frequency slice at 40 Hz in the s-r domain: (a) first-
level, (b) second-level, for randomized blended acquisition.
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Figure 4.5: (a,b,c) First-level sub-block matrices (from Figure 4.4a).

Figure 4.6: Decay of singular values of the HSS sub-blocks in s-r domain: red—Figure 4.5a,
black—Figure 4.5b, blue—Figure 4.5c.
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One of the limitations of matrix completion type approaches for large-scale seismic data is the

nuclear-norm projection, which inherently involves the computation of singular value decomposi-

tions (SVD). Aravkin et al. [2014b] showed that the computation of SVD is prohibitively expensive

for large-scale data such as seismic, therefore, we propose a matrix-factorization based approach to

avoid the need for expensive computation of SVDs [see Aravkin et al., 2014b, for details]. In the

next section, we introduce the matrix completion framework and explore its necessary extension to

separate large-scale simultaneous seismic data.

4.3.3 Large-scale seismic data: SPG-LR framework

Let X0 be a low-rank matrix in Cn×m and A be a linear measurement operator that maps from

Cn×m → Cp with p� n×m. Under the assumption that the blending process increases the rank

of the matrix X0, the source separation problem is to find the matrix of lowest possible rank that

agrees with the above observations. The rank-minimization problem involves solving the following

problem for A, up to a given tolerance ε:

minimize
X

rank(X) subject to ‖A(X)− b‖2 ≤ ε,

where rank is defined as the maximum number of linearly independent rows or column of a ma-

trix, b is a set of blended measurements. For simultaneous towed-streamer acquisition, we follow

equation 4.2 and redefine our system of equations as

A︷ ︸︸ ︷[
MT1SH MT2SH

] X︷ ︸︸ ︷[
X1

X2

]
= b,

where S is the transformation operator from the s-r domain to the m-h domain. Recht et al.

[2010b] showed that under certain general conditions on the operator A, the solution to the rank-

minimization problem can be found by solving the following nuclear-norm minimization problem:

minimize
X

‖X‖∗ subject to ‖A(X)− b‖2 ≤ ε, (BPDNε)

where ‖X‖∗ = ‖σ‖1, and σ is a vector of singular values. Unfortunately, for large-scale data, solving

the BPDNε problem is difficult since it requires repeated projections onto the set ‖X‖∗ ≤ τ , which

means repeated SVD or partial SVD computations. Therefore, in this paper, we avoid computing

singular value decompositions (SVD) of the matrices and use an extension of the SPG`1 solver

[Berg and Friedlander, 2008] developed for the BPDNε problem in Aravkin et al. [2013b]. We refer

to this extension as SPG-LR in the rest of the paper. The SPG-LR algorithm finds the solution

to the BPDNε problem by solving a sequence of LASSO (least absolute shrinkage and selection
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operator) subproblems:

minimize
X

‖A(X)− b‖2 subject to ||X||∗ ≤ τ, (LASSOτ )

where τ is updated by traversing the Pareto curve. The Pareto curve defines the optimal trade-off

between the two-norm of the residual and the one-norm of the solution [Berg and Friedlander,

2008]. Solving each LASSO subproblem requires a projection onto the nuclear-norm ball ‖X‖∗ ≤ τ
in every iteration by performing a singular value decomposition and then thresholding the singular

values. For large-scale seismic problems, it becomes prohibitively expensive to carry out such a

large number of SVDs. Instead, we adopt a recent factorization-based approach to nuclear-norm

minimization [Rennie and Srebro, 2005a, Lee et al., 2010a, Recht and Ré, 2011]. The factorization

approach parametrizes the matrix (X1, X2) ∈ Cn×m as the product of two low-rank factors (L1,

L2) ∈ Cn×k and (R1, R2) ∈ Cm×k such that,

X =

[
L1R

H
1

L2R
H
2

]
. (4.3)

Here, k represents the rank of the L and R factors. The optimization scheme can then be carried

out using the factors (L1,L2) and (R1,R2) instead of (X1,X2), thereby significantly reducing the

size of the decision variable from 2nm to 2k(n + m) when k � m,n. Rennie and Srebro [2005a]

showed that the nuclear-norm obeys the relationship:

‖X‖∗ ≤ 1

2

∥∥∥∥∥
[

L1

R1

]∥∥∥∥∥
2

F

+
1

2

∥∥∥∥∥
[

L2

R2

]∥∥∥∥∥
2

F

=: Φ(L1,R1,L2,R2), (4.4)

where ‖ · ‖2F is the Frobenius norm of the matrix—i.e., sum of the squared entires. Consequently,

the LASSO subproblem can be replaced by

minimize
L1,R1,L2,R2

‖A(X)− b‖2 subject to Φ(L1,R1,L2,R2) ≤ τ , (4.5)

where the projection onto Φ(L1,R1,L2,R2) ≤ τ is easily achieved by multiplying each factor

(L1,L2) and (R1,R2) by the scalar
√

2τ/Φ(L1,R1,L2,R2). Equation 4.4, for each HSS sub-matrix

in the m-h domain, guarantees that ‖X‖∗ ≤ τ for any solution of 4.5. Once the optimization problem

is solved, each sub-matrix in the m-h domain is transformed back into the s-r domain, where we

concatenate all the sub-matrices to get the deblended monochromatic frequency data matrices.

One of the advantages of the HSS representation is that it works with recursive partitioning of a

matrix and sub-matrices can be solved in parallel, speeding up the optimization formulation.
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4.4 Experiments

We perform source separation for two simultaneous towed-streamer acquisition scenarios—over/under

and simultaneous long offset, by generating synthetic datasets on complex geological models using

the IWAVE [Symes et al., 2011a] time-stepping acoustic simulation software, and also use a field

dataset from the Gulf of Suez. Source separation for over/under acquisition is tested on two differ-

ent datasets. The first dataset is simulated on the Marmousi model [Bourgeois et al., 1991], which

represents a complex-layer model with steeply dipping reflectors that make the data challenging.

With a source (and channel/receiver) sampling of 20.0 m, one dataset is generated with a source-

depth of 8.0 m (Figures 4.7a and 4.7d), while the other dataset has the source at 12.0 m depth

(Figures 4.7b and 4.7e), resulting in 231 sources and 231 channels. The temporal length of each

dataset is 4.0 s with a sampling interval of 0.004 s. The second dataset is a field data example from

the Gulf of Suez. In this case, the first source is placed at 5.0 m depth (Figures 4.8a and 4.8d)

and the second source is placed at 10.0 m depth (Figures 4.8b and 4.8e). The source (and channel)

sampling is 12.5 m, resulting in 178 sources and 178 channels with a time sampling interval of 0.004

s.

The simultaneous long offset acquisition is simulated on the BP salt model [Billette and Brandsberg-

Dahl, 2004], where the presence of salt-bodies make the data challenging. The two source vessels

are 6.0 km apart and the streamer length is 6.0 km. Both the datasets (for source 1 and source

2) contain 361 sources and 361 channels with a spatial interval of 12.5 m, where the source and

streamer depth is 6.25 m. The temporal length of each dataset is 6.0 s with a sampling interval

of 0.006 s. A single shot gather from each dataset is shown in Figures 4.9a and 4.9b and the

corresponding channel gathers are shown in Figures 4.9d and 4.9e. The datasets for each source

in both the acquisition scenarios are (simply) summed for simultaneous acquisition with periodic

firing times, while uniformly random time delays between 0-1 second are applied to each source for

the randomized simultaneous acquisition. Figures 4.7c, 4.8c and 4.9c show the randomized blended

shot gathers for the Marmousi, the Gulf of Suez and the BP datasets, respectively. As illustrated

in the figures, both the sources fire at random times (independent of each other) within the interval

of 0-1 second, hence, the difference between the firing times of the sources is always less than 1

second. The corresponding randomized blended channel gathers are shown in Figures 4.7f, 4.8f

and 4.9f. Note that the speed of the vessels in both the acquisition scenarios is no different than

the current practical speed of the vessels in the field.

For deblending via rank-minimization, second-level of HSS partitioning, on each frequency slice

in the s-r domain, was sufficient for successful recovery in both the acquisition scenarios. After

transforming each sub-block into the m-h domain, deblending is then performed by solving the

nuclear-norm minimization formulation (BPDNε) on each sub-block, using 350 iterations of SPG-

LR. In order to choose an appropriate rank value, we first perform deblending for frequency slices

at 0.2 Hz and 125 Hz. For the over/under acquisition simulated on the Marmousi model, the best
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Figure 4.7: Original shot gather of (a) source 1, (b) source 2, and (c) the corresponding
blended shot gather for simultaneous over/under acquisition simulated on the Mar-
mousi model. (d, e) Corresponding common-channel gathers for each source and (f)
the blended common-channel gather.

rank value is 30 and 80 for each frequency slice, respectively. The best rank values for the Gulf of

Suez dataset are 20 and 100, respectively. For simultaneous long offset acquisition, the best rank

value is 10 and 90 for frequency slices at 0.15 Hz and 80 Hz, respectively. Hence, we adjust the

rank linearly within these ranges when moving from low to high frequencies, for each acquisition

scenario. For deblending via sparsity-promotion, we use the BPDNε formulation to minimize the

`1 norm (instead of the nuclear-norm) where the transformation operator S is the 2-D curvelet

operator. Here, we run 350 iterations of SPG`1.

For the over/under acquisition scenario simulated on the Marmousi model, Figures 4.10a and 4.10c

show the deblended shot gathers via rank-minimization and Figures 4.10e and 4.10g show the de-

blended shot gathers via sparsity-promotion, respectively. The deblended common-channel gath-

ers via rank-minimization and sparsity-promotion are shown in Figures 4.11a, 4.11c and Fig-

ures 4.11e, 4.11g, respectively. For the Gulf of Suez field dataset, Figures 4.12 and 4.13 show
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Figure 4.8: Original shot gather of (a) source 1, (b) source 2, and (c) the corresponding
blended shot gather for simultaneous over/under acquisition from the Gulf of Suez
dataset. (d, e) Corresponding common-channel gathers for each source and (f) the
blended common-channel gather.

the deblended gathers and difference plots in the common-shot and common-channel domain, re-

spectively. The corresponding deblended gathers and difference plots in the common-shot and

common-channel domain for the simultaneous long offset acquisition scenario are shown in Fig-

ures 4.14 and 4.15.

As illustrated by the results and their corresponding difference plots, both the CS-based ap-

proaches of rank-minimization and sparsity-promotion are able to deblend the data for the low-

variability acquisition scenarios fairly well. In all the three different datasets, the average SNRs

for separation via sparsity-promotion is slightly better than rank-minimization, but the difference

plots show that the recovery via rank-minimization is equivalent to the sparsity-promoting based

recovery where it is able to recover most of the coherent energy. Also, rank-minimization outper-

forms the sparsity-promoting technique in terms of the computational time and memory usage as

represented in Tables 4.1, 4.2 and 4.3. Both the CS-based recoveries are better for the simultane-
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Figure 4.9: Original shot gather of (a) source 1, (b) source 2, and (c) the corresponding
blended shot gather for simultaneous long offset acquisition simulated on the BP salt
model. (d, e) Corresponding common-channel gathers for each source and (f) the
blended common-channel gather.

ous long offset acquisition than the recoveries from the over/under acquisition scenario. A possible

explanation for this improvement is the long offset distance that increases randomization in the

simultaneous acquisition, which is a more favourable scenario for recovery by CS-based approaches.

Figure 4.16 demonstrates the advantage of the HSS partitioning, where the SNRs of the deblended

data are significantly improved.

4.4.1 Comparison with nmo-based median filtering

We also compare the performance of our CS-based deblending techniques with deblending using

the NMO-based median filtering technique proposed by Chen et al. [2014], where we work on a

common-midpoint gather from each acquisition scenario. For the over/under acquisition simulated

on the Marmousi model, Figures 4.17a and 4.17e show the blended common-midpoint gathers and
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Marmousi model

Time Memory SNR
Sparsity 167 7.0 16.7, 16.7
Rank 12 2.8 15.0, 14.8

Table 4.1: Comparison of computational time (in hours), memory usage (in GB) and average
SNR (in dB) using sparsity-promoting and rank-minimization based techniques for the
Marmousi model.

Gulf of Suez

Time Memory SNR
Sparsity 118 6.6 14.6
Rank 8 2.6 12.8

Table 4.2: Comparison of computational time (in hours), memory usage (in GB) and average
SNR (in dB) using sparsity-promoting and rank-minimization based techniques for the
Gulf of Suez dataset.

deblending using the median filtering technique is shown in Figures 4.17b and 4.17f. The cor-

responding deblended common-midpoint gathers from the two CS-based techniques are shown in

Figures 4.17(c,d,g,h). Figure 4.18 shows the blended and deblended common-midpoint gathers for

the field data from the Gulf of Suez. We observe that recoveries via the proposed CS-based ap-

proaches are comparable to the recovery from the median filtering technique. Similarly, Figure 4.19

shows the results for the simultaneous long offset acquisition simulated on the BP salt model. Here,

the CS-based techniques result in slightly improved recoveries.

