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Abstract

Data-driven methods—such as the estimation of primaries by sparse in-
version suffer from the ’curse of dimensionality’ that leads to dispropor-
tional growth in computational and storage demands when moving to real-
istic 3D field data. To remove this fundamental impediment, we propose a
dimensionality-reduction technique where the ’data matrix’ is approximated
adaptively by a randomized low-rank factorization. Compared to conven-
tional methods, which need passes through all the data possibly including
on-the-fly interpolations for each iteration, our approach has the advantage
that the passes is reduced to one to three. In addition, the low-rank matrix
factorization leads to considerable reductions in storage and computational
costs of the matrix multiplies required by the sparse inversion. Application
of the proposed formalism to synthetic and real data shows that significant
performance improvements in speed and memory use are achievable at a low
computational overhead required by the low-rank factorization.
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Chapter 1

Introduction

Demand for oil and gas is increasing rapidly while new discoveries are more
difficult to make because most of the relatively easy to find reservoirs are
being depleted. This development combined with high oil prices and the
decline of conventional oil reserves are the driving forces behind continued
efforts of the oil and gas industry towards unconventional and more difficult
to find and produce reservoirs. In order to achieve this ambition, state-of-
the-art technologies, such as high-density, wide-azimuth seismic recording
and imaging, are now being utilized to generate higher resolution images of
the earth’s subsurface.

Unfortunately, these new technologies generate enormous volumes of 3D
data that require massive amounts of computational resources to store, man-
age, and processes. For example, it is nowadays not unusual to conduct
seismic surveys that gather one million traces for a square mile compared
10,000 that were collected traditionally. This development not only makes
the acquisition costly but it also makes processing these massive data vol-
umes extremely challenging. These challenges become particularly apparent
in the case of data-driven seismic inversion, e.g. Surface-Related Multiple
Elimination (SRME, Berkhout and Verschuur, 1997) and Estimation of Pri-
maries by Sparse Inversion (EPSI, van Groenestijn and Verschuur, 2009;
Lin and Herrmann, 2011, 2012). These methods are known to be compute
intensive because they rely on multi-dimensional convolutions that translate
into massive dense matrix-vector multiplies, and therefore, suffer from the
curse of dimensionality, where the size of the data volume increases expo-
nentially with its dimension. For example, in the 3D case, having a data set
with of 1000 sources and receivers in both directions results multiplications
of dense matrices of size 10006 × 10006 for each frequency. Needless to say
these matrices can not be stored are expensive to apply, and often require
on-the-fly interpolation because acquired data is always incomplete.

In addition, working with massive data volumes creates communication
bottlenecks that form a major impediment for iterative methods that re-
quires multiples passes through all the data. For instance, this explains why
current-day seismic data processing centers spend approximately the same
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Chapter 1. Introduction

time on running SRME as on migration. EPSI generally requires more
passes through the data than SRME, which explains the slow adaption of
this new technology by industry.

In this paper, we present a dimensionality reduction technique that is
aimed at limiting the number of passes over the data, including on-the-
fly-interpolation, to one to three while reducing the memory imprint, ac-
celerating the matrix multiplications, and leveraging parallel capabilities of
modern computer architectures. A low-rank matrix factorization with the
randomized singular-value decomposition (SVD, Halko et al., 2011) lies at
the heart of our method. By selecting the rank adaptively for each angu-
lar frequency, our approach leads to approximations of monochromatic data
matrices, where shot records are organized in columns, that lead matrix
multiplies with a controllable error. The use of the randomized SVD allows
us to limit passes over the data and permits matrix multiplies, which opens
the way to use existing code bases for SRME.

A key step in the randomized SVD is formed by matrix probing (Halko
et al., 2011; Chiu and Demanet, 2012; Demanet et al., 2012), where informa-
tion on the range of a matrix is obtained by applying the matrix on random
test vectors. The number of these vectors depends on the rank of the matrix,
which in turn determines the degree of dimensional reduction and speedup
yielding by the low-rank approximation. The dimensionality reduction also
allows us to compute the SVD for very large problems sizes.

