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Abstract

Compressed sensing is a data acquisition technique that entails recovering estimates of sparse
and compressible signals from n linear measurements, significantly fewer than the signal ambi-
ent dimension N. In this thesis we show how we can reduce the required number of measure-
ments even further if we incorporate prior information about the signal into the reconstruction
algorithm. Specifically, we study certain weighted nonconvex ¢, minimization algorithms and
a weighted approximate message passing algorithm.

In Chapter 1 we describe compressed sensing as a practicable signal acquisition method in
application and introduce the generic sparse approximation problem. Then we review some
of the algorithms used in compressed sensing literature and briefly introduce the method we
used to incorporate prior support information into these problems.

In Chapter 2 we derive sufficient conditions for stable and robust recovery using weighted £,
minimization and show that these conditions are better than those for recovery by regular £,
and weighted ¢;. We present extensive numerical experiments, both on synthetic examples
and on audio, and seismic signals.

In Chapter 3 we derive weighted AMP algorithm which iteratively solves the weighted £;
minimization. We also introduce a reweighting scheme for weighted AMP algorithms which
enhances the recovery performance of weighted AMP. We also apply these algorithms on syn-

thetic experiments and on real audio signals.
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Preface

Chapter 1 is an introduction and motivation for the problems studied in this thesis. Sections
1.1 and 1.2 reviews well-known results in the field, no originality claimed. Figures 1.4 and 1.7
has been adopted from [2] and [4], respectively, by permission.

Chapter 2 is a joint work with Hassan Mansour and Ozgiir Yilmaz. I conducted all the
experiments. A version of this chapter will be published by the title "Recovering Compressively
Sampled Signals by non-convex optimization and using partial support information". This
chapter is based on works conducted by M. P. Friedlander, H. Mansour, R. Saab, and O.
Yilmaz [1] and R. Saab and O.Yilmaz [2].

Chapter 3 incorporates prior support information into the algorithm introduced by D. L.
Donoho, A. Maleki, and A. Montanari [3] and is based on their work in [34]. all the lemmas
and theorems in [34] has been modified by the author except for Lemma 3.1 which has been
restated. A version of this chapter will be published by the title "Weighted and reweighted

approximate message passing".
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Chapter 1

Introduction and overview

Compressed sensing is a data acquisition technique for efficiently acquiring and recovering
sparse or approximately sparse signals from seemingly incomplete and noisy linear measure-
ments. We say that a signal is sparse when the signal admits a representation in some transform
domain where most of its coefficients are zero. There are many applications where the target
signals admit a nearly sparse representation in some transform domain. In other words, most
of the underlying information of the signal can be obtained by relatively fewer coefficients. For
example, natural images are nearly sparse in discrete cosine transform domain (DCT) and in
the wavelet domain which is crucial in applications like JPEG and JPEG2000. Similarly audio
signals are approximately sparse in short time DCT domain and short time Fourier domain
which allows MP3 compression.

Exploiting this observation and using appropriate reconstruction schemes, compressive sens-
ing enables signal acquisition with fewer measurements than traditional sampling. Compressed
sensing is especially promising in applications where taking measurements is costly (e.g., hyper-
spectral imaging [6]) as well as in applications where the ambient dimension of the underlying
signal is very large, i.e., medical [7] and seismic imaging [8,9] (seismic images are approxi-
mately sparse in the curvelet domain).

Compressed sensing utilizes the sparsity information of the signal to reduce the necessary
number of measurements in order to capture all (or most) the information of the signal. On
the other hand, several studies, e.g., [L0-12] show that the necessary number of measurements
can be reduced even more if we use prior information about the signal to be recovered. Prior
information about the signal can be obtained by considering the properties of the signal which
we want to recover. For example, we know that speech signals have large low-frequency co-
efficients. Other than this, signals such as video and audio exhibit correlation over temporal
frames that can be exploited to estimate a portion of the support using previously decoded
frames. As an other example correlations between locations of significant coefficients of differ-
ent partitions of seismic data, e.g., shot records, common-offset gathers, or frequency slices of

the acquired data can be used as a prior information to interpolate seismic data sets.



1.1. Compressed sensing and the sparse approximation problem

In this thesis we introduce modified versions of two well-known recovery algorithms when addi-
tional partial support information is available and examine the performance of these modified
algorithms. Chapter 2 focuses on weighted non-convex optimization for signal reconstruction
and Chapter 3 investigates the weighted approximate message passing (AMP) algorithm. Be-
fore summarizing our main contribution, we first provide the necessary context. Section 1.1
describes compressed sensing as a practicable signal acquisition method in applications and
introduces the generic sparse approximation problem. Section 1.2 reviews some of the algo-
rithms used in compressed sensing literature. Section 1.3 clarifies the main idea of using prior
information to enhance the recovery performance and summarizes our main contributions,

weighted £, minimization, and weighted AMP.

1.1 Compressed sensing and the sparse approximation problem

Role of sparsity

Consider the problem of acquiring a signal f € RY via n linear measurements:

y=&f. (1.1)

Here & is called the sensing matrix and y is the measurement vector. Recalling fundamental
theorem of linear algebra, if we want to reconstruct f from y in (1.1), the number of measure-
ments, n, should be at least equal to the number of unknowns N. In many applications, the
signal size N, is very big and it is very costly and time consuming to take that many mea-
surements. On the other hand many signals can be approximated by a sparse signal in some
convenient basis. In other words most of the information of the signal can be captured by a
relatively few nonzero coefficients if the signal is represented in an appropriate basis. Figures
1.1 illustrate this observation: In Figure 1.1.a we show a grayscale image. Figure 1.1.b shows
the magnitude of the DCT coefficients of this image in descending order. Notice how fast the
DCT coefficients tend to zero. Figure 1.1.c is a reconstruction of the original image in 1.1.a
from only the largest 10% of its DCT coefficients. As we can see in Figure 1.1.b, the smallest
90% coefficients of the image in DCT basis are very close to zero and therefore, we do not lose

much information when we throw them out.
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Figure 1.1: Image compression with discrete cosine transform (DCT). (a) Original image. (b)
DCT coeflicients sorted in descending order. (c) Image, reconstructed by zeroing out all the
DCT coefficients but largest 10%.

Compressed sensing

Similar to the observation we made in Figure 1.1, for many classes of signals, such as natural
images, audio, video, seismic data and images, an appropriate basis can be found such that

signal is approximately sparse in that basis.

Assume that the signal f is sparse (or approximately sparse) in the basis ¥ = {1, ¥2, ..., ¥n}.
Then f can be written as a linear combination of the basis vectors 91, 92, ..., YN as
N
f=> vz = ¥, (1.2)
i=1

such that z € R¥ is sparse. Notice that with slight abuse of notation we use ¥ to refer to both
the matrix [¢1, ¥2, ..., ¥n| and the basis generated by the columns of this matrix. Substi-
tuting (1.2) in (1.1), we get y = ®¥z. Defining A := $¥, we have y = Az with the additional
information that  is sparse. Exploiting this sparsity lets us reconstruct z and hence f, by
much fewer measurements than the number of unknowns N. The sampling paradigm that
is based on this observation and hence allows us to acquire sparse high dimensional signals
by making a small number of non-adaptive linear measurements is called compressed sens-
1ng [13,14]. Of course, our discussion above is sketchy in that we have not specified how to

recover the original sparse vector, i.e., how to solve the "sparse recovery problem".



1.2. Alternative algorithms and recovery guarantees

Sparse recovery problem

As mentioned above, sparse recovery problem is at the foundation of compressed sensing.
First we quantify what we mean by sparsity. Let £ < N be two positive integers. We say that
z € RY is k-sparse if z € B := {u € RY : ||Jullp < k} (||ul/o, denotes the number of non-zero
coefficients of u).

Let z € ZkN and assume that y € R", the vector of n linear and potentially noisy measurements
of z is acquired via y := Az + e. Here A is an n x N measurement matrix with n < N and e
denotes the noise in our measurements with ||e||s < €. We wish to recover z from y by solving
the sparse recovery problem. This entails finding the sparsest vector, say z, that is feasible,
ie., ||[Az — y|| < €. In the noise-free case, i.e., when ¢ = 0, the decoder Ay : R™*¥ x R™ — R¥

1s defined as

No(A,y) := argmin ||z||p subject to Az =1y. (1.3)
z€RN

It has been proven, e.g., in [15], that if n > 2k, then (1.3) recovers z € B’ perfectly when A
is in general position. That is, in this case Ag(A4,y) = z. However, (1.3) is a combinatorial
problem which becomes intractable as the dimensions of the problem increase. Therefore, one
seeks to modify the optimization problem so that it can be solved (at least approximately) with
methods that are more tractable than combinatorial search. In the next section we describe

some of the algorithms that are used to find the solution of (1.3).

1.2 Alternative algorithms and recovery guarantees

The optimization problem (1.3) is a combinatorial problem. Hence alternative algorithms has
been introduced to find its solution (or approximate it) in certain cases that can be identified

quantitatively. In this section we describe three of these algorithms.

1.2.1 Convex relaxation

The most common approach to solve (1.3) is to replace the £y norm in (1.3) by a convex ¢;
norm. More precisely, A1 : R™*¥ x R™ x R — R¥ is defined as

AN1(A,y,€) ;= argmin ||z||1 subject to ||Az — y||2< €. (1.4)
zERN

Figure 1.2 illustrates the idea of using £; norm instead of £y norm with a simple 2-D example.

The line shows a constraint determined by the measurements. The point indicated by the
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0.4

021

Figure 1.2: £y, £; and £ recovery for a simple 2-D example. The line shows the constraint
determined by the measurements. The square shows the 1-norm ball and the dashed circle
shows the 2-norm ball.

dotted circle shows one of the solutions of the £y minimization problem which is the intersection
of the constraint line with the z-axis. The square shows the smallest 1-norm ball that touches
the constraint line which shows that one of the solutions to the £y problem coincides with the
unique solution of the £; problem. On the other hand, this figure shows that an £» minimization
problem does not find the sparsest solution on the constraint line in this example. The solution
to £> minimization is determined by the solid circle which indicates the intersection of the
constraint line and the dashed 2-norm ball.

The ¢; minimization problem (1.4) is a convex relaxation of the £, problem and hence can
be solved in polynomial cost. However, the computational tractability of £; minimization
comes at the cost of increasing the number of measures taken. Several works has been done to
close the gap in the required number of measurements for recovery by £p and £; minimization

problem, including solving a non-convex £, problem when 0 < p < 1 which is explained in the
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next section.

1.2.2 Nonconvex optimization

As mentioned in the previous section, the £; minimization problem in (1.4) can be formulated
as a linear program, which can be solved in polynomial time using standard algorithms (in
contrast to combinatorial complexity of the £y problem (1.3)). However, this advantage comes
with the cost of increasing the number of measurements that has to be taken. One idea to
close this gap is to solve a nonconvex £, minimization problem with 0 < p < 1 instead of the
£, minimization.

Chartrand [16] and Saab, and Yilmaz [2], cf. [17], considered the £, minimization based sparse
recovery method when 0 < p < 1. They have shown that the £, minimization problem enjoys
better recovery guarantees compared to the ¢; problem. Here the £; norm in (1.4) is replaced
by the £, norm. Notice that when 0 < p < 1, this is not a norm, but a quasi-norm. However,
in what follows, we shall abuse notation and refer to the £, quasi-norm as the £, norm. The
decoder A, : R™¥ x R™ x R~ R¥ is defined as

Ap(A,y,€) ;== argmin ||z||, subject to ||Az —y||2< €, (1.5)
zERN

where 0 < p < 1. Although this method involves solving a nonconvex minimization problem,
it can be solved, at least locally, much faster than (1.3). The algorithms used to approximate
the solution of this problem will be explained in detail in Chapter 2.
We illustrate the benefits of using such an optimization by a simple example, shown in Figure
1.3. Assume that a1, ..., a4 denotes the columns of a matrix A € R3**. Figure 1.3.a shows
the convex hull generated by the columns of A. For simplicity, we ignore —ag, ..., —a4 in the
figure; note that including these does not change the outcome of our example. Assume that
T E Eg and the nonzero components of z correspond to the columns a; and a, with z; > 0 and
z2 > 0. Hence, y is placed on the solid line segment connecting a1 and ay (for simplicity, we
name this line segment a;2). Assume B}J,V is the unit p-norm ball in R¥; then Figures 1.3.b—d
show a cross-section of AB;,V for p=1, 0.7, 0.5 respectively. Recall that the £, minimization
problem can recover g if the support of £ corresponds to a point on the face of AB}J,V . As we
can see in this figure when p = 1 the line a1 is completely inside the polytope which means
that £; fails to recover £. As we decrease p, points on ajs gradually become points on some
face of AB;,V , making z recoverable. This example illustrates how using £, minimization with
0 < p < 1 can be advantageous.
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Figure 1.3: Convex hull generated by columns of A and the polytopes generated by different
p’s. The £, minimization can recover z if Az corresponds to a point on the face of AB}I,V .