4.4.2 Remark

It is important to note here that we perform the CS-based source separation algorithms only once,

however, we can always perform a few more runs of the algorithms where we can first subtract the

deblended source 1 and source 2 from the acquired blended data and then re-run the algorithms to

deblend the energy in the residual data. Hence, the recovery can be further improved until necessary.

Since separation via rank-minimization is computationally faster than the sparsity based technique,

multiple passes through the data is a computationally viable option for the former deblending

technique.

4.5 Discussion

The above experiments demonstrate the successful implementation of the proposed CS-based ap-

proaches of rank-minimization and sparsity-promotion for source separation in the low-variability,
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Figure 4.10: Deblended shot gathers and difference plots (from the Marmousi model) of
source 1 and source 2: (a,c) deblending using HSS based rank-minimization and (b,d)
the corresponding difference plots; (e,g) deblending using curvelet-based sparsity-
promotion and (f,h) the corresponding difference plots.

BP model

time memory SNR
Sparsity 325 7.0 32.0, 29.4
Rank 20 2.8 29.4, 29.0

Table 4.3: Comparison of computational time (in hours), memory usage (in GB) and average
SNR (in dB) using sparsity-promoting and rank-minimization based techniques for the
BP model.
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Figure 4.11: Deblended common-channel gathers and difference plots (from the Marmousi
model) of source 1 and source 2: (a,c) deblending using HSS based rank-minimization
and (b,d) the corresponding difference plots; (e,g) deblending using curvelet-based
sparsity-promotion and (f,h) the corresponding difference plots.

simultaneous towed-streamer acquisitions. The recovery is comparable for both approaches, how-

ever, separation via rank-minimization is significantly faster and memory efficient. This is further

enhanced by incorporating the HSS partitioning since it allows the exploitation of the low-rank

structure in the high-frequency regime, and renders its extension to large-scale data feasible. Note

that in the current implementation, we work with each temporal frequency slice and perform the

source separation individually. The separation results can further be enhanced by incorporating

the information from the previously recovered frequency slice to the next frequency slice, as shown

by Mansour et al. [2013] for seismic data interpolation.

The success of CS hinges on randomization of the acquisition. Although, the low degree of

randomization (e.g., 0 ≤ 1 second) in simultaneous towed-streamer acquisitions seems favourable

for source separation via CS-based techniques, however, high-variability in the firing times enhances

the recovery quality of separated seismic data volumes, as shown in Wason and Herrmann [2013a];

96



[a] Channel (km)
0 1 2

T
im

e
 (

s
)

0

0.5

1

1.5

2

2.5

3

3.5

[b] Channel (km)
0 1 2

T
im

e
 (

s
)

0

0.5

1

1.5

2

2.5

3

3.5

[c] Channel (km)
0 1 2

T
im

e
 (

s
)

0

0.5

1

1.5

2

2.5

3

3.5

[d] Channel (km)
0 1 2

T
im

e
 (

s
)

0

0.5

1

1.5

2

2.5

3

3.5

[e] Channel (km)
0 1 2

T
im

e
 (

s
)

0

0.5

1

1.5

2

2.5

3

3.5

[f] Channel (km)
0 1 2

T
im

e
 (

s
)

0

0.5

1

1.5

2

2.5

3

3.5

[g] Channel (km)
0 1 2

T
im

e
 (

s
)

0

0.5

1

1.5

2

2.5

3

3.5

[h] Channel (km)
0 1 2

T
im

e
 (

s
)

0

0.5

1

1.5

2

2.5

3

3.5

Figure 4.12: Deblended shot gathers and difference plots (from the Gulf of Suez dataset) of
source 1 and source 2: (a,c) deblending using HSS based rank-minimization and (b,d)
the corresponding difference plots; (e,g) deblending using curvelet-based sparsity-
promotion and (f,h) the corresponding difference plots.

Wason and Herrmann [2013b] for ocean-bottom cable/node acquisition with continuous recording.

One of the advantages of the proposed CS-based techniques is that it does not require velocity

estimation, which can be a challenge for data with complex geologies. However, the proposed

techniques require accurate knowledge of the random firing times.

So far, we have not considered the case of missing traces (sources and/or receivers), however,

incorporating this scenario in the current framework is straightforward. This makes the problem

a joint deblending and interpolation problem. In reality, seismic data are typically irregularly

sampled along spatial axes, therefore, future work includes working with non-uniform sampling

grids. Finally, we envisage that our methods can, in principle, be extended to separate 3-D blended

seismic data volumes.
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Figure 4.13: Deblended common-channel gathers and difference plots (from the Gulf of Suez
dataset) of source 1 and source 2: (a,c) deblending using HSS based rank-minimization
and (b,d) the corresponding difference plots; (e,g) deblending using curvelet-based
sparsity-promotion and (f,h) the corresponding difference plots.

4.6 Conclusions

We have presented two compressed sensing based methods for source separation for simultaneous

towed-streamer type acquisitions, such as the over/under and the simultaneous long offset acquisi-

tion. Both the compressed sensing based approaches of rank-minimization and sparsity-promotion

give comparable deblending results, however, the former approach is readily scalable to large-scale

blended seismic data volumes and is computationally faster. This can be further enhanced by in-

corporating the HSS structure with factorization-based rank-regularized optimization formulations,

along with improved recovery quality of the separated seismic data. We have combined the Pareto

curve approach for optimizing BPDNε formulations with the SVD-free matrix factorization meth-

ods to solve the nuclear-norm optimization formulation, which avoids the expensive computation of

the singular value decomposition (SVD), a necessary step in traditional rank-minimization based

methods. We find that our proposed techniques are comparable to the commonly used NMO-based
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Figure 4.14: Deblended shot gathers and difference plots (from the BP salt model) of source 1
and source 2: (a,c) deblending using HSS based rank-minimization and (b,d) the cor-
responding difference plots; (e,g) deblending using curvelet-based sparsity-promotion
and (f,h) the corresponding difference plots.

median filtering techniques.
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Figure 4.15: Deblended common-channel gathers and difference plots (from the BP salt
model) of source 1 and source 2: (a,c) deblending using HSS based rank-minimization
and (b,d) the corresponding difference plots; (e,g) deblending using curvelet-based
sparsity-promotion and (f,h) the corresponding difference plots.
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Figure 4.16: Signal-to-noise ratio (dB) over the frequency spectrum for the deblended data
from the Marmousi model. Red, blue curves—deblending without HSS; cyan, black
curves—deblending using second-level HSS partitioning. Solid lines—separated source
1, + marker—separated source 2.
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Figure 4.17: Blended common-midpoint gathers of (a) source 1 and (e) source 2 for the
Marmousi model. Deblending using (b,f) NMO-based median filtering, (c,g) rank-
minimization and (d,h) sparsity-promotion.
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Figure 4.18: Blended common-midpoint gathers of (a) source 1, (e) source 2 for the Gulf
of Suez dataset. Deblending using (b,f) NMO-based median filtering, (c,g) rank-
minimization and (d,h) sparsity-promotion.
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Figure 4.19: Blended common-midpoint gathers of (a) source 1, (e) source 2 for the BP salt
model. Deblending using (b,f) NMO-based median filtering, (c,g) rank-minimization
and (d,h) sparsity-promotion.
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Chapter 5

Large-scale time-jittered simultaneous

marine acquisition: rank-minimization

approach

5.1 Summary

In this chapter, we present a computationally tractable rank-minimization algorithm to separate

simultaneous time-jittered continuous recording for a 3D ocean-bottom cable survey. We will show

experimentally that the proposed algorithm is computationally tractable for 3D time-jittered marine

acquisition.

5.2 Introduction

Simultaneous source marine acquisition mitigates the challenges posed by conventional marine

acquisition in terms of sampling and survey efficiency, since more than one shot can be fired at the

same time Beasley et al. [1998], de Kok and Gillespie [2002], Berkhout [2008a]. The final objective of

source separation is to get interference-free shot records. Wason and Herrmann [2013b] have shown

that the challenge of separating simultaneous data can be addressed through a combination of

tailored single- (or multiple-) source simultaneous acquisition design and curvelet-based sparsity-

promoting recovery. The idea is to design a pragmatic time-jittered marine acquisition scheme

where acquisition time is reduced and spatial sampling is improved by separating overlapping shot

records and interpolating jittered coarse source locations to fine source sampling grid. While the

proposed sparsity-promoting approach recovers densely sampled conventional data reasonably well,

it poses computational challenges since curvelet-based sparsity-promoting methods can become

computationally intractable—in terms of speed and memory storage—especially for large-scale 5D

A version of this chapter has been published in the proceedings of SEG Annual Meeting, 2016, Denver, USA
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seismic data volumes.

Recently, nuclear-norm minimization based methods have shown the potential to overcome the

computational bottleneck [Kumar et al., 2015a], hence, these methods are successfully used for

source separation [Maraschini et al., 2012, Cheng and Sacchi, 2013, Kumar et al., 2015b]. The gen-

eral idea is that conventional seismic data can be well approximated in some rank-revealing trans-

form domain where the data exhibit low-rank structure or fast decay of singular values. Therefore,

in order to use nuclear-norm minimization based algorithms for source separation, the acquisition

design should increase the rank or slow the decay of the singular values. In chapter 4, we used

nuclear-norm minimization formulation to separate simultaneous data acquired from an over/un-

der acquisition design, where the separation is performed on each monochromatic data matrix

independently. However, by virtue of the design of the simultaneous time-jittered marine acquisi-

tion we formulate a nuclear-norm minimization formulation that works on the temporal-frequency

domain—i.e., using all monochromatic data matrices together. One of the computational bottle-

necks of working with the nuclear-norm minimization formulation is the computation of singular

values. Therefore, in this chapter we combine the modified nuclear-norm minimization approach

with the factorization approach recently developed by Lee et al. [2010a]. The experimental results

on a synthetic 5D data set demonstrate successful implementation of the proposed methodology.

5.3 Methodology

Simultaneous source separation problem can be perceived as a rank-minimization problem. In this

chapter, we follow the time-jittered marine acquisition setting proposed by Wason and Herrmann

[2013b], where a single source vessel sails across an ocean-bottom array firing two airgun arrays

at jittered source locations and time instances with receivers recording continuously (Figure 5.1).

This results in a continuous time-jittered simultaneous data volume.

Conventional 5D seismic data volume can be represented as a tensor D ∈ Cnf×nrx×nsx×nry×nsy ,
where (nsx, nsy) and (nrx, nry) represents number of sources and receivers along x, y coordinates

and nf represents number of frequencies. The aim is to recover the data volume D from the

continuous time-domain simultaneous data volume b ∈ CnT×nrx×nry by finding a minimum rank

solution D that satisfies the system of equations A(D) = b. Here, A represents a linear sampling-

transformation operator, nT < nt×nsx×nsy is the total number of time samples in the continuous

time-domain simultaneous data volume, nt is the total number of time samples in the conventional

seismic data. Note that the operator A maps D to a lower dimensional simultaneous data volume

b since the acquisition process superimposes shot records shifted with respect to their firing times.

The sampling-transformation operator A is defined as A = MRS, where the operator S per-

mutes the tensor coordinates from (nrx, nsx, nry, nsy) (rank-revealing domain, i.e., Figure 5.2a) to

(nrx, nry, nsx, nsy) (standard acquisition ordering, i.e., Figure 5.2b) and its adjoint reverses this per-

mutation. The restriction operator R subsamples the conventional data volume at jittered source
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Figure 5.1: Aerial view of the 3D time-jittered marine acquisition. Here, we consider one
source vessel with two airgun arrays firing at jittered times and locations. Starting
from point a, the source vessel follows the acquisition path shown by black lines and
ends at point b. The receivers are placed at the ocean bottom (red dashed lines).

Figure 5.2: Schematic representation of the sampling-transformation operator A during the
forward operation. The adjoint of the operatorA follows accordingly. (a, b, c) represent
a monochromatic data slice from conventional data volume and (d) represents a time
slice from the continuous data volume.

locations (Figure 5.2c), the sampling operator M maps the conventional subsampled temporal-

frequency domain data to the simultaneous time-domain data (Figure 5.2d). Note that Figure 5.2d

represents a time slice from the continuous (simultaneous) data volume where the stars represent

locations of jittered sources in the simultaneous acquisition.

Rank-minimization formulations require that the target data set should exhibit a low-rank

structure or fast decay of singular values. Consequently, the sampling-restriction (MR) operation

should increase the rank or slow the decay of singular values. As we know, there is no unique

notion of rank for tensors, therefore, we can choose the rank of different matricizations of D

Kreimer and Sacchi [2012b] where the idea is to create the matrix D(i) by group the dimensions of

D(i) specified by i and vectorize them along the rows while vectorizing the other dimensions along
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Figure 5.3: Monochromatic slice at 10.0 Hz. Fully sampled data volume and simultaneous
data volume matricized as (a, c) i = (nsx, nsy), and (b, d) i = (nrx, nsx). (e) Decay
of singular values. Notice that fully sampled data organized as i = (nsx, nsy) has
slow decay of the singular values (solid red curve) compared to the i = (nrx, nsx)
organization (solid blue curve). However, the sampling-restriction operator slows the
decay of the singular values in the i = (nrx, nsx) organization (dotted blue curve)
compared to the i = (nsx, nsy) organization (dotted red curve), which is a favorable
scenario for the rank-minimization formulation.

the columns. In this work, we consider the matricization proposed by Silva and Herrmann [2013a],

where i = (nsx, nsy)—i.e., placing both source coordinates along the columns (Figure 5.3a), or

i = (nrx, nsx)—i.e., placing receiver-x and source-x coordinates along the columns (Figure 5.3b).