The paper is organized as follows. First, we briefly introduce EPSI by
recasting Berkhout’s data matrix into a vectorized form, which makes it
conduce curvelet-domain sparsity promotion. Next, we identify that the
matrix multiplies are the dominant cost and we show that these costs can
be reduced by replacing the data matrix for each frequency by a low-rank
factorization with SVDs. To get best accuracy, we propose an adaptive
scheme that selects the appropriate ranks for each data matrix. Second,
we introduce the randomized SVD based matrix probing, which allows to
carry out the SVD on large systems from information by the matrix probing.
We also discuss how matrix can be extended such that it no longer relies
on full sampling but instead can work with data with missing shots. We
show that this reduces the number of passes through the data significantly.
Third, we address the increase in ranks as the temporal frequency increases
by introducing Hierarchically Semi-Separable Matrix Representation (HSS,
Lin et al., 2011) matrices. We conclude by performing tests of our method
on synthetic and real seismic lines.
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1.1. Theory

1.1 Theory

Estimation of Primaries by Sparse Inversion (EPSI) proposed by van Groen-
estijn and Verschuur (2009) is an important new development in the mit-
igation of surface-related multiples. As opposed to conventional multiple
removal, where multiples are predicted and subtracted after matching, the
surface-related multiples are mapped to the surface-free Green’s function by
carrying out a sparse inversion. In describing the EPSI formulation, we make
use of Berkhout’s detail-hiding monochromatic matrix notation (Figure 1.1),
where each monochromatic wavefield is arranged into a matrix with columns
representing common shot gathers and rows representing common receiver
gathers. Hatted quantities correspond to the monochromatic quantities, and
upper case variables denote matrices or linear operators. Multiplication of
two hatted matrices, corresponds to convolution in the physical domain.
EPSI describes the relation between the total up-going wavefield P̂, the
surface-free Green’s function Ĝ, and Q̂ representing the source signature.
The EPSI formulation is expressed as

P̂ = Ĝ(Q̂− P̂). (1.1)

Following the work of Lin and Herrmann (2011) the above formulation serves
as a basis for an inversion problem, where we solve for an unknown vector
x, from an observation vector b, with the relationship Ax = b, where A
is a linear operator. Before we introduce the multiple prediction opera-
tor, we first, define the convention of vectorized monochromatic wavefields,
where columns of the monochromatic data matrix are stacked as a single
long column. Vectorized wavefields are represented as lower case quantities
e.g. p =vec(P), where vec stands for the linear operation that stacks the
columns of a matrix into a long concatenated vector (matlabs colon oper-
ator). In order to utilize curevelts within our EPSI formulation, we need
to reformulate our EPSI problem into a matrix-vector format instead of the
matrix-matrix format using the following identity:

vec (AXB) =
(
BT ⊗A

)
vec (X) , (1.2)

which holds for arbitrary matrices – of compatible sizes – A,X, and B. In
this expression, the symbol ⊗ refers to the Kronecker product. Equation 1.1,
now can be rewritten as(

(Q̂− P̂)Ti ⊗ I
)

vec
(
Ĝi

)
= vec

(
P̂i

)
, i = 1 · · ·nf , (1.3)

3



1.1. Theory

where I is the identity matrix. After the inclusion of the curvelet synthesis
and temporal Fourier transforms (Ft = (I ⊗ I ⊗Ft) with Ft the temporal
Fourier transform), we finally arrive at the following block-diagonal system

F∗t


(

(Q̂− P̂)T1 ⊗ I
)

. . . (
(Q̂− P̂)Tnf

⊗ I
)
Ft

︸ ︷︷ ︸
U

 vec (G1)
...

vec (Gnt)


︸ ︷︷ ︸

x

≈

 vec (P1)
...

vec (Pnt)


︸ ︷︷ ︸

b

.

(1.4)
This equation is amenable to transform-domain sparsity promotion i.e.,
Equation 1.4 can now be written as

Ax ≈ b, (1.5)

In this expression, we use the symbol ∗ to denote the Hermitian transpose
or adjoint.

The above vectorized equation is amenable to transform-domain sparsity
promotion by defining A := US∗, where g = S∗x is the transform-domain
representation of g. We use a combination of the 2D curvelet, along the
source-receiver coordinates, and the 1D wavelet transform along the time co-
ordinates. Using the Kronecker product again, we define S = C⊗W. With
these definitions, we relate the sparsifying representation for the surface-
free Green’s function to the vectorized upgoing wavefield b = vec (P) via
Ax = b. This relationship forms the basis for our inversion.