Figure 1.4, taken from [2], illustrates the advantage of using A\, for sparse recovery. This
diagram shows the success rate of recovering S-sparse signals using £, minimization, when the
measurement matrix is a Gaussian matrix A € R1%9%300 In Figure 1.4.a the light-shaded areas
show the pairs (p,S) that we have guaranteed recovery using £, minimization to recover an
S-sparse signal. In Figure 1.4.b Saab and Yilmaz [2] show the empirical results. Again light-
shaded regions correspond to higher rates of successful recovery. This figure illustrates how
using £, minimization improves the recovery conditions. For example, empirically with 90%

probability, 20-sparse signals can be recovered by ¢; minimization whereas, ¢, minimization

-0.2 0 0.2

(c)p=0.7

0.4 0.6 0.8

-0.2 0 0.2 0.4 0.6

(d) p=0.5

0.8

with p = %, recovers 40-sparse signal with probability greater than 90%.
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Region where recovery with A is guaranteed for p and S
(Light Shading = Recoverable)

Empirical Recovery Rates with Ap
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(a) Theoretical results (b) Empirical results

Figure 1.4: Theoritical and empirical recovery guarantees using £, minimization to recover
an S-sparse signal, when the the measurement matrix is a Gaussian matrix A € R100%300,
Adapted from [2] with permission.

1.2.3 Approximate message passing

Applicability of simple linear programming algorithms to the basis pursuit problem (1.4) has
made it an appealing choice for compressed sensing problems. However, in large applications,
high computational complexity of these algorithms is a problem. Therefore, significant effort
has been made to find fast first order methods to recover signals from compressed measure-
ments in applications ranging from biology to imaging where very large dimensional signals
are involved. Iterative thresholding algorithms is one family of algorithms which has attracted
much attention in the literature [18-20]. However, until recently the iterative thresholding
algorithms introduced, had worse recovery conditions than those of convex optimization. In
other words, the required number of measurements which had to be taken for recovery by IT
algorithms were more than those needed for convex relaxation. Inspired by ideas from theory
of graphical models, message passing algorithms and statistical physics, Donoho, Maleki, and
Montanari [21] proposed a new iterative thresholding algorithm for sparse recovery, which is
referred to as approximate message passing (AMP), which was shown to have empirical perfor-



1.3. Using prior information in the recovery algorithm

mance matching BP while still enjoying the low complexity nature of iterative algorithms. The
performance of AMP has been justified in the large system limit for Gaussian measurement

matrices. The AMP algorithm goes as

gt = (2t + A*2%;7)

(1.6)
zt :y_A$t+6—1zt—1<,r’I($t—1+A*zt—1;7zt—1)>,

where § =  is the undersampling ratio, 7 is a scalar thresholding function which acts

component-wise on the vector inside, e.g., a soft thresholding function defined as 7n(a;b) =
sign(a)(a — b),, and 7* is a small threshold number which dictates the sparsity of the signal.
Furthermore, 7'(z;b) = %n(w;b) and (-) is the arithmetic mean. z* is the current estimate
of the sparse signal z, 2° is the current residual and A* is the Hermitian transpose of the

measurement matrix, A.

1.3 Using prior information in the recovery algorithm

The algorithms explained in the previous section do not use any prior information on the
signal to be recovered—though for successful recovery the signal needs to be sparse. However,
in many applications it is possible to use prior information on the signal to reduce the number
of measurements even further.

For example we know that speech signals have large low-frequency coefficients. Figure 1.5
shows the amplitude of coefficients of an audio signal in discrete cosine transform domain.
Notice how the largest coefficients are concentrated around low frequencies. This information
about the audio signals can be used to enhance the recovery conditions. As another example we
consider the problem of interpolating irregularly sampled and incomplete seismic data. Assume
that we have N, sources located on earth surface which send sound waves into the earth and N,
receivers record the reflection in N; time samples. Hence the seismic data is organized in a 3-D
seismic line with N; sources, N, receivers, and N; time samples. Rearranging the seismic line,
we have a signal f € RY, where N = N, N, N;. Figure 1.6.a shows an example of a shotgather
from a seismic line from the Gulf of Suez, which is extracted from the data using one source
and different receivers and times. Figure 1.6.b shows an example of a timeslice from the same
seismic line from the Gulf of Suez, which is extracted from the data using one time slice and
different sources and receivers. Seismic data is approximately sparse in curvelet domain [22,23]
and hence we can formulate the seismic data interpolation problem as an instance of recovery

from compressive samples. Assume ¢ = Sf where z is the sparse representation of f in curvelet
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Discrete Fourier tTransform of an audio signal
T T

Amplitude

0 500 1000 1500 2000 2500
Frequency number

Figure 1.5: Amplitude of frequency coefficients of an audio signal in DCT domain. Most of
the large coefficients correspond to low frequencies.

domain. We want to recover a very high dimensional seismic data volume z by interpolating
between a smaller number of measurements b = RMS*, where RM is a sampling operator
composed of the product of a restriction matrix R, which specifies the sample locations that
have data in them and a measurement basis matrix M, which represents the basis in which
the measurements are taken [4]. To overcome the problem of high dimensionality, recovery is
performed by first partitioning the seismic data volumes into frequency slices, or into common
offset-azimuth gathers and then solving a sequence of individual subproblems [4]. Doing this
helps us in two ways. It reduces the size of the problem and we can also use the support set
of each partition as an estimate of the support set of the next partition. Figure 1.7 taken
from [4] is an example of the fraction of overlapping support when adjacent frequencies is used
to predict the support of the curvelet coefficients in a seismic line.

Next, we provide a brief introduction to incorporating prior support information into the

algorithms introduced in the previous section.

1.3.1 Recovery by weighted £; minimization

Suppose that z is an arbitrary vector in RY and let z; be the best k-term approximation
of z, i.e., set Ty to be the set of indices of k largest coefficients of z in magnitude and set
zr(7) = z(j) for 7 € Ty and zx(5) = 0 for j ¢ Tp. Also assume that using prior information

10
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Example of a shot gather Example of a fully Sampled time slice in source-receiver domain
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Figure 1.6: (a) Example of a shot gather from a seismic line from the Gulf of Suez. (b) Example
of a high resolution time slice in the source-receiver (SR) domain from a seismic line from the
Gulf of Suez.

about the signal we can estimate the locations of the largest coefficients by T, ie., T is an
estimate for Tp. It was noted in [1] that one can improve the recovery performance if there is
such prior information about the signal that is sufficiently accurate. Specifically, in this case,
the required number of measurements for exact or approximate recovery can be reduced by
incorporating the prior support information into the £; minimization based recovery algorithm.
In particular [1] proposes the weighted £; decoder Aj 4, : R™*N x R™ x R x RY  R¥ defined

as

AulA,y,6,w) = argmin [|zlliw  subject to [|4z — yll2< e, (L
z€R

where w € {w, 1}" is the weight vector and ||z||1w := Z;w;|2;| is the weighted ¢; norm. The
optimization problem in (1.7) uses bigger weights for coefficients which are not in the support
estimate and smaller weights for the ones in the support estimate. Therefore, the coefficients
in the support estimate are more likely to remain nonzero. Details of this algorithm has been
presented in Chapter 2.

1.3.2 Recovery by weighted £, minimization

As mentioned in Section 1.2.1, solving the £; minimization problem (1.4) gives us the benefits

of solving a convex optimization problem but comes with the cost of increasing number of

11
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Figure 1.7: Example of the accuracy achieved from using adjacent frequencies to predict the
support of the curvelet coefficients in a seismic line. Adapted from [4] with permission.

measurements. So far we have reviewed two algorithms which attempted to close the gap be-
tween £y and ¢;, namely, £, minimization with p < 1 and weighted ¢; minimization. In Section
2 we propose combining these two algorithms to reduce the required number of measurements
even further. In particular when we have a support estimate 7', we propose to approximate
by Apw(A, Y, €, W) where Ay i RPNV x R™ x R x RY s RY is defined as

Npw(A,y,€,w) :=argmin ||2||pw subject to ||[Az —y|2 <€ with w; =

1, ifieTe
zeRN

w, ificT
(1.8)
Here w € {w, 1} is the weight vector and ||z||pw := (Ziwf]zi\p)% is the weighted ¢, norm.
If the support estimate is sufficiently accurate, The sufficient recovery conditions for this
optimization problem are weaker than those of weighted £;—see Theorem 2.12—and also
this algorithm outperforms £, minimization if the support estimate is accurate enough. A
thorough discussion including theoretical guarantees associated with weighted £, minimization,
algorithmic issues, and numerical experiments on synthetic data, audio and seismic signals is

given in Chapter 2.

12
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1.3.3 Recovery by weighted AMP

Incorporating prior information into ¢; and £, minimization improves the recovery conditions
of sparse and approximately sparse signals. This observation motivated us to derive a weighted
AMP algorithm which benefits from the low complexity nature of the AMP algorithm and uses
the prior support information about the signal. Let £ € RY be a sparse vector. As before we
try to recover z from n < N linear measurements acquired via y = Az + e with ||e|| < €. Here
A is an n x N matrix whose coefficients are drawn from a sub-Gaussian distribution. Assume
that we have a support estimate T of the nonzero coefficients of the signal z. We incorporate
this information into the AMP algorithm by the following iterative algorithm: At ¢ = 0 start
from z° = 0 and 70 = 1 and 2% = y. Assume w = [wy, Wo, ..., WN]T is the weight vector
where w; = w < 1 for 4 € T and w; = 1 for ¢ € T°. Then the weighted AMP algorithm

proceeds as

=zt + A*2E; )
zt =y— A(Et +6—1zt—1<nl($t—1 + A*Zt_l;’f't_lw» (19)
,i.tfl
'f't — 5 (nl(a:t—l_i_A*zt—l;,’zt—lW)),

where 7 is the soft thresholding function defined in (1.6).
In Chapter 3 we explain the derivation of this algorithms and show numerical results which

compare this algorithm with regular AMP and weighted ;.

13



Chapter 2

Recovering compressively sampled signals by
non-convex optimization and using partial
support information

2.1 Introduction and overview

In this section we review the {;, £, and weighted £; minimization algorithms introduced in
the previous chapter. Our setting is as before: We have a sparse signal ¢ € E{CV and we want
to recover this signal from y € R”, n linear and potentially noisy measurements of z which
are acquired via y := Az + e. As before A is an n x N measurement matrix with n < N
and e denotes the noise in our measurements with ||e||2 < €. This entails finding the sparsest
vector z that is feasible, i.e., ||Az — y|| < €. Restating (1.3), in the noise-free case, the decoder
Ng : RPN x R™ — RY is defined as

No(A,y) :=argmin ||z||o subject to Az =1y, (2.1)
zeRN
and Ao (A4, y) recovers z if n > 2k and A is in general position (see, e.g., [15]). As mentioned
earlier, generally (2.1) is a combinatorial problem which becomes intractable as the dimensions
of the problem increase. Therefore, one seeks to modify the optimization problem so that it can
be solved (at least approximately) with methods that are more tractable than combinatorial
search. We introduced some of these algorithms in Chapter 1, namely, {41, £, and weighted
{; minimization. In this section we review these algorithms more carefully and provide the
stability and robustness theorems of each.
In all these algorithms the restricted isometry constants, defined in [24], play a central role.