As we see in Figure 5.3e, the matricization i = (nsx, nsy) has higher rank or slow decay of the

singular values (solid red curve) compared to the matricization i = (nrx, nsx) (solid blue curve).

The sampling-restriction operator removes random columns in the matricization i = (nsx, nsy)

(Figure 5.3c), as a result the overall singular values decay faster (dotted red curve). This is

because missing columns put the singular values to zero, which is opposite to the requirement

of rank-minimization algorithms. On the other hand, the sampling-restriction operator removes

random blocks in the matricization i = (nrx, nsx) (Figure 5.3d), hence, slowing down the decay

of the singular values (dotted blue curve). This scenario is much closer to the matrix-completion

problem (Recht et al. [2010b]), where samples are removed at random points in a matrix. Therefore,

we address the source separation problem by exploiting low-rank structure in the matricization

i = (nrx, nsx).

Since rank-minimization problems are NP hard and therefore computationally intractable, Recht

et al. [2010b] showed that solutions to rank-minimization problems can be found by solving a

nuclear-norm minimization problem. Silva and Herrmann [2013a] showed that for seismic data

interpolation the sampling operatorM is separable, hence, data can be interpolated by working on

each monochromatic data tensor independently. Since in continuous time-jittered marine acquisi-

tion, the sampling operator M is nonseparable as it is a combined time-shifting and shot-jittering
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operator, we can not perform source separation independently over different monochromatic data

tensors. Therefore, we formulate the nuclear-norm minimization formulation over the temporal-

frequency domain as follows:

min
D

nf∑
j

‖D(i)
j ‖∗ subject to ‖A(D)− b‖2 ≤ ε, (5.1)

where
∑nf

j ‖.‖∗ =
∑nf

j ‖σj‖1 and σj is the vector of singular values for each monochromatic

data matricization. One of the main drawbacks of the nuclear-norm minimization problem is

that it involves computation of the singular-value decomposition (SVD) of the matrices, which is

prohibitively expensive for large-scale seismic data. Therefore, we avoid the direct approach to

nuclear-norm minimization problem and follow a factorization-based approach Rennie and Srebro

[2005a], Lee et al. [2010a], Recht and Ré [2011]. The factorization-based approach parametrizes

each monochromatic data matrix D(i) as a product of two low-rank factors L(i) ∈ C(nrx·nsx)×k

and R(i) ∈ C(nry ·nsy)×k such that, D(i) = L(i)R(i)H , where k represents the rank of the underlying

matrix and H represents the Hermitian transpose. Note that tensors L,R can be formed by

concatenating each matrix L(i),R(i), respectively. The optimization scheme can then be carried

out using the tensors L,R instead of D, thereby significantly reducing the size of the decision

variable from nrx × nry × nsx × nsy × nf to 2k × nrx × nsx × nf when k ≤ nrx × nsx. Following

Rennie and Srebro [2005a], the sum of the nuclear norm obeys the relationship:

nf∑
j

‖D(i)
j ‖∗ ≤

nf∑
j

1

2
‖L(i)

j R
(i)
j ‖

2
F ,

where ‖ · ‖2F is the Frobenius norm of the matrix (sum of the squared entries).

5.4 Experiments & results

We test the efficacy of our method by simulating a synthetic 5D data set using the BG Compass

velocity model (provided by the BG Group) which is a geologically complex and realistic model.

We also quantify the cost savings associated with simultaneous acquisition in terms of an improved

spatial-sampling ratio defined as a ratio between the spatial grid interval of observed simultaneous

time-jittered acquisition and the spatial grid interval of recovered conventional acquisition. The

speed-up in acquisition is measured using the survey-time ratio (STR), proposed by Berkhout

[2008a], which measures the ratio of time of conventional acquisition and simultaneous acquisition.

Using a time-stepping finite-difference modelling code provided by Chevron, we simulate a

conventional 5D data set of dimensions 2501× 101× 101× 40× 40 (nt×nrx×nry×nsx×nsy) over

a survey area of approximately 4 km× 4 km. Conventional time-sampling interval is 4.0 ms, source-

and receiver-sampling interval is 6.25 m. We use a Ricker wavelet with central frequency of 15.0 Hz
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as source function. Figure 5.4a shows a conventional common-shot gather. Applying the sampling-

transformation operator (A) to the conventional data generates approximately 65 minutes of 3D

continuous time-domain simultaneous seismic data, 30 seconds of which is shown in Figure 5.4b.

By virtue of the design of the simultaneous time-jittered acquisition, the simultaneous data volume

b is 4-times subsampled compared to conventional acquisition. Consequently, the spatial sampling

of recovered data is improved by a factor of 4 and the acquisition time is reduced by the same

factor.

Simply applying the adjoint of the sampling operatorM to simultaneous data b results in strong

interferences from other sources as shown in Figure 5.4c. Therefore, to recover the interference-free

conventional seismic data volume from the simultaneous time-jittered data, we solve the factor-

ization based nuclear-norm minimization formulation. We perform the source separation for a

range of rank k values of the two low-rank factors L(i),R(i) and find that k = 100 gives the best

signal-to-noise ratio (SNR) of the recovered conventional data. Figure 5.4d shows the recovered

shot gather, with an SNR of 20.8 dB, and the corresponding residual is shown in Figure 5.4e. As

illustrated, we are able to separate the shots along with interpolating the data to the finer grid of

6.25 m. To establish that we loose very small coherent energy during source separation, we inten-

sify the amplitudes of the residual plot by a factor of 8 (Figure 5.4e). The late arriving events,

which are often weak in energy, are also separated reasonably well. Computational efficiency of

the rank-minimization approach—in terms of the memory storage—in comparison to the curvelet-

based sparsity-promoting approach is approximately 7.2 when compared with 2D curvelets and 24

when compared with 3D curvelets.

5.5 Conclusions

We propose a factorization based nuclear-norm minimization formulation for simultaneous source

separation and interpolation of 5D seismic data volume. Since the sampling-transformation op-

erator is nonseparable in the simultaneous time-jittered marine acquisition, we formulate the fac-

torization based nuclear-norm minimization problem over the entire temporal-frequency domain,

contrary to solving each monochromatic data matrix independently. We show that the proposed

methodology is able to separate and interpolate the data to a fine underlying grid reasonably well.

The proposed approach is computationally memory efficient in comparison to the curvelet-based

sparsity-promoting approach.
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Figure 5.4: Source separation recovery. A shot gather from the (a) conventional data; (b)
a section of 30 seconds from the continuous time-domain simultaneous data (b); (c)
recovered data by applying the adjoint of the sampling operatorM; (d) data recovered
via the proposed formulation (SNR = 20.8 dB); (e) difference of (a) and (d) where
amplitudes are magnified by a factor of 8 to illustrate a very small loss in coherent
energy.
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Chapter 6

Enabling affordable omnidirectional

subsurface extended image volumes

via probing

6.1 Summary

Image gathers as a function of subsurface offset are an important tool for the inference of rock prop-

erties and velocity analysis in areas of complex geology. Traditionally, these gathers are thought of

as multidimensional correlations of the source and receiver wavefields. The bottleneck in computing

these gathers lies in the fact that one needs to store, compute, and correlate these wavefields for all

shots in order to obtain the desired image gathers. Therefore, the image gathers are typically only

computed for a limited number of subsurface points and for a limited range of subsurface offsets,

which may cause problems in complex geological areas with large geologic dips. We overcome in-

creasing computational and storage costs of extended image volumes by introducing a formulation

that avoids explicit storage and removes the customary and expensive loop over shots, found in

conventional extended imaging. As a result, we end up with a matrix-vector formulation from which

different image gathers can be formed and with which amplitude-versus-angle and wave-equation

migration velocity analyses can be performed without requiring prior information on the geologic

dips. Aside from demonstrating the formation of two-way extended image gathers for different

purposes and at greatly reduced costs, we also present a new approach to conduct automatic wave-

equation based migration-velocity analysis. Instead of focussing in particular offset directions and

preselected subsets of subsurface points, our method focuses every subsurface point for all subsur-

face offset directions using a randomized probing technique. As a consequence, we obtain good

velocity models at low cost for complex models without the need to provide information on the

A version of this chapter has been published in Geophysical Prospecting, 2016, issn 1365-2478.
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geologic dips.

6.2 Introduction

Seismic reflection data are a rich source of information about the subsurface and by studying both

dynamic and kinematic properties of the data we can infer both large-scale velocity variations as

well as local rock properties. While seismic data volumes – as a function of time, source and

receiver positions – contains all reflected and refracted events, it is often more convenient to map

the relevant events present in pre-stack data to their respective positions in the subsurface. This

stripping away of the propagation effects leads to the definition of an image volume or extended

image – as a function of depth, lateral position and some redundant spatial coordinate(s) – that

has the same (or higher) dimensionality as the original data volume. This mapping can be thought

of as a coordinate transform, depending on the large-scale background velocity model features,

that maps reflection events observed in data collected at the surface to focussed secondary point

sources tracing out the respective reflectors. The radiation pattern of these point sources reveals

the angle-dependent reflection coefficient and can be used to infer the local rock properties. Errors

in the large-scale background velocity model features are revealed through the failure of the events

to fully focus. This principle forms the basis of many velocity-model analysis procedures.

Over the past decades various methods have been proposed for computing and exploiting image

volumes or slices thereof – the so-called image gathers [Claerbout, 1970, Doherty and Claerbout,

1974, de Bruin et al., 1990, Symes and Carazzone, 1991, ten Kroode et al., 1994, Chauris et al., 2002,

Biondi and Symes, 2004, Sava and Vasconcelos, 2011, Koren and Ravve, 2011]. These approaches

differ in the way the redundant coordinate is introduced and the method used to transform data

volumes into image volumes. Perhaps the most well-known example are normal moveout corrected

midpoint gathers, where simple move-out corrections transform observed data into volumes that

can be migrated into extended images that are a function of time, midpoint position and surface

offset [Claerbout, 1985b].

While this type of surface-offset pre-stack images have been used for migration-velocity analysis

and reservoir characterization, these extended images may suffer from unphysical artifacts. For

this reason extended images are nowadays formed as functions of the subsurface offset, rather than

surface offset as justified by Stolk et al. [2009], who showed that this approach produces artifact-

free image gathers in complex geological settings. So far, wave-equation based constructions of

these extended images are based on the double-square-root equation [Claerbout, 1970, Doherty

and Claerbout, 1974, Biondi et al., 1999, Prucha et al., 1999, Duchkov and Maarten, 2009], which

produces image volumes as a function of depth and virtual subsurface source and receiver positions.

With the advent of reverse-time migration [Whitmore et al., 1983, Baysal et al., 1983, Levin,

1984], these one-way, and therefore angle-limited one-way approaches, are gradually being replaced

by methods based on the two-way wave-equation, which is able to produce gathers as a function
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of depth and horizontal or vertical offset, or both [Biondi and Symes, 2004, Sava and Vasconcelos,

2011]. This is achieved by forward propagating the source and backward propagating the data and

subsequently correlating these source and receiver wavefields at non-zero offset/time lag. Depending

on the extended imaging conditions [Sava and Biondi, 2004, Sava and Fomel, 2006], various types

of subsurface extended image gathers can be formed by restricting the multi-dimensional cross-

correlations between the propagated source and receiver wavefields to certain specified coordinate

directions. The motivation to depart from horizontal offset only is that steeply dipping events do

not optimally focus in the horizontal direction, even for a kinematically correct velocity model. A

temporal shift instead of a subsurface offset is sometimes also used as it is more computationally

efficient MacKay and Abma [1992], Sava and Fomel [2006].

Up to this point, most advancements in image-gather based velocity-model building and reser-

voir characterization are due to improved sampling of the extended images and/or a more accurate

wave propagators. However, these improvements carry a heavy price tag since the computations

typically involve the solution of the forward and adjoint wave equation for each shot, followed by

subsequent cross-correlations. As a result, computational and memory requirements grow uncon-

trollably and many practical implementations of subsurface offset images are therefore restricted,

(e.g., by allowing only for lateral interaction over a short distance), and the gathers are computed

for a subset of image points only. Unfortunately, forming full subsurface extended image volumes

rapidly becomes prohibitively expensive even for small two-dimensional problems.

Extended images play an important role in wave-equation migration-velocity analysis (WEMVA),

where velocity model updates are calculated by minimizing an objective function that measures

the coherency of image gathers [Symes and Carazzone, 1991, Shen and Symes, 2008]. Regrettably,

the computational and storage costs associated with this approach easily becomes unmanageable

unless we restrict ourselves to a few judiciously chosen subsurface points [Yang and Sava, 2015].