Solving for the transform-domain representation of the wavefield g(t, xs, xr)
with t time, xs the source, and xr the receiver coordinates, now corresponds
to inverting a linear system of equations where the monochromatic wave-
field {(Q̂ − P̂)i}i=1···nf

and temporal wave-field {Pi}i=1···nt are related —
through the temporal Fourier transform—to the curvelet representation of
the discretized wavefield vector g in the physical domain.

The linear operator A first applies the inverse curvelet-transform to the
vector x, yielding the discrete approximation of the wavefield g(t, xs, xr),
followed by the application of the temporal Fourier transform operator Ft

and the “vectorized” matrix-matrix multiplication by
(

(Q̂− P̂)Ti ⊗ I
)

for

each frequency, i.e., for i = 1 · · ·nf . In the time domain, these operations
correspond to a multidimensional convolution between discrete approxima-
tions of the wave-fields g(t, xs, xr) and u(t, xs, xr). Application of A∗ is

similar, except that it applies
(

¯
(Q̂− P̂)i ⊗ I

)
for each frequency (with the
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1.1. Theory

bar denoting complex conjugate), followed by the forward curvelet trans-
form. This forward transform is applied to a vector that contains the result
of a multidimensional correlation of two discrete wave-fields. The solution
of the EPSI problem, is now of the following form

x̃ = arg min
x
‖x‖1 subject to ||Ax− b||2 ≤ σ, (1.6)

where σ is the error between the recorded and predicted data.
Solving optimization problems (cf. Equation 1.6) requires multiple it-

erations involving the application of A, A∗, and possibly A∗A. In real
applications, application of these matrix-vector multiplies is challenging be-
cause (i) the matrices are full and extremely large, e.g. for each frequency
the data matrix becomes easily 106 × 106 for ns = nr = 1000 (with ns the
number of sources and nr the number of receivers), so they require lots of
storage and computational resources; (ii) data is incomplete, which requires
’on-the-fly’ interpolations that are costly but have the advantage that the
data matrix does not need to be formed explicitly; and (iii) the solvers re-
quire multiple evaluations of A, A∗, and possibly A∗A. Each application
of the operator A requires a complete pass over the data, where the data
needs to be transferred into and out of the CPU. To reduce the storage and
multiplication costs of these operations, we replace the data matrix P̂ by a
low-rank approximation using Singular Value Decomposition SVD.

Figure 1.1: Extraction of monochromatic wavefield matrices, by transform-
ing the data from the time domain into the frequency domain via The Fourier
transform. Then for each frequency component ωk a data matrix P̂ ∈ Cnr×ns

is extracted (adapted from Dedem (2002)).
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Chapter 2

Dimensionality-reduced
estimation of primaries by
sparse inversion

By applying dimensionality reduction techniques, we are able to represent
large data matrices in terms of much smaller low-rank matrix factorizations.
The most basic form of the low-rank matrix approximation can be repre-
sented as

P̂m×n ≈ L̂m×kR̂
∗
k×n, (2.1)

where the ≈ sign refers to an approximation with a controllable error, P̂ is
the data matrix with m rows and n columns (ns sources and nr receivers in a
seismic context), L̂ and R̂∗ are the matrix decompositions, and k represents
the rank of the data matrix. In order for the approximation to be low rank,
k has to be much smaller than m and n i.e. (k << min(m,n)).

A special case of this low rank matrix factorization, is the Singular Value
Decomposition (SVD) where the data matrix P̂ is decomposed into 3 factors:

P̂nr×ns ≈ Ûnr×kŜk×kV̂
∗
k×ns

, (2.2)

where Û ∈ Cnr×k and V̂ ∈ Ck×ns are the left and right singular vectors
of P̂, respectively. The matrix Ŝ ∈ Ck×k is diagonal with non-negative
singular values on the diagonal. An example of an SVD factorization of
a monochromatic data matrix of size ns = nr = 150 at a frequency of
40Hz is shown in Figure 2.1, where the rank k is set to 20. Using this
factorization we were able to represent the data in terms of much smaller
matrices, containing fewer number of elements making it cheaper to store
and apply the approximated data on other matrices. Depending on the rank
k significant savings can be made in terms of memory and multiplication
costs as summarized Table 2.1.