Definition 1. A matriz A satisfies restricted isometry property (RIP) of order k with con-

14
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stant 8y, if for all k-sparse vectors z € TY,
(1= &x)l[2]13< || Az[[3< (1 + 6e)]]2][3- (2.2)

2.1.1 Recovery by £; minimization

Donoho [13] and Candés, Romberg, and Tao [14] showed that if A obeys a certain restricted
isometry property, then solving (1.4) can stably and robustly recover x from seemingly incom-
plete and inaccurate measurements y = Az + e. The following theorem, proved in [14], shows
the error guarantees of finding the best k-sparse solution with (1.4):

Theorem 2.1. (Candés, Romberg and Tao [14] ) Let k, N be positive integers with k < N.
Suppose that z is an arbitrary vector in RN and let z;, be the best k-term approzimation
of z. Lety = Az + e with |le||a < €. If A satisfies the restricted isometry property (RIP)
with Gak + ad(a 1)k < a — 1, then

||m_mk||ll

A4y, €) —z||, < CH e+ Ch -
[[A1(A, y,€) e, < CT 2 N

Remark 2.2. The constants C‘fl and C§1 in Theorem 2.1 are given explicitly by

2(1+a” %)

1/1_6(0,—‘,-1 —Qa %'\/14-6

(2.3)
cb 2a” 2(\/1_6(a+1k+\/1+6 )

ch =

b —
(/1= 6(a+1)k — a,_Evl + Oak

Remark 2.3. Theorem 2.1 states that if dqx + ad(ey1)x < @ — 1, then (1.4) can recover any

k-sparse vector x with an error proportional to the 2-norm of the measurement noise. For
example in this case if we set a = 3, || Ay (4,y,€) — z||g, < Cfle, and for reasonable values of
04k, Cfl is well behaved, e.g., Cfl < 12.04 for 841, = %

Remark 2.4. It is worth noting that calculating the RIP constants for an arbitrary matrix
A is computationally expensive. On the other hand it was proved in [25] that if columns
of A are independent, identically distributed (i.i.d.) random vectors with any sub-Gaussian
distribution, then A satisfies RIP property (2.2) for any 0 < § < 1 with probability greater
than 1—2e % whenever k < clé; here c1, and ¢y are positive constants that only depend
on ¢ and the distribution of A.

15
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As mentioned in Chapter 1, the £; minimization problem (1.4) is a convex optimization
problem and can be solved in polynomial time. However, the computational tractability of £;
minimization comes at the cost of increasing the number of measurements taken. For example
if the columns of the measurement matrix A are independent, identically distributed random
vectors with any sub-Gaussian distribution, Theorem 2.1 together with Remark 2.4 implies
that A; can recover any k-sparse vector £ when n 2 k log(%) rather than the n > 2k
property which is sufficient for recovery by Ag. Therefore, as mentioned earlier, several works
has been done to close the gap in the required number of measurements for recovery via £
and ¢; minimization problems, including solving a non-convex £, problem when p < 1 [2,16]

and using prior knowledge about the signal to be recovered [1].

2.1.2 Recovery by £, minimization

It was shown in [2,16,17,26] that recovery by £, minimization is stable and robust under weaker
sufficient conditions than the analogous £; minimization conditions. Therefore, the global
minimizer of (1.5) is an approximate solution to (2.1) for a more general class of measurement
matrices A than the minimizer of (1.4). This result is made explicit by the following theorem
from [2].

Theorem 2.5. (Saab and Yilmaz [2] ) Suppose that T is an arbitrary vector in RN and let
z be the best k-term approzimation of ¢ and let y = Az + e with |le||s < e. If A satisfies
Sak + 07 g p <ar -1, fora€ N andk>1and0<p<1 then

|z — 2kl

£ £
HAP(Azyz 6) - "BH}Z)S C'110 € + C'21’ ) kl-p/2

Remark 2.6. It is sufficient that A satisfies

2_1
o ar -1
6(a+1)k < 6[;7 = ? (24)
ar +1

for Theorem 2.5 to hold, i.e., to guarantee stable and robust recovery described in the theorem
with the same constants C’f” and C’;p .
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Remark 2.7. Constants C’f" and C’;" in Theorem 2.5 are given explicitly by:

1
op 1+< %_1(271))€
Crr = i
1_50, g— 1+5a ga’g_l
( (a+1)k)? — ( k) (2.5)
P P 1-§ g
2| (1+8ax)2a2 ! + ( — (e+1)k) 7
0 G
(1= Sarr)? — (1 +8ak)Zat Tt

As stated in [2] the constants C’f" and C’é” are well behaved. When p = 1 these constants
reduce to those of Theorem 2.1. If p = I and a4 = i, then C’f” < 3.87 and C’é” < 3.18. It

was shown in [26] that smaller bounds are achievable in the noise-free case. Moreover, the

result in [2] says that given a matrix A that satisfies §(o41)r < Z—H and suppose that k; is the

largest k for which the inequality holds, then Theorem 2.8 guarantees that (1.4) can recover all

ki-sparse signals whereas Theorem 2.5 guarantees that (1.5) can recover all k,-sparse vectors

where k, = { z‘il 1k1J which is bigger than k; when p < 1.
a<—P+

2.1.3 Recovery by weighted £; minimization

As stated also in Chapter 1, the £; problem (1.4) does not use any prior information about
the signal (though for successful recovery the signal needs to be sparse). However, in many
applications it is possible to estimate the support of the signal which we want to recover. It
was noted in [1] that one can improve the recovery conditions if there is prior information
about the signal. This result is demonstrated by the following theorem from [1].

Theorem 2.8. (FMSY [1] ) Suppose that z is an arbitrary vector in RN and y = Az+e with
llell2 < €. Let z, be the best k-term approzimation of x with supp{zr} = To. Let T be an
arbitrary subset of {1,2, ..., N} and define p and a such that |T| = pk and |To NT| = apk.
(Here ]’f’\ denotes the cardinality of f) Suppose there exists an a € %Z witha > (1—a)p
and a > 1 and the measurement matriz A has RIP with

a a
< -1

ba d(a
L (w+ (1 —w)y/1+p—2ap)? (a 1)k (w+ (1 —w)y/1+p—2ap)?

17
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for some 0 <w < 1. Then

-1
181,04, 9,6, W) — z[]2< CF e+ C34k™ (wlle — 2l + (1 - W)l Zgerrell1)-

Remark 2.9. Constants C“* and C¥** in Theorem 2.8 are given explicitly by:

201+ w+(17w)\>/am)

C‘wl]_ —
1 1_ 5(a+1)k . w+(17w)\f«;1 +p72apm
_ (2.6)
1
ot _ 2072 (4/1— O(at1)e + V1 + Oak)
2 1_ 6(a+1)k _ w+(1*w)\f\/al +p—2ap 1+ Sur
Remark 2.10. It is sufficient that A satisfies
R a—(w+(1—-w)y/IT+p-—2ap)?
é fvh = 2.7
(a 1)k < a+(w+(1—w)/T+p—2ap)? (2.7)

for Theorem 2.8 to hold, i.e., to guarantee stable and robust recovery described in the theorem

with the same constants C?*** and C¥*.

Notice that p determines the ratio of the size of the estimated support to the size of the
actual support of z (or the support of z if z is k-sparse) and o determines the accuracy of

the support estimate which is the ratio of the size of T N T, to the the size of our estimate 7.

Remark 2.11. Theorem 2.8 shows that if & > 0.5 the sufficient recovery conditions of weighted
{1 become weaker than those of regular ¢;. Moreover, the error bound constants become
smaller. The result also indicates that when the support estimate is accurate, i.e., a > 0.5, a
choice of the weight w = 0 results in the weakest sufficient conditions for recovery and smallest
error bounds, whereas choosing w = 1 achieves the weakest sufficient conditions for recovery
and smallest error bounds when the support accuracy is low (a < 0.5). However, numerical
experiments conducted in [1] have shown that weighted ¢; minimization achieves the best
recovery when intermediate values of w are used for different accuracy levels. We discuss this

issue more extensively in the next section.

Combining these two ideas, in this chapter we study the sparse recovery guarantees of the
weighted £, minimization problem (1.8). Specifically, we show that the weighted £, minimiza-
tion algorithm outperforms both £, minimization and weighted ¢; minimization under certain
circumstances.

In Section 2.2, we describe the proposed weighted £, minimization algorithm, derive stability
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and robustness guarantees for this algorithm and compare it with regular £, and weighted ¢;.
Specifically, we prove that the recovery guarantees of the weighted £, algorithm with 0 < p <'1
are better than those of weighted ¢; and regular £, when we have a prior support estimate
with accuracy better than 50%. In Section 2.3, we explain the algorithmic issues that come
with solving the proposed non-convex optimization problem and the approach we take to em-
pirically overcome them. In Section 2.4, we present numerical experiments where we apply
the weighted ¢, method to recover sparse and compressible signals. In Section 2.5, we show
the result of applying these algorithms to audio and seismic signals. In Section 2.6, we provide

the proof for our main theorem.

2.2 Main results

In this section we explain the recovery by weighted £, minimization. In particular when we
have a prior support estimate 7', we approximate z by DNpw(A,y, €, w) where Ay, - R™*N
R” x R x RY — R¥ is defined as

. . _ 1, ifieTe
Npw(A,y,€,w) = argmin ||z]|pw subject to ||[Az —y|l2 <e with w; = .
z€ERN w, if1€T
(2.8)
1
Here w € {w,1}¥ is the weight vector and ||z||pw := (Z;w"|2,|P)? is the weighted £, norm.

Next we provide the stable and robust recovery conditions of this algorithm and compare it
with weighted ¢; and £, in terms of sufficient conditions for stable and robust recovery and
associated constants.

2.2.1 Weighted £, minimization with estimated support

As mentioned in the previous section, one can improve the recovery guarantees of A; by using
A, and by incorporating prior support information into the the optimization problem. In
this section we provide the recovery conditions when we combine both these approaches. The
following theorem states the main result.

Theorem 2.12. Suppose that T is an arbitrary vector in RN and y = Az + e with |le]|s <.
Let zi, be the best k-term approzimation of ¢ with supp{zr} = Tp. Let T be an arbitrary
subset of {1,2,..., N} and define p and a such that |T| = pk and |To N T| = apk. Suppose

there exist an a € %Z, with a > (1 — a)p and a > 1 and the measurement matriz A has
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RIP with
2 4 2
ar ar
Oar + 1P 5(a+1)k < 1_2\2 -1,
(P + (1 — wP)(1+ p — 2ap)* 5)> (WP + (1 —wP)(1+p—2ap) 2)>
(2.9)
for some 0 <w<1and0<p<1l. Then
| Apw (A,y,6,w) — o[} < CreP + CokE ~H(wP||z — zel|B + (1 - W2 Fergellp) (2:10)

Remark 2.13. Note that p and a have the same definitions as in Theorem 2.8, i.e., p denotes
the ratio of the size of the estimated support to the size of the actual support of z, and a
denotes the accuracy of our estimate which is the ratio of the size of T' N Ty, to the the size of

our estimate T'.

Remark 2.14. The constants C; and C5 are explicitly given by:

(wP+a-wr)rsp-200) )

o; (e G-n)’ (2.11)
1= , '
a0

p
2

2 (1+5ak)ga§_1+ (1=8ay1)e)2

N\'d

(=7 G-0)
Cor = 5 71 — - (2.12)
(1~ Sarayp)? a8~ (WP + (1 - wP)(14 p — 20p)' %)
Remark 2.15. Theorem 2.12 is consistent with the analogous theorem for ¢, [2], i.e., Theorem
2.5 and for weighted £; [1], i.e., Theorem 2.8. That is, if we set w = 1, Theorem 2.12 reduces
to Theorem 2.5 and setting p = 1, Theorem 2.12 yields Theorem 2.8 as a special case.

Remark 2.16. It is sufficient that A satisfies

a,P —(wW? 4+ (1 —wP)(14+p— 2 2)p
ar "+ (wP+ (1 —wP)(1+p—2ap)~2)r

for Theorem 2.12 to hold, i.e., to guarantee stable and robust recovery described in the theorem
with the same constants C; and Cs. Setting w = 1 gives us sufficient conditions for recovery
by A, and setting p = 1 yields sufficient conditions for recovery by A; .. Notice that these
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conditions are in terms of bounds on RIP constants. In Section 2.2.2 we compare these bounds.