As a result, we end up with an expensive method, which needs to loop over all shot records and

allowing for the computation of subsurface offset gathers for a limited number of subsurface points

and directions. This is problematic because the effectiveness of WEMVA is impeded for dipping

reflectors that do not focus as well along horizontal offsets.

Extended images also serve as input to amplitude-versus-angle (AVA) or amplitude-versus-offset

(AVO) analysis methods that derive from the (linearized) Zoeppritz equations [Aki and Richards,

1980]. In this situation, the challenge is to produce reliable amplitude preserving angle/offset

gathers in complex geological environments (see e.g., de Bruin et al. [1990], van Wijngaarden

[1998]) from primaries only or, more recently from surface-related multiples, as demonstrated by

Lu et al. [2014]. In the latter case, good angular illumination can be obtained from conventional

marine towed-streamer acquisitions with dense receiver sampling. As WEMVA, these amplitude

analysis are biased when reflectors are dipping, calling for corrections dependent on geological dips

that are generally unknown [Brandsberg-Dahl et al., 2003].

We present a new wave-equation based factorization principle that removes computational bot-
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tlenecks and gives us access to the kinematics and amplitudes of full subsurface offset extended

images without carrying out explicit cross-correlations between source and receiver wavefields for

each shot. We accomplish this by carrying out the correlations implicitly among all wavefields via

actions of full extended image volumes on certain probing/test vectors. Depending on the choice

of these probing vectors, these actions allow us to compute common-image-point (CIPs), common-

image- (CIGs) and dip-angle gathers at certain predefined subsurface points in 2- and 3-D as well as

objective functions for WEMVA. None of these require storage of wavefields and loops over shots.

The paper proceeds as follows. After introducing the governing equations of continuous-space

monochromatic extended image volumes, their relation to migrated images, CIPs and CIGs, we

derive the two-way equivalent of the double square-root equation and move to a discrete setting

that reveals a wave-equation based factorization of discrete full extended image volumes. Next,

we show how this factorization can be used to extract information on local geological dips and

radiation patterns for AVA purposes and how full offset extended image volumes can be used to

carry out automatic WEMVA. Each application is illustrated by carefully selected stylized numerical

examples in 2- and 3-D.

6.2.1 Notation

In this paper, we use lower/upper case letters to represents scalars, e.g., xm, R, and lower case bold-

face letters to represents vectors (i.e. one-dimensional quantities), e.g., x,x′. We denote matrices

and tensors using upper case boldface letters, e.g., E, Ẽ,R. Subscript i represents frequencies,

j represents the number of sources and/or receivers and k represents the subsurface grid points.

2-D represents seismic volumes with one source, one receiver, and time dimensions. 3-D represents

seismic volumes with two sources, two receivers, and time dimensions.

6.3 Anatomy & physics

Before describing the proposed methodology of extracting information from full subsurface-offset

extended image volumes using the proposed probing technique, we first review the governing equa-

tions. We denote the full-extended image volumes as

e(ω,x,x′) =

∫
Ds

dxs u(ω,x,xs)v(ω,x′,xs), (6.1)

where the overline denotes complex conjugation, u and v are source and receiver wavefields as a

function of the frequency ω ∈ Ω ⊂ R, subsurface positions x,x′ ∈ D ⊂ Rn (n = 2 or 3) and source

positions xs ∈ Ds ⊂ Rn−1. These monochromatic wavefields are obtained by solving

H(m)u(ω,x,xs) = q(ω,x,xs), (6.2)

H(m)∗v(ω,x,xs) =

∫
Dr

dxr d(ω,xr,xs)δ(x− xr), (6.3)
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where H(m) = ω2m(x)2 +∇2 is the Helmholtz operator with Sommerfeld boundary conditions, the

symbol ∗ represents the conjugate-transpose (adjoint), m is the squared slowness, q is the source

function and d represents the reflection-data at receiver positions xr ∈ Dr ⊂ Rn−1.

Equations (6.1-6.3) define a linear mapping from a 2n− 1 dimensional data volume d(ω,xr,xs)

to a 2n + 1 dimensional image volume e(ω,x,x′). Conventional migrated images are obtained by

applying the zero-time/offset imaging condition [Sava and Vasconcelos, 2011]

r(x) =

∫
Ω
dω e(ω,x,x). (6.4)

Once we have the full extended image, we can extract all conceivable image and angle gathers by

applying appropriate imaging conditions [Sava and Vasconcelos, 2011]. For instance, conventional

2-D common-image-gathers (CIGs), as a function of lateral positions xm, depth z and horizontal

offset hx are defined as

ICIG(z, h;xm) =

∫
Ω
dω e

(
ω, (xm − hx, z)T , (xm + hx, z)

T
)
, (6.5)

where T denotes the transpose.

Similarly, time-shifted common-image-point (CIP) gathers at subsurface points xk, as a function

of all spatial offset vectors h and temporal shifts ∆t becomes

Iext
CIP(h,∆t; xk) =

∫
Ω
dω e(ω,xk,xk + h)eıω∆t, (6.6)

where ı =
√
−1. Note that we departed in this expression from the usual symmetric definition

e(ω,xk − h,xk + h) because it turns out to be more natural for our shot-based computations.

Because we consider these gathers of full-subsurface offset only, we apply a zero-time imaging

condition to the CIPs–i.e., ICIP(h; xk) = Iext
CIP(h,∆t = 0; xk). These gathers form the theoretical

basis for AVA and WEMVA.

Moving to a discrete setting, we have Ns sources {xs,j}Nsj=1 ∈ Ds, Nr receivers {xr,j}Nrj=1 ∈ Dr,
Nf frequencies {ωi}

Nf
i=1 ∈ Ω and discretize the domain D using a rectangular grid with a total of Nx

grid points {xk}Nxk=1. We organize the source and receiver wavefields in tensors of size Nf ×Nx×Ns

with elements uikj ≡ u(ωi,xk,xs,j) and vikj ≡ v(ωi,xk,xs,j). For the ith frequency, we can represent

the wavefields for all sources as complex valued Nx ×Ns matrices Ui and Vi, where each column

of the matrix represents a monochromatic source experiment.

Full 2n + 1 dimensional image volumes can now be represented as a 3-D tensor with elements

eikk′ ≡ e(ωi,xk,xk′). A slice through this tensor at frequency i is an Nx × Nx matrix, which can

be expressed as an outer product of the matrices Ui and Vi

Ei = UiV
∗
i , (6.7)
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where ∗ denotes the complex conjugate transpose. The matrix Ei is akin to Berkhout’s reflectivity

matrices [Berkhout, 1993], except that Ei captures vertical interactions as well since it is derived

from the two-way wave-equation. These source and receiver wavefields obey the following discretized

Helmholtz equations:

Hi(m)Ui = P∗sQi, (6.8)

Hi(m)∗Vi = P∗rDi, (6.9)

where Hi(m) represents the discretized Helmholtz operator for frequency ωi with absorbing bound-

ary conditions and for a gridded squared slowness m. The Ns×Ns matrix Qi represents the sources

(i.e., each column is a source function), the Nr ×Ns matrix Di contains reflection-data (i.e., each

column is a monochromatic shot gather after subtraction of the direct arrival) and the matrices

Ps,Pr sample the wavefields at the source and receiver positions (and hence, their transpose injects

the sources and receivers into the grid). Remark that these are the discretized versions of equations

(6.2, 6.3).

Substituting relations (6.8, 6.9) into the definition of the extended image (6.7) yields

HiEiHi = P∗sQiD
∗
iPr. (6.10)

This defines a natural 2-way analogue of the well-known double-square-root equation. From equa-

tion (6.10), we derive the following expression for monochromatic full extended image volumes

Ei = H−1
i P∗sQiD

∗
iPrH

−1
i , (6.11)

which is a discrete analogue of the linear mapping from data to image volumes defined in equations

(6.1-6.3). Note that for co-located sources and receivers (Pr = Ps) and ideal discrete point sources

(Q is the identity matrix) we find that E is complex symmetric (i.e., <(E∗) = <(E) and =(E∗) =

−=(E)) because of source-receiver reciprocity.

The usual zero-time/offset imaging conditions translate to

r =

Nf∑
i=1

diag(Ei), (6.12)

where r is the discretized reflectivity and diag(A) denotes the diagonal elements of A organized

in a vector. Various image gathers are embedded in our extended image volumes as illustrated in

Figure 6.1.

As we will switch between continuous and discrete notation throughout the paper, the corre-

spondence between the image volume e(ω,x,x′) and the matrices Ei is listed in Table 6.1. For

simplicity, we will drop the frequency-dependence from our notation for the remainder of the pa-
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per and implicitly assume that all quantities are monochromatic with the understanding that all

computations can be repeated as needed for multiple frequencies. We will also assume that the

zero-time imaging condition is applied by summing over the frequencies, followed by taking the

real part. We further note that full extended image volumes can be severely aliased in case of

insufficient source-receiver sampling. Therefore, one would in practice only extract gathers from

image volumes in well-sampled directions.

6.4 Computational aspects

Of course, we can never hope to explicitly form the complete image volumes owing to the enormous

computational and storage costs associated with these volumes that are quadratic in the number

of grid points Nx. In particular, we will discuss the computation of monochromatic image volumes

Ei and drop the subscript i in the remainder of the section.

To avoid forming extended images E explicitly, we instead propose to probe these volumes by

right-multiplying them with Nx ×K sampling matrices W = [w1, . . . ,wK ], where K denotes the

number of samples and wk denotes a single probing or sampling vector. After sampling, the reduced

image volume Ẽ now reads

Ẽ = EW = H−1P∗sQD∗PrH
−1W. (6.13)

Our main contribution is that we can compute these compressed volumes efficiently with algorithm

1 or 2. As one can see, these computations derive from wave-equation based factorizations that

avoid storage and loops over all shots.

Algorithm 1 Compute matrix-vector multiplication of image volume matrix with given vectors
W = [w1, . . . ,wK ]. The computational cost is 2Ns wave-equation solves plus the cost of correlating
the wavefields.

compute all the source wavefields U = H−1P∗sQ,
compute all the receiver wavefields V = H−∗P∗rD
compute weights Ỹ = V∗W
compute the product Ẽ = UỸ.

Algorithm 2 Compute matrix-vector multiplication of image volume matrix with given vectors
W = [w1, . . . ,wK ]. The computational cost is 2K wave-equation solves plus the cost of correlating
the data matrices.

compute Ũ = H−1W and sample this wavefield at the receiver locations D̃ = PrŨ;
correlate the result with the data W̃ = D∗D̃ to get the source weights;
use the source weights to generate the simultaneous sources Q̃ = QW̃;
compute the resulting wavefields Ẽ = H−1P∗sQ̃.

While both algorithms produce the same compressed image volume, Algorithm 1 corresponds
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to the traditional way of computing image volumes where all source and receiver wavefields are

computed first and subsequently cross-correlated. Algorithm 2, on the other hand, produces exactly

the same result without looping over all shots and without carrying out explicit cross-correlations.

It arrives at this result by cross-correlating the data and source wavefields and by solving only

two wave-equations per probing vector instead of solving the forward and adjoint wave-equations

for each shot. This means that our method (Algorithm 2) gains computationally as long as the

number of probings is small compared to the number of sources (K < Ns). The choice of the

probing vectors depends on the application.

For completeness, we summarized the computational complexities of the two schemes in Table

6.2 in terms of the number of sources Ns, receivers Nr, subsurface sample points Nx and desired

number of subsurface offsets in each direction Nh{x,y,z} .

6.5 Case study 1: computing gathers

We now describe how common-image-point gathers (CIPs) and common-image-gathers (CIGs) can

be formed with Algorithm 2.

CIPs: According to Algorithm 2, a CIP at midpoint xk can be computed efficiently by extracting

the corresponding column from the monochromatic matrix E representing the full extended

image. We achieve this at the cost of only two wave-equation solves by setting wk to a cardinal

basis vector with its non-zero entry corresponding to the location of a single point source at

xk. Because of the proposed factorization, the number of required wave-equation solves is

reduced from twice the number of shots to only two per subsurface point, representing an

order-of-magnitude improvement. As long as the number of subsurface points are not too

large, this reduction allows for targeted quality control with omnidirectional extended image

gathers.

For reasonable background velocity models, we can even compute these image gathers simul-

taneously as long as the corresponding subsurface points are spatially separated. In this case,

the probing vectors wk correspond to simultaneous subsurface sources without encoding. As

a result, we may introduce cross-talk in the gathers, but expect that there will be very little

interference when the locations being probed are sufficiently far away from each other. Even

though this cross-talk may interfere with the ability to visually inspect the CIPs, we will see

that these interferences can be rendered into incoherent noise via randomized source encoding

as shown by van Leeuwen et al. [2011] for full waveform inversion (FWI), a property we will

later use in automated migration-velocity analyses.