6



2.1. Dimensionality-reduced EPSI

Figure 2.1: SVD factorization, of a frequency slice P̂ ∈ Cnr×ns on left,
and its SVD decompositions on right. Unr×k and V∗k×ns

are left and right

singular vectors of P̂ respectively, Sk×k holds the singular values of P̂ on its
diagonal.

SVD approximation Regular method

Matrix-matrix multiplication O(kn(2n+ k)) O(n3)

Storage O(k(2n+ 1)) O(n2)

Table 2.1: Advantages of using low-rank approximations via SVD in terms
of matrix-matrix multiplications and storage requirements.

2.1 Dimensionality-reduced EPSI

Recalling the EPSI formulation defined in equation 1.1, we can now replace
each monochromatic data matrix P̂ in our dataset with its decompositions:
Û ∈ Cnr×k , Ŝ ∈ Ck×k and V̂ ∈ Ck×ns , giving us the following multiple
prediction operator:

U := F∗t blockdiag
[
Q̂− ÛŜV̂∗

]
1···nf

Ft, (2.3)

where we can rapidly apply the data matrix P̂ and its adjoint P̂∗ on any
other matrix. Additional speed up is achieved in computing the product
P̂∗P̂ by utilizing the orthogonality of the left singular vectors of P̂ via per-
forming P̂∗P̂ = VS2V∗, reducing the cost of this multiplication from O(N3)
to approximately O(N2k) operations,i.e, by a factor of k

N .
To successfully apply our dimensionally reduced system, we must strike

a balance between the amount of speed up we are trying to achieve, and the

7



2.1. Dimensionality-reduced EPSI

quality of our approximation. To demonstrate the effect of such trade off,
two approximation examples – of a monochromatic data matrix at frequency
of 40Hz with ns = nr = 150 – are shown in Figure 2.2 and in Figure 2.3 rep-
resenting a good and a bad trade off of accuracy over speed up, respectively.
In the first example, the rank k was set to 20, giving us good approximation
quality, where we preserved the details of our monochromatic data matrix.
However, in the second example, we tried to achieve a higher speed up by set-
ting k = 4, resulting in a loss of significant details, especially on the diagonal
of the data matrix. This loss in the diagonal details of the monochromatic
data matrix corresponds to losing the curvature of the seismic events in the
time domain, as shown in Figure 2.4. In this work, we will use the spectral
norm (also know as the operator norm), as a means of measuring the accu-
racy of our low-rank approximation. It relates the energy of a vector, which
is the result of a matrix-vector product, to the energy of the input vector.
The spectral norm denoted by ‖.‖s, is computed by taking the maximum
singular value of P̂, and it is given by

‖P̂‖S = λ1 = max
x 6=0

‖Px‖2
‖x‖2

, (2.4)

where P̂ is the data matrix, x is an arbitrary input vector, and λ1 is the
maximum singular value of P. The symbol ‖.‖2 indicates the l2-norm, which
is defined as the square root of the sum of the absolute values of an input
vector x, and its given by

‖x‖2 =

√√√√ n∑
k=1

|xk|2. (2.5)

2.1.1 Adaptive data-matrix approximation

Using the spectral norm, we develop a data-adaptive low-rank approxima-
tion scheme according to the following two scenarios: namely we either
approximate the data matrix with a fixed rank for each frequency slice or
we select the rank adaptively to improve the quality of the approximation
based on the spectral norm. We keep the total rank budget, which is the
sum of the ranks for all frequency slices, the same so we achieve the same
improvement in storage and matrix multiply costs.

In approximating our datasets, we specify a percentage of the rank
budget to be used in the approximation. This percentage will serve as

8
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Figure 2.2: Example of a good SVD approximation, of a frequency slice with
ns = nr = 150 at a frequency of ω = 50Hz. (a) Frequency slice without
approximation, (b) frequency slice approximated using 20 sources out of 150,
and (c) difference between full data and the approximation. Comparing the
original data, to its approximation we get a Signal-to-Noise Ratio (SNR) of