Remark 2.17. In [27] Candés used a slightly different approach to guarantee the stable and
robust recovery when a = 1. Candés proved that if dop < (14 \/5)*1, then A\; achieves stable
and robust recovery. Using the same approach as in [27] we get the condition

1
S 1V + (1 - wP)(1 4 p—2ap)F)

Oor (2.14)
which gives us an alternative stable and robust recovery condition for A, ... When a > 0.5
this condition provides weaker conditions on the measurement matrices compared to A,. We

omit the derivation of this condition as it closely mimics the respective calculations in [27].

2.2.2 Comparison to weighted £; recovery

In this section we compare the conditions for which Theorem 2.12 holds with the correspond-
ing conditions for Theorem 2.8. The following observations are easy to verify.

Proposition 2.18. Let C1, Ca, C“ and C¥* be as defined above. Ifp = 1 then Cy = C¥* and
Cy = C’;”el and the sufficient condition for Theorem 2.12 would be identical to Theorem

2.8.

Remark 2.19. If a = 0.5, then the sufficient condition for stable and robust recovery with
2

21
(2.8) would be d(q4 1) < L 1*1 and the analogous condition for stable and robust recovery

aP "+41
with (1.7) would be d(a11)e < ﬁ Sincea > 1for 0 < p < 1, a,%fl > a. Therefore, the

weighted £, conditions would be much weaker than the weighted ¢; conditions, for example,
when a = 3 and p = 0.5, then the sufficient condition for weighted £, is d4r < % which is

much weaker than the sufficient condition for weighted £; which is §4z < 0.5.

Figure 2.1 illustrates how the sufficient conditions on the RIP constants vary with a and w
in the case of weighted ¢; and weighted £,. In particular these sufficient conditions are intro-
duced in Theorem 2.8 and Theorem 2.12, i.e., §*4 defined in (2.7) and §“% defined in (2.13)
which determine bounds on the RIP constants. In Figure 2.1, we plot % versus w for p = 1
and p = %, with ¢ = 3 in both cases and different values of a. The bounds on RIP constants
get larger as a increases which means that a wider range of measurement matrices satisfy the
sufficient condition when the support estimate is more accurate. Note that when a = 0.5 the
sufficient conditions for recovery by weighted £, would be identical to sufficient conditions for

recovery by standard £, for 0 < p < 1. Comparing these results with recovery by weighted ¢;,
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Figure 2.1: Comparison of the sufficient conditions for recovery with weighted £, reconstruction
with various a. In all the Figures, we set a =3 and p=1and p = %

we see that in recovery by weighted £, the measurement matrix A has to satisfy much weaker
conditions than the analogous conditions in recovery by weighted £; even when we do not have
a good support estimate. For example with ¢ = 3 and w = 0.2, when the support estimate is
70% accurate, we get the sufficient condition §%'P < 0.9897 which is so close to the best that
we can get (5 < 1) and it is weaker than the sufficient recovery condition for weighted £; which
is 6%4 < 0.763 and regular £; which is 61 < 0.5.

It is worth considering the sufficient recovery conditions for the special case of zero weight. As
seen in Figure 2.1 setting w = 0 is beneficial when a > 0.5, however, the sufficient recovery
condition is stricter when a < 0.5. This suggests that setting the weight w = 0 is beneficial in
the case where the support estimate is highly accurate.

Figure 2.2 compares the recovery guarantees we obtain in the zero-weight case with condi-
tions that guarantee recovery via weighted £, and weighted ¢; minimization. To this end, we
present the phase diagrams of measurement matrices A with Gaussian entries that satisfy the
conditions on the restricted isometry constants §(o41)x given in (2.7) and (2.13) with w = 0,
p=1,and a = 0.3,0.6, and 0.8. The phase diagrams are calculated using the upper bounds
on the RIP constants derived in [5] and reflect the sparsity levels for which the three theorems

guarantee exact signal recovery as a function of the aspect ratio of the measurement matrix A.
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Figure 2.2: Comparison between the phase diagrams of measurement matrices with Gaussian
entries satisfying the sufficient recovery conditions of weighted £, minimization and weighted
¢; minimization with w = 0 and a = 0.3, 0.6, and 0.8 and standard £;. The plots are calculated
using the upper bounds on the restricted isometry constants derived in [5]. Points below each
curve determine the sparsity-undersampling ratios that satisfy the sufficient bounds on the
RIP constants introduced in (2.7) and (2.13).

2.2.3 Comparison to £, recovery

In this section we compare the sufficient conditions of Theorem 2.5 and Theorem 2.12. The
following observations are easy to verify.

Proposition 2.20. Let Cq, Co, Cf” and Cé” be as defined above .

(1) If w=1 then C; = C’f" and Cy = Cg” and the sufficient condition for Theorem 2.12
and Theorem 2.5 would be identical.

(1) If a = 0.5 then again C; = C’f” and Cy = C’;" and the sufficient condition for Theorem
2.12 would be identical to Theorem 2.5.

(1i2) Suppose 0 < w < 1 then C; < C’fp and Cs < C’é” if and only if a > 0.5.
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Figure 2.3: Comparison of the recovery constants for weighted £, reconstruction with various
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Proposition 2.20 reflects the results shown in Figure 2.3. Figures 2.3.a and 2.3.b show how
constants Cy and Cs in (2.10) change with w for different values of a. Notice that when we
increase o we get smaller error constants.

When a < 0.5, i.e., when our estimate is less than 50% accurate, using bigger weights would
result in more robust recovery which is useful when we do not know the estimate accuracy ex-
actly. However, numerical results—Section 2.4—show that using intermediate weights usually
results in better recovery not only when a < 0.5 but also in some cases of & > 0.5. When
w = 1, the conditions of Theorems 2.12 and 2.5 become identical. For all values of w < 1,
having a support estimate accuracy a > 0.5 results in a weaker condition on the RIP constant
and smaller error bound constants compared with the conditions of standard £,. On the other
hand, if & < 0.5, i.e., the support estimate has low accuracy, then standard £, has weaker suf-
ficient recovery conditions and smaller error bound constants compared to weighted £,. This

behavior is similar to that derived for weighted ¢; minimization in [1].

2.3 Algorithms

In this section, we study the algorithm that we have used for the weighted £, minimization
problem (2.8).
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2.3.1 Algorithmic issues

In this section, we study the performance of three different algorithms that attempt to solve the
¢, minimization problem. There are a few algorithms which are commonly used to solve this
minimization problem including the projected gradient method [16], the iterative reweighted £;
method [28], and the iterative reweighted least squares method [29]. Since the £, minimization
problem is non-convex and several local minima exist, these algorithms attempt to converge
to local minima that are close to the global minimizer of the problem. To that end, the only
proofs of global convergence that currently exist assume that the global minimizer can be found
if a feasible point can be found. However, numerical experiments show that these algorithms
perform well when the measurement matrix has i.i.d. Gaussian random entries.

We describe these algorithms in the remainder of this section.

2.3.2 Projected gradient method

An approach based on the projected gradient method has been proposed in [16] and also used,
for example, in [2] to compute approximate solutions of (1.5).

An iteration of this algorithm minimizes a smoothed £, objective instead of the £, norm. The
smoothed £, cost function is given by (3;(z? + 0)P/2)1/P The smoothing parameter o is
initialized with a large value, say 10. After taking a projected gradient step in every iteration,
the value of ¢ is reduced. In every iteration, the new iterant is projected onto the affine space
defined by Az =b.

Adopting to the weighted £, minimization

This method can be adopted to solve the weighted ¢, problem by replacing the £,-norm, ||-||,,
with the weighted £, norm, || - ||pw, and making corresponding changes to the algorithm to
work for the weighted version. Algorithm 1 explains the details of this algorithm. Here V(f;);

=pxwh x (z¢ x (z8)* + 0?)P/>1 x zt.
2.3.3 lterative reweighted £,

The iterative reweighted £, method, proposed in [28], is a modification of the iterative reweighted
£, (IRL1) algorithm of [30]. This method uses a modified version of IRL1 to solve the following

penalized likelihood signal restoration problem:

min ||Az — b||2 + A||z||. 2.15
min, [ 5 + Allz[5 (2.15)
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2.3. Algorithms

Algorithm 1 Weighted projected gradient method

L Inputb= Az +e,p, A, we€0,1], A
2: Output z(*)

3: Initialize 0 = 10, t = 0, z° = A*b, [M N] = size(A), Q = At x A, w; = {

4: loop
5. fo = 2i(w} x ((28)? +0))P/?
d= _v(fa:)
pd=d—Q xd
t=t+1
line search
100 zt==z"1+1xpd
VI pxat
1—y/p
122 Idx=find(Indicator < w x o)

13: 0 = min(0.98 x ¢, max(Indicator(Idx))
14: end loop

w, T1€AN
1, 1€ A°

11:  Indicator=

Here 0 < p < 1, X is a positive penalty parameter, and ||z||5 = 3, |z;|P. To attempt to solve
(2.15) the algorithm starts from an initial guess z! and at each iteration k, it defines the
following weights:

k p

P 2.16

IR (210

and solves the following ¢; minimization:

"t = arg min ||Az —b||2 + Al k- (2.17)
N

zER

2.3.4 lterative reweighted least squares

Using iterative reweighted least squares (IRLS) to solve the £, minimization problem has been
studied in [31] and [29]. We have implemented the algorithm proposed in [29]. At each iteration

k, of this method we solve the following least squares problem:

1=N
. 2 .
min w;u; subject to Au =, 2.18
wERN ; [t J ( )
where w; = (('u,Ek*l))2 + O')g_l and o is a regularization parameter which takes care of the

problem of having u; = 0. As stated in [29], at each iteration k, we can solve (2.18) explicitly

by solving the Euler-Lagrange equation of (2.18) and using the constraint to solve for the
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Lagrange multipliers. This yields
ul®) = QL AT (AQLAT) b, (2.19)

where Qf = diag(w%) for w as defined above. The solution at each iteration is used to generate
the weights for the next iteration. After some iterations we get close to the optimal solution
and then we make ¢ smaller until we get to the desired "convergence level", i.e., when the norm
of the difference between consequent recovered signals is smaller than a predefined threshold.
Our implementation of the weighted versions of these three algorithms show that the the pro-
jected gradient method is more compatible with the way we do weighting and the performance
of the modified projected gradient method is better than the modified versions of the other
two. Therefore, our numerical results, presented in the next section, has been produced by

using modified projected gradient method described in Algorithm 1.

2.4 Numerical examples

In this section, we provide numerical results to show how A, ., improves the recovery conditions
of sparse and approximately sparse signals compared to A, and Ay ,. We show the results
for sparse signals and compressible signals. In these examples, we use the projected gradient
algorithm that is described in Section 2.3.2 to solve the weighted £, minimization problem
(2.8).

2.4.1 The sparse case

In this section, we generate signals z € RY where N = 500 and with fixed sparsity k = 40. We
compute the (noisy) compressed measurements of z using a Gaussian random measurement
matrix A with dimensions n x N where n varies between 80 and 200 with an increment of 20.
In the case of noisy measurements, we have assumed 5% noise, i.e., signal-to-noise ratio of 26
db.

Figure 2.4 shows the reconstruction signal-to-noise ratio (SNR) averaged over 10 experiments,
using weighted £, and weighted £; minimization, versus the number of measurements, i.e., n.
In Figures 2.4.a—c, we show result in the noise-free case when a = 0.3, 0.5, 0.7 respectively.
In figures 2.4.d—f we repeat the above experiment in the noisy case. In all the experiments,

p = 0.5 and the recovery was done with the projected gradient algorithm described in Section
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2.3.2. Here the SNR is measured in db and is given by

. /13
SNR(z, %) = 1010g10(ﬁ). (2.20)
2

Recall that when w = 1 weighted £, is equivalent to regular £, and weighted £; is equivalent
to regular £;. Figures 2.4.a—c illustrate that in the noise-free case, the experimental results are
consistent with the theoretical results derived in Theorem 2.12. More precisely when o > 0.5,
the best recovery is achieved when the weights are set equal to zero and as our estimate gets
worse (a decreases), the best recovery is achieved when larger weights are used. Also we ob-
serve that weighted £, recovers significantly better than weighted ¢, especially when we have

few measurements, which is consistent with our analysis in Section 2.2.