CIGs We can also extract common-image-gather at a lateral position xk by (densely) sampling the

image volumes at xk = (xk, zk)
T at all depth levels. In this configuration, the sampling matrix

takes the form W = Wx⊗Wz, where Wx = (0, 0, . . . , 1, . . . , 0)T is a cardinal basis vector as
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before with a single non-zero entry located at the index corresponding to the midpoint position

xk and Wz = I is the identity matrix, sampling all grid points in the vertical direction. The

resulting gathers Ẽ = EW are now a function of (z,∆x,∆z) and contain both vertical and

lateral offsets. We can form conventional image gathers by extracting a slice of the volume at

∆z = 0. The computational cost per CIG in 2-D are roughly the same as the conventionally

computed CIGs; 2Nz vs. 2Ns wave-equation solves, where Nz denotes the number of samples

in depth. In 3-D however, the proposed way of computing the gathers via algorithm 2 is a

order of magnitude faster because the number of sources in a 3-D seismic acquisition is an

order of magnitude bigger while the number of samples in depth stays the same.

As with the CIPs, we can generate these gathers simultaneously, by sampling various lateral

positions at the same time for each depth level.

6.5.1 Numerical results in 2-D

To illustrate the discussed methodology, we compute various gathers on a central part of Marmousi

model. We use a grid spacing of 10 m, 81 co-located sources and receivers with 50 m spacing and

frequencies between 5 and 25 Hz with 0.5 Hz spacing. The source wavelet is a Ricker wavelet with a

peak frequency of 15 Hz. The wavefields are modeled using a 9-point finite difference discretization

of the Helmholtz operator with a sponge boundary condition. The direct wave is removed prior to

computing the image gathers.

Figure 6.2 shows the migrated image for wrong (a) and correct background velocity models

(b). At three locations indicated by the ∗ symbol we extract the CIP gathers, shown in (c) for

a background velocity model that is too low and in (d) for the correct velocity. As a result of

the cross-correlations between various events in propagated wavefields several spurious events are

present so the recovered CIP gathers are only meaningful for interpretation close to the image

point. However, as expected most of the energy concentrates along the normal to the reflector. We

can generate these three CIPs simultaneously at the cost of generating one CIP by defining the

sampling vector wk to represent the three point sources simultaneously. As we mentioned before,

this may result in cross-talk between the CIPs, however, in this case the events do not significantly

interfere because the events are separated laterally, as shown in Figure 6.2 (c,d).

To illustrate the benefits of the proposed scheme, we also report the computational time (in sec)

and memory (in MB) required to compute a single common-image point gather using Algorithm

1 and 2. The results are shown in Table 6.3. We can see that even for a small toy model, the

probing technique reduces the computational time and memory requirement by a factor of 20 and

30, respectively.

Finally, Figures 6.2 (e-f) contain CIGs at two lateral positions for a background velocity that

is too low (e) and correct (f). In this example, we generated the image volume for each depth level

simultaneously for all lateral positions. When creating many gathers, such a simultaneous probing
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can substantially reduce the required computational cost.

6.5.2 Numerical results in 3-D

Notwithstanding the achieved speedup and memory reduction in 2-D, the proposed probing method

outlined in Algorithm 2 is a true enabler in 3-D where there is no realistic hope to store full extended

image volumes whose size is quadratic in the number of grid points Nx. Besides, the number of

sources also becomes quadratic for full-azimuth acquisitions. As in the 2-D case, our probing

technique is a key enabler allowing us to compute CIPs without allocating exorbitant amounts of

memory and computational resources. To illustrate our claim, we compute a single CIP for the

Compass velocity model provided to us by BG Group. Figures 6.3, 6.4 contains both vertical and

lateral cross-sections of this complicated 3D velocity model, which contains 131 × 101 × 101 grid

points. The model is 780 m deep and 2.5 km across in both lateral directions.

We generated data from this velocity model following an ocean-bottom node configuration where

sources are placed at the water surface along the x and y directions with a sampling interval of 75 m.

The receivers are placed at the sea bed with a sampling of 50 m resulting in a data volume with

1156 sources and 2601 receivers. We generated this marine data volume with a 3-D time-harmonic

Helmholtz solver, based on a 27 point discretization, perfectly-matching boundary conditions, and

a Ricker wavelet with a central frequency of 15 Hz. During the simulations and imaging, we used

15 frequencies ranging from 5 to 12 Hz with a sampling interval of 0.5 Hz. For further details on the

employed wave-equation solver, we refer to Lago et al. [2014], van Leeuwen and Herrmann [2014].

Figures 6.3b and 6.5 show an example of a full CIP gather extracted at z = 390, x = 1250

and y = 1250 m. Aside from behaving as expected, the observed running time with Algorithm 2

is 1500 times faster compared to the corresponding time needed by Algorithm 1. While Algorithm

1 and 2 lend themselves well for parallelization over frequencies, shots, and probing vectors, our

method avoids a loop over 1156 shots while avoiding explicit formation of extended image that

would require the allocation of a matrix with 1016 entries.

6.6 Case study 2: dip-angle gathers

Aside from their use for kinematical quality control during velocity model building, common-

image gathers (CIGs) also contain dynamic amplitude-versus-angle (AVA) information on reflecting

interfaces that can serve to invert associated rock properties [Mahmoudian and Margrave, 2009].

For this purpose, various definitions of angle-domain CIGs have been proposed [de Bruin et al.,

1990, van Wijngaarden, 1998, Rickett and Sava, 2002, Sava and Fomel, 2003, Kuhel and Sacchi,

2003, Biondi and Symes, 2004, Sava and Vasconcelos, 2011]. Extending the work of de Bruin

et al. [1990] to include corrections for the geological dip θ, we extract angle-dependent reflection
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coefficients from a subsurface point x0 by evaluating the following integral:

R(x0, α; θ) ∝
∫

Ω
dω

∫ hmax

−hmax

dh e(ω,x0,x0 + hn(θ)⊥)eıω sin(α)h/v(x) (6.14)

over frequencies and offsets. We use the ∝ symbol to indicate that this expression holds up to

proportionality constant.

In this expression, α is the angle of incidence with respect to the normal (see Figure 6.6), v(x)

is the local background velocity used to convert subsurface offsets to angles, and n(θ)⊥ denotes the

tangent vector to the reflector defining the offset vector in this direction (hn(θ)⊥). The integral is

carried out over the effective offset range denoted by hmax, which decreases for deeper parts of the

model. The integral over frequencies correspond to the zero-time imaging condition. As illustrated

in Figure 6.6, the normal n(θ) = (sin θ, cos θ)T and tangent vectors to a reflecting interface depend

on the geological dip τ , which is unknown in practice. Unfortunately, ignoring this factor may

lead to erroneous amplitudes in cases where this dip is steep. This means that we need to extract

CIGs, following the procedure outlined above, as well as estimates on the geological dip from the

extended image volumes.

Following Brandsberg-Dahl et al. [2003], we use the stack power to estimate the geological dip

at subsurface point xk via

θ̂ = argmax
θ

∫ hmax

−hmax

dh

∣∣∣∣∫
Ω
dω e(ω,x,xk + hn(θ))

∣∣∣∣2 . (6.15)

This maximization is based on the assumption that the above integral attains a maximum

value when we collect energy from the image volume at time zero and along a direction that

corresponds to the true geologic dip. Both integrals in equation 6.14 and 6.15 require information

on monochromatic extended image volumes at subsurface position xk only–i.e., e(ω,xk,x
′) for

ω ∈ Ω, to which we have readily access via probing as described in Algorithm 2. The resulting

gathers e(ω,xk,x
′) contain the required information to estimate local geologic-dip corrected angle-

dependent reflection coefficient R(α; xk, θ̂) where the correction is carried with dip estimate θ̂

that maximizes the stack power. Since we have access to all subsurface offsets at no additional

computational costs, there is no need to select a maximum subsurface offsets hmax priori even

though the effective subsurface offset decreases with depth due to the finite aperture in the seismic

data acquisition.

6.6.1 Numerical results

To illustrate the proposed method of computing angle-domain common-image gathers (CIGs),

we compare the modulus for plotting reasons of the estimated reflection coefficients |R(α; xk, θk)|
with the theoretical PP-reflection coefficients predicted by the Zoeppritz equations [Koefoed, 1955,
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Shuey, 1985].

To make this comparison, we used a finite-difference time-domain acoustic modelling code

[Symes et al., 2011b] to generate three synthetic data sets for increasingly complex models, namely

a two-layer velocity and constant density model (Figures 6.7 (a, b)); a four layer model with prop-

erties taken from de Bruin et al. [1990] (Figures 6.8 (a,b)), and a two layer lateral varying velocity

and density model–i.e., one-horizontal reflector and one-dipping reflector (Figures 6.9(a, b)). The

purpose of these three experiments is to (i) verify the velocity-change-only angle dependent re-

flection coefficients; (ii) study the effects of density and decreasing effective horizontal offset with

depth; and (iii) illustrate the effect of the geologic dip on the reflection coefficients. We used a

Ricker wavelet with a peak frequency of 15 Hz as a source signature. In all three examples, seismic

data is simulated using split-spread acquisition. The gathers used in the AVA analyses are obtained

using Algorithm 2 and discrete version of equations 6.14 and 6.15 for a smoothed version of the

layered velocity models.

The estimated angle-dependent reflection coefficients for the first model is displayed in Figure

6.7 (c). We can see that these estimates, extracted from our extended image volumes, match

the theoretical reflection coefficients according to the Zoeppritz equations after a single amplitude

scaling fairly well up to angles of 50◦ that are reasonably close to effective aperture angle (depicted

by the black line in the Figures of the AVA curves). Beyond these angles, the Zoeppritz equations

are no longer accurate.

The results for the deeper four layer model depicted in Figures 6.8 (c, d, e, f) clearly show the

imprint of smaller horizontal offsets with depth.

From the AVA plots in Figure 6.8, we can observe that the reflection coefficients for the first and

second reflector are well matched up to 50◦ and 40◦ and, for the third and fourth reflectors, to only

20◦. We also confirm that that the angle-dependent reflection coefficient associated with a changes

in density is approximately flat (see Figure 6.8 (e)). The finite aperture of the data accounts for

the discrepancy beyond these angles.

To illustrate our method’s ability to correct for the geological dip, we consider a common-image-

point (CIP) gather at x = 2250 m and z = 960 m. As we can see from Figure 6.9 (c), this CIP

is well focused and with the local geologic dip of the reflector. The corresponding stack power is

plotted in Figure 6.9 (d), which attains maximum power at θ̂ = 10.8◦ an estimate close to the

actual dip of 11◦. To demonstrate the effect of ignoring the geological dip when computing angle

gathers, we evaluate equation 6.14 for θ = 0. The results included in Figure 6.10 clearly illustrate

the benefit of incorporating the dip-information in angle-domain image gathers as it allows for a

more accurate estimation of the angle-dependent reflection coefficients. This experimental result

supports our claim that proposed extended image volume framework lends itself well to estimate

geologic-dip corrected angle gathers. As we mentioned before, the proposed method also reaps the

computational benefits of probing extended image volumes as outlined in Algorithm 2.
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6.7 Case study 3: wave-equation migration-velocity analysis
(WEMVA)

Aside from providing localized information on the kinematics and dynamics, full subsurface offset

extended image volumes also lend themselves well for automatic velocity analyses that minimize

some global focusing objective [Symes and Carazzone, 1991, Biondi and Symes, 2004, Shen and

Symes, 2008, Sava and Vasconcelos, 2011, Mulder, 2014, Yang and Sava, 2015]. For this reason,

wave-equation migration-velocity analysis (WEMVA) can be considered as another important ap-

plication where subsurface image gathers are being used extensively. In this case, the aim is to

build kinematically correct background velocity models that either promote similarity amongst dif-

ferent surface offset gathers, as in the original work by Symes and Carazzone [1991] on Differential

Semblance, or that aim to focus at zero subsurface offset, an approach promoted by recent work

on WEMVA [Brandsberg-Dahl et al., 2003, Shen and Symes, 2008, Symes, 2008b]. While these

wave-equation based methods are less prone to imaging artifacts Stolk and Symes [2003], they are

computationally expensive restricting the number of directions in which the subsurface offsets can

be calculated. This practical limitation may affect our ability to handle unknown geological dips

[Sava and Vasconcelos, 2011, Yang and Sava, 2015].

Before presenting an alternative approach that overcomes these practical limitations, let us first

formulate an instance of WEMVA, based on the probing technique outlined in Algorithm 2. In this

discrete case, WEMVA corresponds to minimizing

min
m

N2
x∑

k=1

‖SkE(m)wk‖22, (6.16)

with E(m) =
∑

i∈Ω Ei(m). As before the Ei(m)’s denote monochromatic extended image volumes

for the background velocity model m. With this definition, we absorb both the zero-time imaging

condition, by summing over frequencies. The vector wn represents a point-source at a subsurface

point corresponding to the kth entry of w. We compute this sum efficiently via first probing the

each monochromatic extended image volumes with the vector wk followed by sum over frequency

instead of summing over the monochromatic full subsurface image volumes followed by probing

with the vector wk. Finally, the diagonal matrix Sk penalizes defocussed energy by applying a

weighting function. Often, this weight is chosen proportional to the lateral subsurface offset [Shen

and Symes, 2008]. The main costs of this approach (cf. equation 6.16) are formed by the number

of gathers, which equals the number of grid points. Of course, WEMVA is conducted in practice

with a subset of grid points Nx, the number of which depends on the complexity of the subsurface.

To arrive at an alternative more cost effective formulation that offers flexibility to focus in all

offset directions, we take a different tack by using the fact that focussed extended image volumes

commute with diagonal weighting matrices [Kumar et al., 2013b, Symes, 2014] that penalize off-
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diagonal energy–i.e., we have

E diag(s) ≈ diag(s) E (6.17)

for a given weighting vector s. For the specific case where the entries in s correspond to lateral

positions for each grid point in the model, forcing the above commutation relation corresponds to the

objective of equation 6.16 with weights proportional to the horizontal subsurface offset. However,

other options are also available including focusing in all offset directions. The optimization problem

can now be written as

min
m

{
φ(m) = ||E(m)diag(s)− diag(s)E(m)||2F

}
, (6.18)

where ||A||2F =
∑

i,j a
2
i,j denotes the Frobenius norm. Minimization of this norm forces E to focus

as a function of the velocity model m.

For obvious reasons, this formulation is impractical because even in 2-D we can not hope to

store the extended image volumes E, whose size is quadratic in the number of grid points – E is

a N2
x ×N2

x matrix. However, we can still minimize the above objective function via random-trace

estimation [Avron and Toledo, 2011], a technique that also underlies phase encoding techniques

in full-waveform inversion van Leeuwen et al. [2011]. With this technique, equation 6.18 can be

evaluated to arbitrary accuracy via actions of E on random vectors w. With this approximation,

the WEMVA objective becomes

φ(m) ≈ φ̃(m) =
1

K

K∑
k=1

‖R(m)wk‖22, (6.19)

where R(m) = E (m)diag(s) − diag(s) E(m). While other choices are possible, we select the wk

as Gaussian vectors with independent, identically distributed random entries with zero mean and

unit variance. For this choice, φ̃(m) and φ(m) are equal in expectation, which means that the

above sample average is unbiased [van Leeuwen et al., 2011, Haber et al., 2012]. As we know from

source-encoding in full-waveform inversion [Krebs et al., 2009, van Leeuwen et al., 2011, Haber

et al., 2012], good approximations can be obtained for small sample size K � Nx. We will study

the quality of this approximation below.

The gradient of the approximate objective is given by

∇φ̃(m) =
1

K

K∑
k=1

(
∇E(m,diag(s)wk)− diag(s)∇E(m,wk)

)∗
R(m)wk, (6.20)

where

∇E(m,y) =
∂E(m)y

∂m
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is the Jacobian of E(m)y. We do not form this Jacobian matrix explicitly, but instead compute its

action on a vector as follows:

∇E(m,y)δm = −ω2
(
E(m)diag(ỹ) + H(m)−1diag(ẽ)

)
δm (6.21)

where w̃ = H(m)−1y, ẽ = E(m)y. The computation of the action of the adjoint of the Jacobian

follows naturally.

We can now employ an iterative gradient-based method to find a minimizer of φ(m) by using

a K-term approximation of this objective and its gradient [van Leeuwen et al., 2011, Haber et al.,

2012]. To remove possible bias from using a fixed set of random probing vectors, we redraw these

vectors after each gradient update. Remaining errors can be controlled by increasing K [Haber

et al., 2012, Friedlander and Schmidt, 2012, van Leeuwen and Herrmann, 2014].

6.7.1 Numerical results

We test the proposed wave-equation migration-velocity analysis (WEMVA) formulation on syn-

thetic examples, illustrating the efficacy of the probing techniques. In all experiments, we use a

9-point finite-difference discretization of the 2-D Helmholtz equation to simulate the wavefields.

The direct wave is removed from the data prior to performing the velocity analysis. To regularize

the inversion, we parameterize the model using cubic B-splines [Symes, 2008a]. We solve the result-

ing optimization problem with the limited-memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS)

method [Nocedal and Wright, 2000].

Need for full subsurface-offset image volumes

Our first experiment is designed to illustrate the main benefit of working with full subsurface offsets

in all directions in situations where both horizontal and vertical reflectors are present (Figure

6.11 (a) adapted from [Yang and Sava, 2015]). For this purpose, we juxtapose the focussing, for a

velocity model with the correct kinematics, of common-image gathers (CIGS) against focussing with

common-image point gathers (CIPs) for a model with vertical and horizontal horizontal. While

both CIG and CIP gathers can be used to form WEMVA objectives, their performance can be

quite different. Ideally, CIGs measure focusing along offsets in the direction of the geologic dip for

subsurface points sampled along spatial coordinated perpendicular to this direction, denoted by

the yellow lines in Figure 6.11 (a). The green dots denote the location of the selected CIPs.

Since prior knowledge of geologic dips is typically not available, why not device a WEMVA

scheme that focusses in all spatial directions? In that way, we are guaranteed to focus as illustrated

in Figure 6.11 (b-d), for the horizontal reflector, and in Figure 6.11 (e-g) for the vertical reflector.

From these figures it is clear that CIGs do not focus (Figure 6.11 (c,e)), despite the fact that

the velocity model is correct. This lack of focusing may lead to erroneous biases during CIG-based

WEMVA, a problem altogether avoided when we work with CIPs (Figure 6.11 (d,f)). Because CIPs
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are sensitive to focusing in all directions, there is no need to focus in time [Sava and Vasconcelos,

2011]. While the advantages of CIP-based WEMVA are clear, we cheated by selecting CIPs on top

of the reflecting interfaces, whose position is also generally not known in advance. This is where the

randomized sampling comes to our rescue. By treating all subsurface points as random amplitude

encoded sources, we will be able to form a CIP-based WEMVA objective, which does not require

explicit knowledge on the location of the reflecting interfaces.

Quality of the stochastic approximation

As with FWI, randomly encoded sources—e.g. via random Gaussian weights, provide a vehicle

to approximate (prohibitively) expensive to evaluate wave-equation based objectives (cf. equa-

tions 6.18 and 6.19) to controllable accuracy by increasing K. Following Haber et al. [2012], we

evaluate for a small subset (Figure 6.12 (a)) of the Marmousi model [Bourgeois et al., 1991] the

true φ(m0 + αδm) (solid blue line) and approximate φ̃(m0 + αδm) (denoted by the error bars)

objectives as a function of α in the direction of the gradient—i.e., δm = −∇φ, evaluated at the

starting model m0 depicted in Figure 6.12 (b). The results for K = 10 and K = 80 are included in

Figures 6.12 (c,d). We calculated the error bars from 5 independent realizations. As we increase

K, the true objective is better approximated reflected in tighter and better centred (compared

to the true objective) error bars. These results also show that we can substantially reduce the

computational costs while approximating the true objective function accurately.

WEMVA on the marmousi model

To validate our approach to WEMVA based on random probing and full-subsurface offset common-

image point gathers (CIPs), we minimize the approximate objective in equation with a quasi-

Newton method using approximate evaluations for the objective (equation 6.18) and gradients

(equation 6.20). We choose the Marmousi model plotted in Figure 6.13 (a), because of its complexity

and relatively steep reflectors. The model is 3.0 km deep and 9.2 km wide, sampled at 12 m. We

acquired synthetic data for this model using a split-spread acquisition geometry resulting in 767

sources and receivers sources sampled at a 12 m interval. The data simulation and inversion are

carried out over 201 frequencies, sampled at 0.1 Hz ranging from 5 to 25 Hz and scaled by a Ricker

wavelet with a central frequency of 10 Hz.

We use a highly smoothed starting model with small (or no) lateral variations to start the

inversions for different numbers of probing vectors, K = 10 and K = 100 respectively. To regularize

the inversion, we use B-splines sampled at x = 48 m and z = 48 m in the lateral and vertical

directions. Figures 6.13 (c, d) show the inverted models after 25 L-BFGS iterations. We can clearly

see that even 10 probing vectors are good enough to reveal the structural information. Compared

to computing the full image gathers (which would need 2 · 767 PDE solves per evaluation), this

reduces the computational cost and memory use by roughly a factor 60.
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Encouraged by this result, we conduct a second experiment for a poor starting model (Fig-

ure 6.14 (b)) and for data with fewer low frequencies (8 − 25 Hz). In this case, we use a slightly

higher number of probing vectors (K = 100) to reduce the error in approximating the true objec-

tive function. Figures 6.12 (c, d) show that the errors for small K are relatively large when the

starting model is poor. This is the case for small α’s in Figure 6.12. To regularize the inversion,

we use B-splines sampled at x = 96 m and z = 96 m in the lateral and vertical directions in order

to recover the smooth (low-frequency) component of the true velocity model. We can clearly see in

Figure 6.14 (c) that we build the low-frequency component of the velocity model. Figure 6.14 (d)

shows our velocity estimate overlaid with a contour plot of the true velocity perturbation. We can

see that despite missing low frequencies the inverted model captures the shallow complexity of the

model reasonably well.

6.8 Discussion

To our knowledge this work represents the first instance of deriving a discrete two-way equivalent

of Claerbout’s double square-root equation [Claerbout, 1970, 1985a] that enables us to compute

full-subsurface offset extended image volumes. Contrary to approaches based on the one-way wave

equation, which are dip-limited and march along depth, our method provides access to extended

image volumes via actions of a wave-equation based factorization on certain probing vectors. This

factorization enables matrix-vector products with matrices that encode wavefield interactions be-

tween arbitrary pairs of points in the subsurface that can not formed explicitly. As a result, we

arrive at a formulation that is computationally feasible and that offers new perspectives on the

design and implementation of workflows that exploit information embedded in various types of

subsurface extended images.

Depending on the choice of the probing vectors, we either obtain local information, tied to

individual subsurface points that can serve as quality control for velocity analyses or as input to

localized amplitude-versus-offset analysis, or global information that can as we have shown be used

to drive automatic velocity analyses. Aside from guiding kinematical inversions through focusing,

we expect that our randomized probings of extended image volumes also provide information on the

rock properties. Further extension of the methodology include forming fully elastic image volumes,

which turns our matrix representation into a tensor representation. We leave such generalizations

to a future paper.

6.9 Conclusions

Extended subsurface image volumes carry information on interactions between pairs of subsurface

points encoding essential information on the kinematics—to be used during velocity analysis—

and the dynamics, which serve as input to inversions of the rock properties. While conceptually

beautiful, full-subsurface offset image volumes have not yet been considered in practice because
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these objects are too large to be formed explicitly. Through a wave-equation based factorization, we

avoid explicit computations by forming matrix-vector products instead that only require two wave-

equation solves each, and thereby removing the customary and expensive loop over shots, found in

conventional extended imaging. This approach leads to significant computational gains in certain

situations since we are no longer constrained by costs that scale with the number of shots and the

number of subsurface points and offsets visited during the cross-correlation calculations. Instead,

we circumvent these expensive explicit computations by carrying out these correlations implicitly

through the wave equation solves. As a result, we end up with a matrix-vector formulation from

which different image gathers can be formed and with which amplitude-versus-angle and wave-

equation migration-velocity analyses can be performed without requiring prior information on the

geologic dip. We showed that these operations can be accomplished at affordable computational

costs.

By means of concrete examples, we demonstrate how localized information on focussing and

scattering amplitudes can be revealed by forming different extended image volumes in both 2-D

and 3-D. Because full-subsurface extended image volumes are quadratic in the number of gridded

subsurface parameters, it would be difficult if not impossible to obtain these results by conven-

tional methods. We also verify that our matrix-vector formulation lends itself well for automatic

migration-velocity analysis if Gaussian random probing vectors are used. These vectors act as

simultaneous sources and allow for significant computational gains in the evaluation of global fo-

cusing objectives that are key to migration-velocity analysis. Instead of focussing in a particular

offset direction, as in most current approaches, our objective and its gradient force full-subsurface

extended image volumes to focus in all offset directions at all subsurface points. It accomplishes this

by forcing a commutation relation between the extended image volume and a matrix that expresses

the Euclidean distance between points in the subsurface. The examples show that the computa-

tional costs can be controlled by probing. Application of this new automatic migration-velocity

analysis technique to a complex synthetic shows encouraging results in particular in regions with

steep geological dips.
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Table 6.1: Correspondence between continuous and discrete representations of the image vol-
ume. Here, ω represents frequency, x represents subsurface positions, and (i, j) repre-
sents the subsurface grid points. The colon (:) notation extracts a vector from e at the
grid point i, j for all subsurface offsets.