Remark 2.21. In Figures 2.1 and 2.3 we can see that when o < 0.5 both the sufficient recovery
conditions and error bound constants point towards using w = 1 for better recovery. However,
Figure 2.4 shows that this is not always true. We attribute this behavior to the best k-term
approximation term in the error bound of Theorem 2.12. Consider the noise-free case where
the error bound becomes:
| Apw (A,9,0,w) — z|§ < Cok®H(wPllw — zil B+ (1 - W2 g e 1)

As we can we can see in Figure 2.3, C> decreases when we use bigger weights. Notice that on
T5, ¢ = 0 so we have Hxi‘cng” =||(z — xk)fcmvg” which means that H:t:i:cngHg is always less
than ||z — zx||>. When we use bigger weights ||z — z%|| would have more impact on the error
which results in bigger error when we use bigger weights. Hence using bigger weights decreases
the constant C and increases the factor w?||z — zx||5 + (1 — w? )||$q~vcmT5 ||5. Consequently when
the algorithm cannot recover the full support of z, i.e., when ||z — z¢|| > 0, an intermediate
value of w in [0, 1] may result in the smallest recovery error. A full mathematical analysis of
this observation needs to consider all the parameters in Theorem 2.12 including w, k, o which

is beyond the scope of this thesis.

Figures 2.4.d—f show results for the noisy case. As we can see using intermediate weights
results in best recovery and we can see that weighted ¢, is outperforming weighted ¢; espe-
cially when the number of measurements is small. It is also evident that when we have a better
support estimate, we reach the best possible recovery with fewer number of measurements 7.
Next, we investigate the effect of the choice of weights and p on the approximation error, when

we have support estimates with various accuracy levels. Figure 2.5 shows the average SNR
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over 10 experiments with p = 1 and n = 100 for different values of p, w, and o when we
have 5% noise and when we have no noise. Figures 2.5.a—c show the no-noise case. As we
can see using smaller p is beneficial when we do not have a good support estimate. However,
Notice that using smaller p results in slower recovery and dealing with the non-convexity of £,
norm is more challenging when p is small. It is also worth noting that we again observe better
performance with intermediate weights when o < 0.5.

Figures 2.5.d, 2.5.e, and 2.5.f show the recovery for different values of p when we have 5%
noise. As we observe generally using smaller p results in better recovery and again intermedi-
ate weights are recovering better. One important thing to observe here is how using smaller p
improves the results when we do not have a good support estimate, which is a result of weaker
sufficient recovery conditions when p is smaller.

Figure 2.6 shows the averaged SNR for recovering a 40-sparse signal using weighted £, with
different support estimate sizes. Figures 2.6.a—c show the results when we do not have any
noise and Figures 2.6.d—f show the results when we have 5% noise. We can see that generally
using weighted solvers is useful especially in the non-convex case where we get better results
even when a = 0.3. Note that having a larger support estimate size usually results in better
recovery, but the results are more sensitive to the accuracy of the support estimate than its
size. Another important point here is that when we are in the noisy case or when we do not
have a good support estimate, using intermediate weights results in better recovery which is
very important for applications. Also this figure emphasizes the benefit of using weighted £,
when we do not have a good support estimate.

2.4.2 The compressible case

¢ where

In this section we generate signals £ € R, sorted coefficients of which decay like j~
7 €{1,2,...,N} and d > 1. Figure 2.7 illustrates the results when d = 1.1. Here, we attempt
to estimate the support of the best k-term approximation of the signal when n = 100. Ac-
cordingly, we find o with respect to the best 40-term approximation. Figures 2.7.a—c show
the no-noise case where Figures 2.7.d—f have 5% noise. As we can see when we have a good
support estimate, having a larger support estimate ends in better recovery and like the sparse
case when we do not have a good support estimate, i.e., ®<0.5, using intermediate weights
results in better reconstruction. When a=0.7 using zero weights is giving us the best recovery.
Generally in this figure we see that unlike the sparse case using weighted £, for recovering

compressible signals does not give us much better results compared to weighted £;, specifically
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in Figure 2.7.d we see that weighted £; with zero weight is recovering better than weighted £,.
We believe that this is an artifact of the algorithm we are using. As we said before we do not
have any proof for global convergence of the algorithm and the projected gradient algorithm
handles the local minima by a smoothing parameter ¢. In the noisy compressible case we have
a large number of these local minima which may be a reason that in some of the compressible
noisy cases we see that weighted ¢; is recovering better than weighted £,. However, an exact
explanation of why this happens is beyond the scope of this thesis.

Figure 2.8 shows the case when d = 1.5. Here the decay of coefficients of the signal is much
faster so we have used fewer coefficients as our support. As we can see the results are similar
to the case with d = 1.1 and generally when we have larger support estimate we get better
recovery. Here we find o using the best 20-sparse approximation. Again in the noisy com-
pressible case we see that weighted £; is recovering better than weighted £, when we have a

good support estimate.
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Figure 2.8: Comparison of performance of weighted ¢, and weighted ¢; recovery in terms of
SNR averaged over 20 experiments for compressible signals z with n = 100, N = 500. The
coefficients decay with a power d = 1.5. The accuracy of the support estimate a is calculated
with respect to the best & = 20 term approximation.
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2.5. Stylized application

2.5 Stylized application

In this section, we apply standard and weighted ¢, minimization to recover real audio and

seismic signals that are compressively sampled.

2.5.1 Audio signals

In this section we examine the performance of weighted £, minimization for the recovery of
compressed sensing measurements of speech signals. Here the speech signals are sampled at
44.1 kHz and we randomly choose only %th of the samples (their indices chosen randomly
from uniform distribution). Assuming that s is the speech signal we have the measurements
y = Rs where R is a restriction operator. We divide our measurements y into 21 blocks, i.e.,
y=1[yF, v, ..., v5]T. Assuming the speech signal to be compressible in DCT domain (for
example a version of standard DCT is used to compress audio signals in standard MP3), we
try to recover the speech signal using each block measurement.

This helps us in two ways:
e It reduces the size of the problem

e Considering the fact that the support set corresponding to the largest coefficients does not
change much from one block to another, we can use the indices of the largest coefficients

of each block as a support estimate for the next one.

So for each block, we find the speech signal by solving y; = R;s;, where R; € R™ XN s
the associated restriction matrix. We also know that speech signals have large low-frequency
coefficients, so we use this fact and the recovered signal at previous block to build our support
estimate and find the speech signal at each block by weighted £,. We choose the support
estimate to be T = T UT?. Here T is the set corresponding to frequencies up to 4 kHz and
T2 is the set corresponding to the largest % recovered coefficients of the previous block (for the
first block T2 is empty). The results of using weighted £, and weighted ¢; for reconstruction
of two audio signals (one male and one female) are illustrated in Figure 2.9. Here N = 2048 ,

and w € {0, %, %, ..., 1}. Weighted £, gives about 1 db improvement in reconstruction.

2.5.2 Seismic signals

The problem of interpolating irregularly sampled and incomplete seismic data to a regular

periodic grid often occurs in 2D and 3D seismic settings [4].
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Figure 2.9: SNRs of reconstructed signal from compressed sensing measurements plotted
against w. An intermediate value of w yields the best performance.

Our setting is as explained in Section 1.3.1. We have a seismic line with N; sources, N.
receivers, and N; time samples. We are dealing with a signal f € R¥, where N = N, N, N;.
We want to recover a very high dimensional seismic data volume f = S*z by interpolating
between a smaller number of measurements b = RM S*z, where R is a restriction matrix, M
represents the basis in which the measurements are taken, and S is the 2D curvelet transform.
Seismic data is approximately sparse in curvelet domain and hence we can formulate the
seismic data interpolation problem as an instance of recovery from compressive samples [22,
23|. We partition the seismic data volume into frequency slices and approximate (1) by
Ap(RMMS*, b(1) €) where € is a small number (estimate of the noise level) and R(*) is the
subsampling operator restricted to the first partition and 5(!) is the subsampled measurements
of the data f (1) in the first partition. After this we use the support of each recovered partition
as a support estimate for next partition. In particular for j > 1 we approximate zU*1 by
AP,W(R(j)M SH ,b(j),e,w) where w is the weight vector which puts smaller weights on the
coefficients that correspond to the support of the previous recovered partition. In [4] the
performance of weighted ¢; minimization has been tested for recovering a seismic line using
50% randomly subsampled receivers. Exploiting the ideas in [4] we test the weighted ¢,
minimization algorithm to recover a test seismic problem when we subsample 50% of the the
receivers using the mask shown in Figure 2.10.b. We omit the details of this algorithm as it

mimics the steps taken in [4] when weighted ¢; is replaced by weighted £,.
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Figure 2.10: (a) Example of a high resolution time slice at t = 0.32 s in the source-receiver (SR)
domain, (b) the random subsampling mask where the black lines correspond to the locations
of inactive receivers, and (c) the subsampled time slice. The subsampling ratio is 50%.

The Seismic line at full resolution has N; = 64 sources, N, = 64 receivers with a sample
distance of 12.5 meters, and N; = 256 time samples acquired with a sampling interval of
4 milliseconds. Consequently, the seismic line contains samples collected in a 1s temporal
window with a maximum frequency of 125 Hz. To access frequency slices, we take the one
dimensional discrete Fourier transform (DFT) of the data along the time axis. We solve the
¢, and weighted £, minimization problems. In each of the weighted ¢, problems, the support
estimate set of a partition is derived from the analysis coefficients of the previously recovered

partition. Moreover, p is set to be 0.5 and the weight is set to 0.3.
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Figure 2.11: (a) Shot gather number 32 from a seismic line from the Gulf of Suez.

Subsampled shot gather using column 32 from the mask in Figure 2.10.b.

Weighted L minimization in SR
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Figure 2.12: (a) Recovered shot gather using £, minimization in the SR domain. (b) Recovered
shot gather using weighted £, minimization in the SR domain.

Figures 2.11.a and 2.11.b show a fully sampled and the corresponding subsampled shot gather,
respectively. The shot gather corresponds to shot number 32 of the seismic line. Figures
2.12.a and 2.12.b show the reconstructed shot gathers using ¢, minimization and weighted
¢, minimization, respectively. The error plots of both reconstructions are shown in Figures
2.13.a and 2.13.b. The error plots show that the magnitude of the reconstruction error of
Figure 2.14 shows the SNRs

of all shot gathers recovered by using regular and weighted ¢, and ¢; minimization problems.

weighted £, minimization is smaller than that of standard Z,.
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Figure 2.13: (a) Error plots showing the difference between the original shot gather and the
reconstruction from ¢, minimization in the source-receiver domain. (b) Error plots show-

ing the difference between the original shot gather and the reconstruction from weighted £,

minimization in the SR domain.

The plots demonstrate that recovery by weighted £, in the frequency-source-receiver domain

is always better than recovery by regular £,. In this plot we also see that although recovery

by weighted £, minimization is better than regular £; minimization but recovery by weighted

¢; minimization is still about 1 db better than recovery by weighted £, minimization. We

believe that similar to the case we see in the noisy compressible case this is an artifact of the

algorithm we are using.
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Figure 2.14: Comparison of the SNRs achieved by £1, {,, weighted £;, and weighted £, mini-
mization in recovering shot gathers applied to source-receiver domain

2.6 Proof of Theorem 2.12

Recall that T, an arbitrary subset of {1,2, ..., N}, is of size pk where 0 < p < a and a is some
number larger than 1. Let the set T, = Ty N7 and ’f’,g =Ts5N T where, |T| = aT = apk and
a+p8=1

Let z* = = + h be a minimizer of the weighted £, problem. Then:

[z + Rflpw < ||z

pw=|lz+h

por < [1Zl13-

Using the weights we have:

wPl|lzg + hallp + (|25 + hallp < wPllzzlp + llzz 13-
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nT0 TnTE

%%

Figure 2.15: Illustration of the signal ¢ and weight vector w emphasizing the relationship
between the sets Ty and T'.