Continuous Discrete

full image volume e(ωi,x,x
′) Ei

migrated image
∫

Ωdω e(ω,x,x)
∑Nf

i=1 diag(Ei)

CIP e(ωi,xk,xk′) eikk′

# of PDE solves flops

conventional 2Ns NsNhxNhyNhz

this paper 2Nx NrNs

Table 6.2: Computational complexity of the two schemes in terms of the number of sources
Ns, receivers Nr sample points Nx and desired number of subsurface offsets in each
direction Nh{x,y,z} .

time (s) memory (MB)

conventional 456 152

this paper 23 5.1

Table 6.3: Comparison of the computational time (in sec) and memory (in megabytes) for
computing CIP’s gather on a central part of Marmousi model. We can see the significant
difference in time and memory using the probing techniques compared to the conven-
tional method and we expect this difference to be greatly exacerbated for realistically
sized models.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 6.1: Different slices through the 4-dimensional image volume e(z, z′, x, x′) around z =
zk and x = xk. (a) Conventional image e(z, z, x, x), (b) Image gather for horizontal and
vertical offset e(z, z′, xk, x

′), (c) Image gather for horizontal offset e(z, z, xk, x
′) and (d)

Image gather for a single scattering point e(zk, z
′, xk, x

′). (e-g) shows how these slices
are organized in the matrix representation of e.
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(a) (b)

(c)

(d)

(e) (f)

Figure 6.2: Migrated images for a wrong (a) and the correct (b) background velocity are
shown with 3 locations at which we extract CIPs for a wrong (c) and the correct (d)
velocity. The CIPs contain many events that do not necessarily focus. However, these
events are located along the line normal to the reflectors. Therefore, it seems feasible to
generate multiple CIPs simultaneously as long as they are well-separated laterally. A
possible application of this is the extraction of CIGs at various lateral positions. CIGs
at x = 1500 m and x = 2500 m for a wrong (e) and the correct (f) velocity indeed
show little evidence of crosstalk, allowing us to compute several CIGs at the cost of a
single CIG.
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(a)

(b)

Figure 6.3: (a) Compass 3D synthetic velocity model provided to us by BG group. (b) A
CIP gather at (x, y, z) = (1250, 1250, 390)m. The proposed method (Algorithm 2) is
1500 times faster then the classical method (Algorithm 1) to generate CIP gather.
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(a)

(b)

Figure 6.4: Cross-section of Compass 3D velocity model (Figure 6.3 (a)) along (a) x, and (b)
y direction.

(a) (b) (c)

Figure 6.5: Slices extracted along the horizontal (a,b) and vertical (c) offset directions from
the CIP gather shown in Figure 6.3 (b).

Figure 6.6: Schematic depiction of the scattering point and related positioning of the reflec-
tor.
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(a)

(b)

(c)

Figure 6.7: (a) Horizontal one-layer velocity model and (b) constant density model. CIP
location is x = 1250 m and z = 400 m. (c) Modulus of angle-dependent reflectivity
coefficients at CIP. The black lines are included to indicate the effective aperture at
depth. The red lines are the theoretical reflectivity coefficients and the blue lines are
the wave-equation based reflectivity coefficients.
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(a) (b)

(c) (d)

(e) (f)

Figure 6.8: Angle dependent reflectivity coefficients in case of horizontal four-layer (a) ve-
locity and (b) density model at x = 1250 m. Modulus of angle-dependent reflectivity
coefficients at (c) z = 200 m, (d) z = 600 m, (e) z = 1000 m, (f) z = 1400 m.
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(a) (b)

(c) (d)

Figure 6.9: Estimation of local geological dip. (a,b) Two-layer model. (c) CIP gather at
x = 2250 m and z = 960 m overlaid on dipping model. (d) Stack-power versus dip-
angle. We can see that the maximum stack-power corresponds to the dip value of 10.8◦,
which is close to the true dip value of 11◦.

137



(a) (b)

(c)

Figure 6.10: Modulus of angle-dependent reflectivity coefficients in two-layer model at z =
300 and 960 m and x = 2250 m. (a) Reflectivity coefficients at z = 300 m and
x = 2250 m. Reflectivity coefficients at z = 900 m (b) with no dip θ = 0◦ and (c)
with the dip obtained via the method described above (θ = 10.8◦).
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(a)

(b) (c) (d)

(e) (f) (g)

Figure 6.11: Comparison of working with CIGs versus CIPs. (a) True velocity model. The
yellow line indicates the location along which we computed the CIGs and the green
dot is the location where we extracted the CIPs. (b,c) CIGs extracted along vertical
and horizontal offsets directions in case of vertical reflector. (d) CIPs extracted along
vertical (z = 1.2 km, x = 1 km) reflector. (e,f) CIGs extracted along vertical and
horizontal offsets directions in case of horizontal reflector. (g) CIPs extracted along
horizontal (z = 1.5 km, x = 4.48 km) reflector.
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(a) (b)

(c) (d)

Figure 6.12: Randomized trace estimation. (a,b) True and initial velocity model. Objective
functions for WEMVA based on the Frobenius norm, as a function of velocity pertur-
bation using the complete matrix (blue line) and error bars of approximated objective
function evaluated via 5 different random probing with (c) K=10 and (d) K = 80 for
the Marmousi model.
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(a) (b)

(c) (d)

Figure 6.13: WEMVA on Marmousi model with probing technique for a good starting model.
(a,b) True and initial velocity models. Inverted model using (c) K = 10 and (b)
K = 100 respectively. We can clearly see that even 10 probing vectors are good
enough to start revealing the structural information.
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(a) (b)

(c) (d)

Figure 6.14: WEMVA on Marmousi model with probing technique for a poor starting veloc-
ity model and 8-25 Hz frequency band. (a,b) True and initial velocity models. Inverted
model using (c) K = 100. (d) Inverted velocity model overlaid with a contour plot
of the true model perturbation. We can see that we captures the shallow complexity
of the model reasonably well when working with a realistic seismic acquisition and
inversion scenario.
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Chapter 7

Conclusions

In this chapter I summarize the main contributions of this thesis, propose follow-up work, discuss

some limitations, and outline possible extensions.

7.1 Main contributions

In this thesis, I have developed fast computational techniques for large-scale seismic applications

such as missing-trace interpolation, simultaneous source separation, and wave-equation based mi-

gration velocity analysis. In Chapters 2 and 3, I designed a large-scale singular value decomposi-

tion (SVD)-free factorization based rank-minimization approach, which is built upon the existing

knowledge of compressed sensing as a successful signal recovery paradigm, and outlined the nec-

essary components of a low-rank domain, a rank-increasing sampling scheme, and a SVD-free

rank-minimizing optimization scheme for successful missing-trace interpolation. Note that for the

matrix completion approach, the limiting component for large scale data is that of the nuclear

norm projection, which requires the computation of SVD. For large scale 5D seismic data, it is pro-

hibitively expensive to compute singular value decompositions because the underlying matrix has

tens of thousands or even millions of rows and columns. Hence, we design a SVD-free factorization

based approach for missing-trace interpolation and source separation. In Chapter 4 and 5, I ex-

tended the SVD-free rank-minimization framework to remove source cross-talk during simultaneous

source acquisition because subsequent seismic data processing and imaging assumes well separated

data. In Chapter 6, I proposed a matrix-vector formulation, which overcomes computational and

storage costs of full-subsurface offset extended image volumes that are prohibitively expensive to

form for large-scale seismic data imaging problems. This matrix-vector formulation avoids explicit

storage of full-subsurface offset extended image volumes and removes the expensive loop over shots

found in the conventional extended imaging [Sava and Vasconcelos, 2011].

The remainder of this section provides more details about the aforementioned contributions.
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7.1.1 SVD-free factorization based matrix completion

Current efforts towards imaging subsalt structures under complex overburdens have led to a move

towards wide-azimuth towed streamer (WATS) acquisition. Due to budgetary and/or physical con-

straints, WATS is typically coarsely sampled (sub-sampled) either along sources and/or receivers.

However, most of the processing and imaging techniques require densely sampled seismic data on a

regular periodic grid, thus call for large-scale seismic data interpolation techniques. Following ideas

from the field of compressed sensing [Donoho, 2006b, Candès et al., 2006], a variety of method-

ologies, each based on various mathematical techniques, have been proposed to interpolate seismic

data where the underlying principle is to exploit the sparse or low-rank structure of seismic data in

a transform domain [Hennenfent et al., 2010, Kreimer, 2013]. However, these previous compressed

sensing (CS)-based approaches, using sparsity or rank-minimization, incur computational difficul-

ties when applied to large scale seismic data volumes. For instance, methods that involve redundant

transforms, such as curvelets [Hennenfent et al., 2010], or that add additional dimensions, such as

taking outer products of tensors [Kreimer, 2013], are computationally no longer tractable for large

data volumes with four or more dimensions.

From a theoretical point of view, the success of rank-minimization based techniques depends

upon two main principles, namely a low-rankifying transform and a sub-Nyquist sampling strategy

that subdues coherent aliases in the rank-revealing transform domain. As identified in Chapter

2 (Figures 2.2 and 2.3), for 2D seismic data acquisition, seismic frequency slices exhibit low-rank

structure (fast decay of the singular values) in the midpoint-offset domain, whereas, subsampling

increases the rank in the midpoint-offset domain, i.e., singular values decay slowly. Hence, we can

use the rank-minimization based techniques to reconstruct the low-rank representation of seismic

data in the midpoint-offset domain. Similarly as shown in Chapter 3, 4D monochromatic frequency

slices (extracted from a 3D seismic data acquisition) exhibit a low-rank structure in the (source-x,

receiver-x) matricization compared to other possible matricization, whereas, subsampling destroys

the low-rank structure in the (source-x, receiver-x) matricization (Figures 3.4 and 3.5). Here,

matricization refers to an operation which reshapes a tensor into a matrix along specific dimensions.

When these two principles hold, i.e., a low-rank domain and a rank-increasing sampling scheme,

rank-minimization formulations allow the recovery of missing traces.

From a practical standpoint, we need a large-scale seismic data interpolation framework, which

can handle seismic data measurements in the order of 1010 to 1012. Unfortunately, one of the

limitations of rank-minimization based techniques for large-scale seismic problems is the nuclear-

norm projection, which inherently involves prohibitively expensive computations of singular value

decompositions (SVD). For this reason, I proposed, in Chapter 2 and 3, a practical framework

for recovering missing-traces in large-scale seismic data volumes using a matrix-factorization based

approach [Lee et al., 2010b, Recht and Ré, 2011], where I avoided the need for expensive computa-

tions of SVDs. I showed that the proposed SVD-free factorization based framework can interpolate
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large-scale seismic data volumes with high fidelity from significantly subsampled, and therefore

economic and environmental friendly, seismic data volumes. In Chapter 3, I also demonstrated

that the proposed factorization framework allows me to work with fully sampled seismic data vol-

ume without relying on a windowing operation that divides 5D data up into small cubes followed

by normal-moveout corrections designed to remove curvature of seismic reflection events—one of

the more recent approaches in missing-trace interpolation literature [Kreimer, 2013]. The reported

results in Chapter 2 and 3 on realistic 3D and synthetic 5D seismic data interpolation demonstrate

that while the SVD-free factorization based approaches are comparable (in reconstruction quality)

to the existing matrix completion [Becker et al., 2011, Wen et al., 2012] and sparsity-promotion

based techniques that use sparsity in transform domains (such as wavelets and curvelets) [Herrmann

and Hennenfent, 2008b], it significantly outperforms these techniques in terms of the computational

time and memory requirements.

Large-scale simultaneous source separation

Practitioners also proposed to acquire simultaneous seismic data acquisition to mitigate the sam-

pling related issues and improve the quality of seismic data, wherein a single or multiple source

vessels fire sources at near-simultaneous or slightly random times. This results in overlapping and

missing shot records, as opposed to non-overlapping shot records in conventional marine acquisition.

Although simultaneous source surveys result in improved quality recorded seismic data volumes at

a reduced acquisition turnaround time, the costs of reduced acquisition are coherent artifacts from

seismic cross-talk. This may degrade the quality of final migrated images because subsequent

seismic data processing and imaging assumes well separated data acquired in the conventional

(non-overlapping) way. Therefore, a practical (simultaneous) source separation and interpolation

technique is required, which separates overlapping and interpolated missing shots. Following the

compressed sensing principles outlined in Chapter 1 and 2 for matrix completion framework, I

found that fully sampled conventional seismic data has low-rank structure—i.e., quickly decaying

singular values in the midpoint-offset domain, whereas, overlapping and missing seismic data results

in high-rank structure—i.e., slowly decaying singular values. For this reason, in Chapter 4 and 5, I

developed a highly parallelizable singular-value decomposition (SVD)-free matrix factorization ap-

proach for source separation and missing-trace interpolation. I showed that the proposed framework

regains the low-rank structure structure of the separated and interpolated seismic data volumes. I

tested the SVD-free framework on two different seismic data acquisition scenarios, namely static

(receivers are moving with sources) and dynamic (receivers are fixed at ocean-bottom) geometries.

For dynamic geometry, in Chapter 4, I investigated two instances of low-variability in source fir-

ing times—e.g., 0 ≤ 1 (or 2) second, namely over/under and simultaneous long offset (Figure 4.7

and 4.9). In Chapter 5, I investigated an instance of static geometry in source firing times—e.g., >

1 second, where a single source vessel sails across an ocean-bottom array firing two airgun arrays
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at jittered source locations and time instances with receivers recording continuously (Figure 5.1).

For both the cases, I showed that the proposed SVD-free rank-minimization framework is able

to separate and interpolate the large-scale seismic data to a desired grid with negligible loss of

the coherent energy where the reconstruction quality is comparable to sparsity-promotion [Wason

and Herrmann, 2013b] and NMO-based median filtering type techniques [Chen et al., 2014]. I

also demonstrated that the proposed SVD-free factorization based rank-minimization approach for

source separation outperforms sparsity-promotion based techniques by an order of magnitude in

computational speed while using only 1/20th of the memory.