Consequently,

N s prm'fng + h’f’th”; F[€Fer, + hfen, 17 + Hmffng + h:l”’cngng

< WPllegem 5 + wPllzFarellp + 125cm, 15 + 1270z 13-

We use the forward and reverse triangle inequalities to get:

WHlhggellp + 1herpellp < WPllAgg 5 + 1hgeg, 7 + 2(wP 127 gellp + 1250 ge l17)-

Adding and subtracting w? Hh‘TcmTC ||5 to the left hand side and adding and subtracting w?||h

to the right hand 31de we get:

TcmTOHP-I_

W27 B
0|l + WPl gl + 1 18— 7 e 2

< WPl I+ P ey I + g, I — Pl |2

2P| 18 + 0PNl + 10 7eng I8 — W 0 [2):

Since ||hre|lp = |1h7

TﬂT(‘):Hg + ||h'1~';cng||£ we get:

Whllhzslip + (1 = WP hgergellp < wPllhmoll + 2(wPllensllp + (1 = wP)llzgeqrellp).  (2:21)
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We also have |[hzg|5 = w||hzgll? + (1 — wP)|h
with (2.21) we get:

(1 — wP)||h Combining this

TﬁTCHp TCmTCHP

1hzslp < wPllhmpllp + (1 = wP)(1hgeqg, 1p + [1hFage17)

(2.22)
+2(wPllerg | + (1 — wP)(llz

Ferrrgllp):

To =ToNT = ||hgerp I + [1hgagellf = [k 4

T()U'f;\'fa p
1hzsllp < w?l[hrollp + (1 = wP)llhp gz, 15 + 2(wPllzzglp + (1 — wP)([[2geqgellp)-  (2:23)

Now partition Tj into sets of T1,T%, ..., |T;| = ak for 7 > 1, such that T} is the set of indices
of the ak largest (in magnitude) coefficients of hre and so on. Finally let Toy := To UTh. Now

we can find a lower bound for || Ah|5 using the RIP constants of the matrix A. We have:

|AR|S = ||Ahqy, + Y Ahgy|5 > ||Ahgy, |5 — D | Abg |5
>2 j>2

p
> (1= Oak i ymo)) ® 1oy 1B — (14 8a)® > [l |15
722

(2.24)

Here we also use the fact that ||.||5 satisfies the triangle inequality for 0 < p < 1.
Now we should note that |hr ()] < |hr(V')P for all I € Tjy; and I' € Ty, and thus

P
bz, (DFF < P52 1t follows that ||hr, |2 < (ak)! ¥ ||hr,

|2 » and consequently :

> lIhg |6 < (ak)2 1 Y |IAg|IE = (ak)E | Arg . (2.25)

7j>2 j>1
Using (2.25)in (2.24) we get:

P
2

P p_
IARIS > (1 = Oan+im)) 2 [1hzo, I — (1 + dar) 2 (ak) = Arg] 5. (2.26)

Next, consider the feasibility of z* and z. Both vectors are feasible, so we have ||Ah||s < 2e.
Also note that |To UT \ Ta| = (1 + p — 2ap)k and ||hp,|[5 < |To|*%||hz,||5. Using these and
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(2.23) in (2.26) we get:

4 P _
(1~ G o) S [ < (2607 +2(1 + b0x) 3 (ak)E  (wPllorg 8 + (1 — )l e 2)
P P_ _Pp iy
(1t 60x) (@R) 5 (WP To[*F [y 12 + (1 - w?) (14 p — 200)8)"  [|Bgy 5 [2)
(2.27)
T1 contains the largest ak coefficients of Are with a > 1 so |T\ To| = (1 — a)pk < ak then

||hT0U,1"-,'\,1"-,'a||2 < ||h'T01||2) also we have ||h'To||2 < ||h'T01||2 so we get:

P

4 p_
(26)7 + 2(1 + 8ar) 3 (ak) 3 (wPllog ][} + (1 — wP)lloz 15

(1= Gaksmy)® = (1+ k) B (ak) 5 (wP|To| "8 + (1 wP) (1 4+ p — 20p)k)' 7
(2.28)
'To complete the proof denote by hre [m] the m-th largest coefficient of hre and observe that

Hh’TmHg <

lIhre Hp

|hrg[m]|P < . As hgg [m] = hre[m + ak] we have:
HhT [i Ihrs 3
b= 3 Ipmml? < 30 () P < = . (2.29)
m>ak+1 m>ak+1 (ak)» (p -1)

Here the last inequality follows because for 0 < p < 1:

_2 © 2 1
Y mTr g/ trdt = ——— :
m>ak+1 ak (a,k)p (% - 1)

Combining (2.29) with (2.23) we get:

[S4S)

v
Ihgg 1§ < ((@k)F *C =) s
(wPllzo 12 + (1 = wP)llhgy 715 + 2 (P llozg 12 + (1 = wP) (|27 eB))

We showed that HhTou'f\'f"a‘b < HhT01H2 and HhT0H2 < HhT01H2'
Using these in (2.30) we get:

(2.30)

P
2

s, |8 < ((ak)s (2 - 1)) .

((wPlmol*~% + (1 —wp)((l +p = 2ap)k)" ) [|hgy, |15 + 2 (Pllezgllp + (1 — wP) (27 gel2)) ) -
(2.31)
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Now we can find a bound for ||A||2 using (2.28) and (2.31):

2 2 2
18113 = (g 15)7 + (lhzs, 15) < (b |15 + lIRzs,113) - (232)

(wp‘TO\lfg+(1*w”)((1+p*2ap)k)lfg)

Il < @?G-0)°
i — (1 + 8ax) (k)51 (wP|To*5 + (1~ w?) (1 + p — 2a0)k)*F)

(2¢)P

p
2 p_ 1-8(4 3
2| (1+6:)Fa 1+ ((2 < “f))g (wPHmTch (1= P27 e )
aP z—
+ p P 1— 1—2\?
(1= Bamy) = (1 + k) (ak)5 1 (wP|To| "8 + (1 wP) (1 4+ p - 200)k)" 7))
(2.33)
with the condition that the denominator is positive, equivalently:
2_1 2_1
ar ar
Oak + 1P 6(a+1)k < 1B 2 L.
(P + (1 —wP)(1 4 p— 2ap)' )3 (P + (1 —wP)(1 4 p— 2ap)" 5)?
(2.34)
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Chapter 3

Weighted AMP

3.1 Introduction

Significant effort has been made recently to find fast algorithms for recovering sparse signals
from a small number of linear measurements. Our setting is as before: Let z € RY be a
sparse vector. We try to recover z from n < N linear and potentially noisy measurements
acquired via y = Az + e. Here A is an n X N matrix whose coefficients are drawn from a
sub-Gaussian distribution and ||e|]| < €. As mentioned before the BP problem (1.4) is perhaps
the most common approach to recover z and can be solved by linear programming algorithms.
Relatively high computational complexity of these algorithms has made them difficult to use
in applications where the signals are very high dimensional. On the other hand, the low
computational complexity of iterative algorithms has made them an appealing alternative for
BP [18-20]. A general form of these algorithms is as
gttt = n(z* + A*2F, 7F) a1

2t =y - Azl &)
where as before z° is the current estimate of z, 2* is the current residual, A* is the Hermitian
of the measurement matrix and % is a non-linear thresholding function which acts component-
wise on its vector-valued argument. Two popular examples are the soft thresholding function
n(a;b) = sign(a)(a — b)4, and the hard thresholding function where nx(a;b) = al(|a|> b)..
More precisely these functions act on the coefficients of the signal a and zero out any value
which is less than the scalar b in magnitude.

Recently an extensive numerical study [32] found that even under optimal tunings, the recovery
conditions achieved by IT is worse than those of BP. As mentioned in the introduction Donoho,
Maleki and Montanari proposed a new iterative thresholding algorithm which is referred to
as approximate message passing [21] that was shown to enjoy both the low complexity of IT
algorithms and the superior recovery conditions of BP. As stated also in Section 1.2.3, the

AMP algorithm starts from an initial £° and an initial threshold #° = 1 and iteratively goes
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gt = n(zt + A*2 T, -

7t =y — Azt 4+ 6 L2t Yzt + ARt L ). (32)
Notice that the only difference between AMP (3.2) and generic IT algorithm (3.1) is the
extra term 61zt (n/(zt~! + A*2*71; 7t71)) in the calculation of the residual. This term has
been derived in [21] using the theory of belief propagation in graphical models and has been
empirically shown to improve the recovery conditions. Statistical physicists call this term the
Onsager reaction term [33].
In this section we design a weighted approximate message passing algorithm for recovering
sparse signals when there exists prior information about the support of the signal. We build
up the weighted AMP algorithm by following [34] step by step and empirically show that
when the support estimate is accurate enough, weighting results in faster recovery and better

sparsity-undersampling tradeoff. In particular we derive a "weighted AMP" algorithm to

solve the weighted £; minimization

argmin ||s|[1,w subject to y = As, (3.3)
SERN

where w € {w, 1}V is the weight vector and ||s||1w := Ziw;|s;| is the weighted £; norm. Note
that in (3.3) we have restated the weighted ¢; minimization (1.7) when € = 0. As before given
a support estimate T C {1,..., N}, w;=w<1lforje T and wi=1forj¢ T.

3.2 Construction of the graphical model for weighted BP

Estimating marginals

Assume [w1,Wa, ..., wy]T are the weights we use for the coefficients of the signal s. Consider

the following distribution over variables s1, $3, ..., SN:
1 N n
w(ds) = [ [ exp(=Bwils:]) [ | 0ya=(as)y, (3.4)
‘l:l G.:].

where 64y, —(4s),} denotes a Dirac distribution on the hyperplane y, = (A4s),. As f — oo the
mass of this distribution concentrates around the solutions of ¥y = As which has more zero
coefficients and hence the solution of (3.3)—the maximum of ezp(—|t|) is achieved when ¢ = 0.

If the solution of (3.3) is unique, then finding the marginals of (3.4) gives us the solution.
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3.2. Construction of the graphical model for weighted BP

Figure 3.1: Factor graph associated to the probability distribution 3.4. Circles correspond to
variables s;, ¢ € [n] and squares correspond to measurements y,, a € [m].

Belief propagation

Belief propagation provides a low complexity tool to estimate the marginals of (3.4). This
method has been introduced in [34]. In this section we review this method and make the
corresponding changes for the weighted version. For any d € N define [d] := {1, 2, ..., d}.
Consider the bipartite factor graph G = (V, F, E), shown in Figure 3.1, which includes a
variable node 7 € V = [N] for each variable s; and a factor node a € F' = [n] for each term
0fya—(4s)a}. £ = [N] x [n] = {(3,a) : ¢ € [N],a € [n]} where variable : and factor a are
connected by an edge if d7y,—(4s),} depends non-trivially on s;, i.e., if A,; # 0. As in our case
A is a dense matrix, G is a complete bipartite matrix [34]. The state variables of this belief
propagation are the messages {V;_q}icvacr and {Psi}icvacr which are associated to each

edge of the factor graph G. The update rules for these densities are:
vita(s:) = e P (s0),
b#a

/ [175a(5i) Ogya=(as).yds.
i

(3.5)

1

ﬁfzﬁi(si)

Here and below the subscripts denote the iteration number and = means identity between
distributions up to a normalization constant.

This message passing has two challenges in implementation. First the messages are den-
sity functions over the real line and keeping track of them is difficult unless they have some
structure. Furthermore at each iteration, 2n N messages should be calculated which is com-
putationally expensive. In Sections 3.3 and 3.4 we show that in the large system limit and

as B — oo this message passing algorithm is equivalent to the following simple iterative algo-
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rithm:
As mentioned in (3.2) at t = 0 we start from z° = 0 and 70 = 1 and 2° = y. Assume
w = [w1, W2, ..., wy]7 is the weight vector. Then the algorithm proceeds as follows:
ottt =zt + A*2t; )
zt :y—AZEt—i-(S*lzt*l(nl(:Et*l—i—A*Zt*l;'f't*lW» (3.6)
"f't_l

— 5 <nl($t71+A*zt71;7~_t71W)>.

and the

residual z, corresponds to the mean of #¢ .. An analysis of these terms—following the steps

7t is the variance of ¥¢

In each iteration, z¢ is the mean value of the message ¢ (.