Missing-trace interpolation without windowing

Seismic data is often acquired in large volumes, which makes the processing of seismic data com-

putationally expensive. For this reason, seismic practitioners follow workflows that involve: i)

normal-moveout (NMO) correction to remove the curvature of seismic reflection events such that

the events tend to become linear in small enough windows, ii) dividing data into overlapping

spatial-temporal windows, iii) performing Fourier transform along the time coordinate within each

window, iv) using a matrix or tensor based technique to interpolate individual monochromatic

slices, v) doing the inverse Fourier transform along the frequency coordinate within each window,

vi) combining all the windows to get reconstructed seismic data volumes. While this approach is

computationally feasible because it can be readily parallelized and utilized with success, there are

several issues during the windowing process: i) one needs a reasonably accurate root-mean square

velocity model to perform the NMO correction that may be difficult to compute when data is

missing, ii) proper window size selection, which depends upon the complexity of seismic data, i.e.,

large window size for linear reflection events and smaller window size for complex seismic reflection

events with curvature, iii) averaging operations along the overlapping windows (see [Kreimer, 2013]

for details). These issues are very important because they may lead to underperformance.

One of the main contributions of this thesis was the design and implementation of a SVD-

free matrix-factorization approach, which exploits the inherent redundancy in seismic data while

avoiding the customary preprocessing steps of windowing and NMO corrections. Seismic data is

inherently redundant because we are collecting data on the same subsurface at different angles.

In this thesis, I used this inherent redundancy of seismic data to exploit the low-rank structure,

where the idea is to represent complete seismic data volume using only a few singular vectors

corresponding to the largest singular values. Note that this redundancy can only be exploited

when the data is organized in a particular manner, namely exploiting the low-rank structure of

seismic data in the midpoint-offset domain for 2D seismic data surveys or (source-x, receiver-x)

matricizations for 3D seismic data surveys.

When data volumes are organized in this way, the singular values decay rapidly, which is a reflec-

tion of the intrinsic redundancy exhibited by seismic data. To illustrate this inherent redundancy,
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I considered a split-spread seismic acquisition over a complex geological model provided by the BG

Group, where each source is recorded by all the receivers. This simulation resulted in a seismic

data with 1024 time samples, 60 × 60 sources and 60 × 60 receivers. From this seismic volume, I

extracted a monochromatic 4D tensor at 10 Hz, where the size of the tensor is 60× 60× 60× 60,

followed by an analysis of the decay of the singular values as a function of window sizes. To compare

the recovery within windows versus carrying out the interpolation over the complete non-windowed

survey, I computed the singular values as follows: i) I perform xsrc, xrec matricization (as explained

in Chapter 3) on a 10 Hz monochromatic slice, resulting in a matrix of 3600 rows and 3600 columns,

ii) I define window sizes of 100, 200, 300, 400, 600, 900, 1200, 1800 and 3600, iii) for each window size,

I extract all possible sub-matrices and compute their corresponding singular values, iv) I concate-

nate all the singular values of sub-windowed matrices, for a given window size, and sort them in

the descending order. In Figure 7.1 (a), I compared the decay of singular values of monochromatic

slices at 10 Hz for different window sizes, where we can see that i) fully sampled seismic data

volumes have the fastest decay of singular values, and ii) smaller window sizes result in a slower

decay rate of the singular values, i.e., we need relatively more singular values to approximate the

underlying fully sampled seismic data. This simple experiment demonstrated that fully sampled

non-windowed monochromatic slices exhibit low-rank structure because we can approximate them

by using a few singular vectors that correspond to the first few largest singular values with minimal

loss of coherent seismic energy. Therefore, the non-windowed seismic data should be used during

missing-trace interpolation and source separation using the rank-minimization based techniques

and avoiding the customary windowed- and NMO-based preprocessing steps.

7.1.2 Enabling computation of omnidirectional subsurface extended image
volumes

Image gathers contain kinematics and dynamics information on interactions between pairs of sub-

surface points. We can use this information to design wave-equation based velocity analysis,

amplitude-versus-angle inversion to estimate the rock properties, and target-oriented imaging using

redatuming techniques in geological challenging environments to overcome the effects of complex

overburden. Unfortunately, forming full-subsurface offset extended image volumes is prohibitively

expensive because they are quadratic in the image size and therefore impossible to store. Apart from

storage impediments, the costs associated with computing the extended image volumes scale with

the number of shots, the number of subsurface points, and the number of subsurface offsets visited

during the cross-correlation calculations. In Chapter 6, I proposed a computationally and memory

efficient way of gleaning information from the full-subsurface offset extended image volumes, where

I first organized the full-subsurface offset extended image volumes as a matrix. Then, I computed

the action of the matrix on a given vector without explicitly constructing the full-subsurface offset

extended image volumes. The proposed matrix-vector product removes the expensive loop over

shots found in the conventional methods, thus leading to significant computational and memory
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Figure 7.1: To understand the inherent redundancy of seismic data, we analyze the decay
of singular values of windowed versus non-windowed cases. We see that fully sampled
seismic data volumes have fastest decay of singular values, whereas, smaller window
sizes result in the slower decay rate of the singular values.

gains in certain situations. Using this matrix-vector formulation, I formed the image-gathers along

all offset directions to perform amplitude-versus-angle and automatic wave-equation migration-

velocity analyses without requiring prior information on the geologic dip. By means of concrete

examples, I demonstrated that we can extract the localized scattering amplitudes information from

the image volumes computed on 2D and 3D velocity models. I further validated the potential of

probing techniques to perform automatic wave-equation migration-velocity analyses on a complex

synthetic model with steep geological dips.

7.2 Follow-up work

Although I tested the proposed SVD-free factorization-based rank-minimization framework on re-

alistic 3D and complex 5D synthetic data volumes and compared it to the existing matrix / tensor

completions and sparsity-promotion based interpolation techniques (such as curvelets), it would be

interesting to see its application to a realistic 5D data set observed on complex geological structures

such as salt. Since our SVD-free rank-minimization framework works with the full seismic data

volumes without windowing, it will be computationally infeasible to interpolate the complete data

on a single computing node, i.e., performing the interpolation in a serial mode, hence, we need
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to devise a parallel interpolation framework that can exploit the inherent redundancy of seismic

data without performing the windowing operation and overcome the computational bottleneck of

handling the large-scale seismic data volumes where unknowns are of the order of 1010 to 1012.

Finally, it would be good to see the impact of 5D seismic interpolation on various seismic post pro-

cessing workflows such as surface-related multiple estimation, wavefield-decomposition, migration,

waveform inversion, target-imaging and uncertainty analysis.

7.3 Current limitations

One of the main requirements of the current rank-minimization approach is to find a transform

domain where the target recovered data exhibit a low-rank structure. In this thesis, I showed

that 2D seismic monochromatic slices exhibit low-rank structure in the midpoint-offset domain at

the lower frequencies, but not at the higher frequencies. This behaviour is due to the increase

in wave oscillations as we move from low to high-frequency slices in the midpoint-offset domain,

even though the energy of the wavefronts remains focused around the diagonal (see Figures 2.2

and 2.3 in Chapter 2). Therefore, interpolation via rank minimization in the high-frequency regime

requires extended formulations that incorporate low-rank structure. [Kumar et al., 2013a] proposed

to addressed this issue for 2D seismic data acquisition using Hierarchically Semi-Separable matrix

representation (HSS) [Chandrasekaran et al., 2006]. Although the initial results of HSS based

techniques for 3D seismic data interpolation and source separation are encouraging, it would be

interesting to see its benefits to interpolate higher frequencies in large-scale realistic 5D seismic data

volumes generated using 3D seismic data acquisitions. Moreover one of the limitations in proposed

SVD-free matrix-factorization approach is to find the rank parameter k associated with each low-

rank factor. I estimated it using the cross-validation techniques (see chapter 3 for more details) in

all the examples presented in this thesis, however, it is still not a practical approach when dealing

with large-scale subsampled seismic data volumes, since it will involve finding the appropriate small

volume of seismic data to run the cross-validation techniques—a computationally expensive process.

7.4 Future extensions

7.4.1 Extracting on-the-fly information

While the traditional interpolation and/or source separation approaches can deal with missing

information and/or source cross-talk during seismic data acquisition, these processing methods

result in massive seismic data volumes in the orders of terabytes to petabytes. This overwhelming

amount of data makes subsequent imaging and inversion workflows daunting for realistic data sets,

since extracting various data gathers, such as common-source and receiver gathers can be very

challenging (Input/Output costs), apart from storing the massive volumes of interpolated and/or

separated seismic data on disks. To overcome this computational and memory burden, we can

149



design a fast, resilient, and scalable workflow, where we first compress the seismic data volumes

using a SVD-free rank-minimizing optimization scheme. Then, we can access the information from

the compressed volumes on-the fly, i.e., extracting the common-source and/or receiver gathers from

the low-rank factors without forming the fully sampled seismic data volumes during the objective

and gradient calculations of inversion framework.

7.4.2 Compressing full-subsurface offset extended image volumes

Even though the probing techniques circumvent the computational and storage requirements of

forming the full-subsurface offset extended image volumes, we have only limited access to the

information from the full-subsurface offset image volumes at the subsurface locations defined by

the probing vectors. As a consequence, the proposed framework of probing vectors can only be

beneficial when the number of probing vectors is very small compared to the number of sources.

To circumvent the computational requirement of forming the full-subsurface offset extended image

volumes at every point in the subsurface, I proposed to exploit the low-rank structure of image

volumes. To understand the low-rank behaviour of image volumes, I analyzed its singular value

decay on a small section of Marmousi model (Figure 7.2 (a)). I chose this particular part of the

model because it consists of highly dipping reflectors with strong lateral variations in the velocity.

For this 2D model, the monochromatic full-subsurface offset extended image volume is a four

dimensional tensor with dimensions, depth z, offset x, horizontal lag δx, and vertical lag δz. As

outlined in Chapter 3, there is no unique generalization of the SVD to tensors and as a result, there is

no unique notion of rank for tensors. However, rank can be computed on the different matricizations

of tensors where matricization reshapes a tensor to a matrix along specific dimensions. To analyze

the decay of singular values of each monochromatic full-subsurface offset extended image volume,

I matricize this 4D tensor where the depth z and vertical lag coordinates (z, δz) are grouped

along the rows, and the offset x and horizontal lag δx coordinates are grouped along the columns.

Figure 7.2 (b) shows the matricized tensor and Figure 7.2 (c) shows its associated singular values

decay. I also tested the decay of singular values for all possible combination of matricizations,

i.e., (z, δx), (z, x), (z, δz), (δx, δz), and find that (z, δz) matricization gives the fastest decay of the

singular values. I further approximated the full-subsurface offset extended image volume with its

first 10 singular vectors computed using (z, δz) matricization, which results in a reconstruction

error of 10−4. This example demonstrates that even for highly complex geological structures, the

full-subsurface offset extended image volumes for all subsurface points exhibits low-rank structure,

which can be exploited to compress full-subsurface offset extended image volumes while gleaning

information from the full-subsurface offset extended image volumes during wave-equation migration

velocity analyses.
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(a)

(b)

(c)

Figure 7.2: To visualize the low-rank nature of image volumes, I form a full-subsurface offset
extended image volume using a subsection of the Marmousi model and analyzed the
decay of singular values. (a) Complex subsection of the Marmousi model with highly
dipping reflectors with strong lateral variations in the velocity, and (b) corresponding
full-subsurface offset extended image volume at 5 Hz. (c) To demonstrate the low-rank
nature of image volumes, I plot the decay of singular values, where I observed that we
only required the first 10 singular vectors to get a reconstruction error of 10−4.

151



7.4.3 Comparison of MVA and FWI

Apart from performing velocity analysis using extended image volumes, which is known as migration

velocity analysis (MVA) in seismic literature, full-waveform inversion (FWI) is another useful tool

to invert for the velocity model of the subsurface. FWI is a nonlinear data-fitting procedure,

where the aim is to get the velocity updates via minimizing the mismatch between the observed

and predicted seismic data. Here, the predicted data is generated using an initial guess of the

subsurface by solving a wave-equation [Virieux and Operto, 2009]. Both MVA and FWI have its

own pitfall, which can lead to spurious artifacts in the velocity inversion. For example, FWI is

mainly driven by the turning waves and MVA is mainly driven by the reflected waves. FWI has

deeper depth of penetration for lower frequencies but not for higher frequencies, whereas MVA can

provide the velocity updates in the deeper part of the model for both lower and higher frequencies.

Another well-known drawback of FWI is the occurrence of local-minima in the misfit functional,

which leads to erroneous artifacts in the velocity updates. This can be circumvented by either

recording the low-frequencies in the observed data [Virieux and Operto, 2009], which are generally

absents from the seismic data, or starting with a good initial velocity model that is sufficiently close

to the true model. In future work, I would like to come up with an inversion framework, which has

flavors of both FWI and MVA and help us to overcome some of these pitfalls.
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