1—a?

in Section 3 of [34]—is given in the next section.

3.3 Large system limit

In this section we explain the derivation of (3.6) which is a straight-forward adaptation to
the weighted case of the derivation of Section 3 of Donoho et al. in [34]. We restate some
of lemmas and theorems in that paper without providing the proofs and justify the simple
changes which should be done to solve the weighted £; problem (1.7) by weighted AMP.

The following lemma in [34, Lemma 3.1] approximates 7%

by a Gaussian distribution. We
restate this lemma without {naking any changes.

v
Further assume [|s — j|3d1/§»%a(sj) < Ct uniformly in N and n. Then there exist a

Lemma 3.1. Let z and T];“ be, respectively, the mean and variance of the distribution

Pt
j—a
constant C{ such that

Ct

||1)Zei - fl*)’iHK B RN
2 (Ta*)’L) 2 (3 7)
. | A2 g C oy |
¢a—>i(dsi) = o7t 'emp{27¢t '(Aaisi - za—)i) }dsi:
a—1 a—1
where the distribution parameters are given by
zZ—)i = Yo — Z Aajw.;—m;
t ;ﬁt (3.8)
Ta—i = ZAa.jTj—m.'

JFi

49



3.3. Large system limit

Here ||-||x is Kolmogorov distance, which for two distributions p1 and us is defined as

i~ pollxc=supl [~ pa(de) ~ [ pa(ao) (39)
Notice that 7¢ ., = %L;Aij’l']t%a = C, — A%7! ., where C, ZAa] t 4 Assuming that
741

matrix A is drawn from a random Gaussian distribution with mean 0 and variance % we can

approximate ¢ . by an edge independent quantity #*.
Motivated by thls lemma we find the mean and variance of the messages T, fii( s;). Consider
the following family of densities introduced in [34]

fe(s;2,b) == ezp{—fls|— (8 -z)’}, (3.10)

1
zp(z,b)
where 2g(z, b) is a normalization constant.

Also denote the mean and variance of these distributions as

Fg(z;0) := Egy(00)(Z), Gp(z;d) := Vars,(.z5)(2), (3.11)

where Z has density fg(-;z,b) [34]. Simple modification of the Lemma 3.2 in [34] gives us the

t+1
mean and variance of 7,7

(s;). Notice that in our case, fg is replaced by fgw, and similarly
we replace Fg and Gg by Fpgw, and Ggy, respectively.

Lemma 3.2. Suppose at iteration t, the messages from factor nodes to the variable nodes
are set to be 7t _.(s;) = ¢t _,,(s:), with § ., as defined in (8.7) with parameters 2t .. and
~t ~t

7., =17". Then at the next iteration we have

3|5,

Via(si) = i (s {1+ O}, #50(si) = Fow(sii ) Avizs i, 7). (3.12)

b#a

Combining this lemma with Lemma 3.1, the mean and variance is given by

2:10. Fﬂwz ZAblzb—)z)Tt): z—>a. ﬂGﬁWz ZAb%zb—n: ) (3'13)
b#a b#a
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3.4. Large B limit

Proof. Combining (3.7) and (3.5) we have:

~Y — : ﬂ ~

vita(s:) = e P 0] i(s:) = eap{—pw —ilsi| =)o (Aaisi — 25,7} =
b#a b#a
B n—1, t 2
ezp{—Bwi|si|—5 5 (— —si - 250y Avizs)’} (3.14)
b#a

~ (Bwi) 1
= exp{_(ﬂwi)ysi’_z(wi;t) (T 57 — 2512)7214117,21,_”)2},

2
which coincides with ¢>f:1a(si) up to terms of %‘L Notice that here we have used the fact that
A2~ ﬁ and = means identity between distributions up to a normalization constant. And

trl follows from (3.11).

P and 7¢

finally the formulae for z; " a

t+1 P 2 4
T, = Fﬁwi(ZAblzb%iiwlT ),
b#£a

zi%i = Yo — ZAGJ"Z;’HUA (3 15)
JFi '

at41 B
Ti+ *Gﬁwi ZAbzszmWﬂ't)-
=1

3.4 Large g limit

As explained in Section 3.2 we are interested in the case where § — oo. In this section we
simplify the belief propagation formulas (3.15). In Section 3.3 of [34] the functions Fz and Gg
have been studied in the large 8 limit. Here we follow the same argument. Consider the soft
thresholding function:
z—b, ifz>0b
n(z;b) = 40, if -b<z<b. (3.16)
z+b ifz<-b

We can easily confirm that

Lis—2?  (317)

(s — :13)2} = argmm{w,\ ’+2b

1
n(z; w;b) = argmm{\ H—z 0

In the § — oo limit, the integral that defines Fpy,(z; w;b) is dominated by its maximum

value which is s* = 7n(z;w;b). Therefore Fgy,(z;w;b) — 7n(z;w;b). The variance can be
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3.5. From message passing to AMP

estimated by approximating fgw,(s;z,w;b) near s*. If s* = 0 then fgw,(s;z,w;b) can be

approximated by a Laplace distribution which leads to Ggw,(z; w;b) = @(W) and if s* #0

then fgw,(s;,w;b) can be approximated by a Gaussian distribution distribution which leads

to Gaw,(z; w;b) = @(ﬁ) Hence using Lemma 3.3 of [34] we get the following lemma:

Lemma 3.3.

lim Fgy,(z; w;b) = n(z; w;b),

Bw;— o0
lim ,BWiGﬁW,(a:; Wib) ’ (3.18)
. W;— 00 i ib ) ib
lim BGpw,(z;w;b) = Pwim _ wib m(ziwb) bn'(z; w;b).
Bw;—o0 w; W;

Accordingly, we are led to the following simplified message passing algorithm:
mf:];z = n(ZAbizzHi; Wi%t))
b#a
zttz—n' =Ya — ZAajz_?—)an
J#

~t N
o T N
F = N (O Avizg i witt).
N6 =5

(3.19)

3.5 From message passing to AMP

The simplified message passing algorithm (3.19), still needs 2nN updates at each iteration

which is computationally intractable for large problems. In Section 3.4 of [34] the regular
t _
i—a T

= zf + 62!, + O(+) which leads to the algorithm (3.2). An

1—a

message passing algorithm has been approximated by AMP with approximations x
gt + 0z, + O(4) and 2!,
identical approach can be applied to (3.19) which approximates this message passing algorithm
by the following algorithm. As calculations are the same as calculations in Section 3.4 of [34]

once we include the weighting, we omit them.

gt =zt + A2 Phw)
zt =y — A:Z:t + 6—1zt—1<,’7/(mt—1 + A*Zt_l;’f't_lw» (320)
,i.tfl
'f't — 5 (nl(wt—l_i_A*zt—l;,’zt—lW)).

As mentioned earlier the main advantage of weighted AMP over weighted £; minimization is

the low computational complexity of this algorithm. Figures 3.2 and Figure 3.3 illustrate this
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Figure 3.2: Histograms of the recovery time of weighted ¢; and weighted AMP. Plots show
the times it takes for (a) weighted 41, and (b) weighted AMP to recover 1000 k-sparse signals
z € R*00 with k£ = 400 and n = 1500 measurements when we have a support estimate with
50% accuracy.

advantage. Here we use weighted AMP and weighted £; to recover 1000 400-sparse signals
z € R*00 by n = 1500 linear measurements obtained via y = Az where A ¢ R1500%4000
is a Gaussian random measurement matrix. For each instance of the experiment, assuming
that the signal z is supported on the set T—with |T'| = 400—we have a support estimate T
with 50% accuracy, i.e., % = 0.5. Our goal is to compare the recovery time of weighted
AMP and weighted £;. To do this we compute the time it takes for each algorithm to find
an approximation z* such that ||z — z*|| < 1078, i.e., 80-db SNR. Figure 3.2.a shows the
histogram of the time it takes for weighted ¢; to recover the signals and Figure 3.2.b shows
the histogram for weighted AMP. Notice the difference in the horizontal axes. As we can see
in this figure, more than 98% of the signals was recovered with weighted AMP in less than 2.5
seconds, whereas, the fastest recovery with weighted £; minimization is 2.5 seconds.

Figure 3.3 shows the recovery times of each one of the 1000 signals sorted with respect to the
recovery time of weighted £;. In this figure we can see that weighted AMP is always—and in
some cases, up to 10 times—faster than weighted ¢;.

In Section 3.6 we introduce a reweighted AMP algorithm to recover sparse signals and in
Section 3.7 we present extensive numerical results comparing weighted £;, weighted AMP, and
reweighted AMP.
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Figure 3.3: Comparison of recovery time of each one of the 1000 signals by weighted £; and
weighted AMP. The experiments are sorted with respect to the time it takes for weighted £;
to recover the signal. Specifically, the first experiments is one that weighted ¢; minimization
recovers it faster than all the others and experiment number 1000 is the one which is recovered
slowest by weighted £;.

3.6 Reweighted AMP and reweighted W-AMP

In this section we introduce the reweighted AMP and reweighted W-AMP algorithms for re-
covering sparse and compressible signals and show preliminary results to justify the advantages

of reweighting.

3.6.1 Reweighted AMP

Figure 3.4 shows the percentage of the true support recovered versus the iteration number
when using regular AMP to recover a 100-sparse signal in R'%%0 and taking 250, 300, 350 and
400 measurements. The measurement matrix is a Gaussian normalized random matrix.

As we see in this figure even when the number of measurements is not enough (when AMP
does not reach full recovery), more than 50% of the support is recovered after a few iterations.
This observation motivates us to design a reweighted AMP algorithm which finds the support

of the current estimate every 20 iterations and uses that as an approximation for the true
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3.6. Reweighted AMP and reweighted W-AMP

k=100 , n=1000

100

90

X O % O

80

Percentage of support recovered

50 100 150 200
Iteration number

Figure 3.4: Percentage of the support recovered by AMP versus iteration number when the
signal z € R1990 ig 100-sparse.

support and recovers the signal by solving a weighted AMP after that. Algorithm 2 explains
the details of this algorithm.

Reweighted AMP increases the convergence speed and gives us better sparsity-undersampling
trade-off. In other words there are cases that the number of measurements are not enough
to recover the signal using regular AMP (and hence ¢;) but reweighted AMP can recover the
signal using the same number of measurements. Figure 3.5 compares reweighted and regular
AMP. Here we recover a 100-sparse signal in R'9% using an 250 x 1000 Gaussian matrix (left)
and an 350 x 1000 Gaussian matrix (right). Both figures show the misfit error Hﬁﬁ#”” (t
is the current iteration) versus the iteration number. The left figure shows the case that the
number of measurements is not enough in order to get full recovery by regular AMP and the
right figure shows the case that regular AMP achieves full recovery.

To test our reweighted AMP algorithm, we compare the recovery performance of this algorithm
with two well known algorithms that use reweighting to enhance the recovery conditions, i.e.,
iterative reweighted £; minimization (IRL1) [30], and support driven reweighted £; minimiza-
tion (SDRL1) [35] in recovering signals z € RY with N = 1000. First we compare the results

when we use these algorithms to recover 100 k-sparse signals using compressed measurements

N N

obtained by Gaussian matrices A € R™*" where n € {%, 2 3

}. In Figure 3.6 we compare
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3.6. Reweighted AMP and reweighted W-AMP

Algorithm 2 Reweighted AMP
1: Input b = Az, thax, W
2: Output z(®)
. N
3 Iniiaize § = 0.98, f = Mosln) wi=1forallie{l, ..., N},6=2,Q=0,t¢
2=y, 7T =1

Il
k=
8

o
Il
o

4: while t < tpax do
5. t=t+1
6t =zt !+ At lw)
7. 2t =y — Azt + 5712 Ny (2t 4 A2t A w)
g At — ?(77/(377:71 + Azt Rt Lyy)
9:  if mod(¢,20) = 10 then
0. L=minA] st [jah]| > Bt
11 s = min(l, k)
12: Q = supp(zt|s)
i c

13: Set the weights equal to w; = {1’ l_f Z, €L

w, if1€Q
14:  end if
15: end while

k=100, n=1000 k=100, n=1000

—+— Regular AMP
0.9 —+— Reweighted AMP 0.8

071

—+—Regular AMP
—+—Reweighted AMP|

0.6

051

041

recovery error
recovery error

031

021

0.1r

N

. .
50 100 150 0 20 40 60 80 100
Iteration number Iteration number

(a) m =250 (b) m = 350

Figure 3.5: Comparison between regular AMP and reweighted AMP when m=250 and m=350,
recovering a 100-sparse signal in R'000

k

1 2 3 4 5 -
~ € {15 15y For the sake of comparison we

100 10! 10
also include the recovery results of regular AMP and WSPGL1 algorithm introduced in [36].

full recovery success rate when

The figure shows that our proposed reweighted AMP has comparable performance with IRL1
and SDRL1 (in some cases reweighted AMP outperforms the other two). Notice that both
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Figure 3.6: Comparison of percentage of exact recovery by reweighted AMP, IRL1, SDRL1,
WSPGL1, and regular AMP recovering 100 sparse signals z € R with different number of
measurement, n, and different levels of sparsity.

IRL1 and SDRL1 algorithms solve a series of weighted ¢; minimizations to recover the signal
and our proposed reweighted AMP is much faster than both these algorithms. On the other
hand the recovery results of reweighted AMP are significantly better than algorithms which
has comparable complexities, i.e., regular AMP and WSPGL1.

Next, we generate compressible signals z € RY, sorted coefficients of which decay like j
where j € {1, 2, ..., N} with dimension N = 1000. We consider the case where % = 0.3 and
decay power p € {1.1, 1.5, 2}. Figure 3.7 shows the histogram of ratio of the reconstruction
error of reweighted AMP over that of IRL1 for 100 experiments. Notice that a ratio smaller
than one means that reweighted AMP has smaller reconstruction error than IRL1 and a ratio
greater than one that the the reconstruction error of IRL1 is smaller than that of reweighted
AMP.

3.6.2 Reweighted W-AMP

Applying the same reweighting idea, explained in Section 3.6.1, to the weighted AMP algorithm
(3.20), we derive the reweighted W-AMP algorithm when we have prior support information
about the signal which is explained in Algorithm 3. Notice that here the only difference is in
the way we do reweighting, i.e., as before we use small weights for the coefficients which are in
the support estimates and also every 20 iterations we estimate the support set of the current

estimate and use smaller weights for those coefficients.
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Figure 3.7: Histogram of ratio of mean squared error (MSE) between reweighted AMP and
IRL1 for recovering compressible signals z € R!%9°, sorted coefficients of which decay like 57
with 7 € {1, 2, ..., 100} and with different decay rates p.

Algorithm 3 Reweighted W-AMP

1 Input b = Az, tmax, T, w

2: Output z(®)

3: Initialize;z3:O.98,I~<::nl%(%),wi:1f01ri€’1’;C andwi:wforie’f',cS:%,Q:(D,
t=0,2=0,20=y, 7 =1

4: while t < tax do

5 t=t+1

6zt =zt l 4+ A%t L)

7

8

9

zt =y — A:l:t + 5_1Zt_1<’l7'(:12t_1 + A*zt_l;'f't_lw))
st — ?«#(xt—l + A*zt_l;’f't_lwn
if mod(¢,20) = 10 then

00 1=minA| st |2} > pllaf|

11: s = min(l, k)

12: Q = supp(z’|s)
1, if 1 € TN Q°

13: Set the weights equal to w; = { w, if 5 € TNQ°
£, f1€Q

14:  end if

15: end while
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3.7. Numerical results

3.7 Numerical results

In this section we provide numerical examples to compare regular, weighted and reweighted
AMP with ¢; and weighted ¢; algorithms (we use the SPGL1 software to solve the weighted
¢, minimization problem [37]).

Table 3.1 compares the time it takes for AMP, reweighted AMP, and £; minimization to recover

a 100-sparse signal in R1000

with maximum SNR of 40 db. Here we take the average recovery
time over 20 experiments when the number of measurements changes from 300 to 500 with an
increment of 50. oo means that the method fails full recovery in at least one of the examples.
Notice that in Table 1 we see that reweighted AMP can recover 100-sparse signals with fewer
measurements compared to regular AMP and £; minimization.

To examine this observation more carefully we consider the case that we have prior support
information (Notice that in these experiments we also include the cases that the recovery
algorithm does not use any prior support information). We generate signals z € RY where
N =500 and with fixed sparsity & = 40. We compute the (noisy) compressed measurements
of z using a Gaussian random measurement matrix A with dimensions n x N where n varies
between 80 and 200 with an increment of 20. In the case of noisy measurements, we have
assumed 5% noise, i.e., 26 db SNR. Figure 3.8 shows the reconstruction signal-to-noise ratio
averaged over 20 experiments, using weighted AMP and reweighted W-AMP to recover sparse
signals z € RY in the noise-free case and for a = 0.3,0.5,0.7 (o determines the accuracy of
the support estimate). The SNR is measured in dB, as defined in (2.20). In these figures we
also include the results of weighted £;, IRL1, SDRL1, and WSPGL1. Notice that when w = 1,
weighted AMP reduces to regular AMP, reweighted W-AMP reduces to reweighted AMP, and
weighted ¢; reduces to regular ¢;. Figures 3.8.a, 3.8.c, and 3.8.e show the results for weighted
AMP and weighted £; when a = 0.7, 0.5, and 0.3 respectively. Notice that although weighted
AMP is much faster than weighted £;,its recovery performance is slightly better than weighted
{;. Similarly Figures 3.8.b, 3.8.d, and 3.8.f show the results for reweighted W-AMP, IRL1,
SDRL1, and WSPGLL1.

Remark 3.1. As a increases—support estimate is more accurate—both weighted and reweighted
W-AMP achieve full recovery with fewer measurements. Also notice that intermediate value
of w gives us the best recovery when o > 0.5. This behavior is similar to what we see with

weighted £, and weighted £, minimization.

Remark 3.2. We can use Figure 3.8 to compare weighted AMP and weighted £; minimiza-
tion with reweighted W-AMP empirically. In all the cases, reweighted W-AMP outperforms
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3.7. Numerical results

method\m 300 350 400 450 500

AN} 00 00 0.3367 | 0.2071 | 0.1538
regular AMP 00 00 0.1111 | 0.0823 | 0.0727
reweighted AMP | 2.1029 | 0.2481 | 0.1102 | 0.0783 | 0.0724

Table 3.1: Comparison of recovery time of AMP, reweighted AMP, and ¢; minimization in
seconds.

weighted AMP and weighted ¢; significantly. For example when o = 0.5, n = 100, and
w = 0.5 reweighted W-AMP reaches full recovery for all the 40-sparse signals (average SNR of
180 db), whereas both weighted AMP and weighted £; recover with average SNR of less than
10 db. As another example when a = 0.3 reweighted W-AMP achieves full recovery with 120
measurements whereas weighted AMP needs 160 measurement for full recovery.

Remark 3.3. In all the experiments reweighted W-AMP outperforms IRL1 and SDRL1 (while
it is still much faster than both). For example when n = 100 reweighted W-AMP recovers the
signals with an average SNR of 75 db, whereas both IRL1 and SDRL1 recover the signals with
an average SNR of less than 15 db. Also notice that in this case when w = 0.3 or 0.5 we reach

full recovery for all the signals when we have a 50% accurate support estimate.

Remark 3.4. Notice the results of reweighted W-AMP when we have a 70% accurate support
estimate (Figure 3.8.b). In this experiment when w = 0.3 reweighted W-AMP has recovered
all the signals when the number of measurements is as small as twice the number of non-zero

coefficients of the signal.

Next we repeat the above experiment except this time the measurements have 5% noise,
i.e., 26 db SNR. The results are shown in Figure 3.9. Figures 3.9.a, 3.9.c, and 3.9.e show the
weighted AMP and weighted £; reconstruction signal-to-noise ratio averaged over 20 experi-
ments and Figures 3.9.b, 3.9.d, 3.9.f show the results when we use reweighted W-AMP, IRL1,
SDRL1, and WSPGL1. Reweighted W-AMP outperforms weighted AMP again. As mentioned
earlier when w = 1 weighted AMP reduces to regular AMP and reweighted W-AMP reduces
to reweighted AMP. Similar to the noise-free case reweighted W-AMP always outperforms all
the other algorithms. Notice that using intermediate weights is always beneficial in the noisy
case even when the support estimate is inaccurate, i.e., a < 0.5. For example when a = 0.3
and n = 120 with weighted AMP and w = 0 we get SNR~6 db and with regular AMP we get
SNR&:10 db whereas with weighted AMP and w = 0.5 we get SNRa:12 db.

Remark 3.5. Notice the improvement in recovery performance of weighted W-AMP when we

have an accurate prior support information (a = 0.7). For example when n = 80, on average,
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Figure 3.8: (Noise-free case) Comparison of performance of (a, c, e) weighted

AMP and

weighted £; and (b, d, f) reweighted W-AMP, IRL1, SDRL1, and WSPGL1 in terms of SNR
averaged over 20 experiments for sparse signals with variable weights and measurements when

there is no noise.
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using reweighted W-AMP with w = 0.3 improves the recovery SNR of reweighted AMP by
about 15 db.

The interesting advantage of reweighted AMP over regular AMP and £; minimization is
that the sufficient number of measurements for recovery by reweighted AMP seems to be less
than those of AMP and £; minimization. Figure 3.10 empirically compares the recovery success
percentage of these algorithms recovering signals z € R?°° with different levels of sparsity and
different number of measurements. Horizontal axis determines the undersampling fraction,
0 = 7, and the vertical axis represents the sparsity fraction, p = % Figures 3.10.a—c show the
results for recovery by A1, regular AMP, and reweighted AMP respectively. In this figures each
point indicates the fraction of realizations with successful recovery, when we use that method
to recover signals with corresponding § and p. This figure empirically shows the advantage of
reweighted AMP over the other two, for example, when m=100, A; and AMP has recovered
all the 25-sparse signals, where reweighted AMP has recovered all 30-sparse signals.

Figure 3.11 summarizes the empirical results of Figure 3.10. At the points below each curve,
we empirically get more than 80% successful recovery and at the points above the curve, we get
less than 80% successful recovery when the corresponding method is used to recover signals in
R290, Notice that if we use 100% successful recovery the results of A; and AMP are essentially
similar to each other. However in our experiments we see that in the cases that these algorithms
do not recover all the signals, AMP reaches full recovery for more signals compared to A;.

Therefore in this experiment we show the result when we use 80% full recovery threshold.
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Figure 3.9: (Noisy case) Comparison of performance of (a, c, e) weighted AMP and weighted
¢y and (b, d, f) reweighted W-AMP, IRL1, SDRL1, and WSPGL1 in terms of SNR averaged
over 20 experiments for sparse signals with variable weights and measurements when there is
5% noise.
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Figure 3.10: Empirical phase transition of A, regular AMP and reweighted AMP recovering
sparse signals in R?%0. Figures show the percentage of successful recovery over 20 experiments
when the measurement matrix is Gaussian.
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Figure 3.11: Illustration of the phasediagrams of AMP, reweighted AMP, and /\; presented in
Figure 3.10.

3.8 Stylized applications

In this section, we apply weighted AMP and reweighted W-AMP to recover real speech signals
that are compressively sampled. The speech signals are the same speech signals used in Chapter
2 and we choose the weights the same way. We break the measurements into 21 blocks and
use smaller weights on the low frequencies. We also use the large coefficients in each block

as an approximation for the large coefficients in the next block. For the reweighted AMP we
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Figure 3.12: SNRs of reconstructed audio signals from compressed sensing measurements
plotted against w. Figure shows the result for reconstruction via weighted £; minimization,
weighted £, minimization, weighted AMP, and reweighted W-AMP.

start with with these weights for each block and renew the weights every 20 iterations.
Figure 3.12 shows the results when we apply weighted AMP, reweighted W-AMP, weighted
¢1, and weighted £, to recover two compressively sampled speech signals (one male and one
female). The results are presented for w € [0, %, %, ..., 1]. Generally, using intermediate
weights results in better recovery and the results of reweighted W-AMP is slightly better than
the results of weighted AMP and weighted ¢; minimization.
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