16dB, where SNR = 20 log10(
‖p−p̃‖2
‖p‖2 ). 9
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Figure 2.3: Example of a bad SVD approximation of a frequency slice, with
ns = nr = 150 at a frequency of ω = 50Hz. (a) Frequency slice without
approximation, (b) frequency slice approximated using 5 sources out of 150,
and (c) difference between full data and the approximation. Comparing the
original data, to its approximation we get an SNR = 6dB.
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Figure 2.4: Effect of losing the diagonal details in the frequency domain
(Figure 5) on the data in the time domain. (ns = nr = 150 and 512 time
samples with ∆t = .004s). (a) Original shot gather, (b) shot gather of
the approximated data, and (c) difference between full data and its ap-
proximation. Comparing the original data, to its approximation we get an
SNR = 6dB.
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2.1. Dimensionality-reduced EPSI

a subsampling ratio δ, that will determine, the amount of speed up we
achieve in the matrix-matrix products, the compression percentage of the
data, and the quality of the approximation. The compression rate per fre-
quency slice, is related to the subsampling ratio, by the following relation:
c = (1−δ(2+δ))∗100. Here, c is the compression percentage for the specified
subsampling ratio δ. Matrix-matrix multiplication speed up is computed us-
ing the following relation: s = 1

2δ+δ2
, where s, is the expected matrix-matrix

multiplication speed up using the specified subsampling ratio δ.
In the first approximation scenario, we distribute the approximation

ranks, evenly for each frequency slice. Results of applying this approxi-
mation scenario are summarized in Table 2.2, where a synthetic dataset (of
size nt × ns × nr = 150 × 150 × 512) is approximated, using different sub-
sampling ratios. As observed from the table, significant improvements in
memory usage and efficiency were achieved. However, these improvements
go at the expense of quality as shown in Figure 2.5.

Subsampling ratio δ 1/3 1/5 1/8 1/12

Mat-mat multiplication speed-up 1.4× 2.2× 4.7× 6.5×

Memory reduction 31% 56% 79% 86%

SNR dB 11 7 4 3

Table 2.2: Results of applying the first approximation scenario, where a
synthetic dataset, of size ns = nr = 150, and nt = 512, is approximated
using a fixed rank approximation.

In the second scenario, we approximate the dataset based on the spectral
norm of each monochromatic data matrix. Let us in our analysis first look at
Figure 2.8, where each column represents the singular values of a frequency
slice, at frequencies ranging between 1Hz and 250Hz. As noted from the
figure, the most significant singular values are concentrated within the seis-
mic band between frequencies 24Hz and 98Hz, while the remaining singular
values are insignificant. This effect is mainly due to the behavior of the
amplitude of the seismic wavelet, which varies with frequency (Figure 2.7).
When we applied this approximation scenario, where we adaptively selected
the rank of each monochromatic data matrix based on its spectral norm
(Figure 2.8), we were able to achieve superior approximation qualities over
the first approximation scenario as reflected by the SNR values in Table 2.3
and as shown by the shot gathers in Figure 2.9.

Using the SVD approximations, we were able to approximate our datasets,

12



2.1. Dimensionality-reduced EPSI

(a) (b)

(c)

Figure 2.5: Synthetic shot gather of size ns = nr = 150 and 512 time
samples. a) Original shot gather , b) Shot gather using fixed rank approxi-
mation, with 9% of the rank budget. c) difference between the original data
and its approximation.
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Figure 2.7: Amplitude of the source wavelet.
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Figure 2.8: Distribution of approximation ranks based on the two scenarios
(fixed and adaptive) using 10% of the total rank budget.
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(a) (b)

(c)

Figure 2.9: Synthetic shot gather of size ns = nr = 150 and 512 time
samples. a) without approximation , b) adaptive rank approximation, using
9% of the rank budget. c) difference between the original data and its
approximation.
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Subsampling ratio δ 1/3 1/5 1/8 1/12

Speed-up 2× 5× 8× 11×

Memory Compression 31% 56% 79% 86%

SNR dB 20 18 11.4 8

Table 2.3: Results of applying the adaptive approximation scenario, where
a synthetic dataset, of size ns = nr = 150, and nt = 512 is approximated.

with high accuracy, allowing us to handle larger datasets, which will facilitate
the handling of 3D data. However, our approach comes with an additional
pre-processing step to perform the SVD operation. Efficient implementa-
tions of the SVD operation do exists for small data sizes, however, these im-
plementations are expensive, when it comes to dealing with larger datasets,
where communication becomes the real bottle neck. Classical SVD methods,
require at least k passes over the data, requiring the data to be transferred
into the CPU k number of times (Halko et al. (2011)). To overcome this chal-
lenge, we adapt randomization techniques, for large scale problems, which
may not fit in the main memory, and might need to be retrieved in and out
of the CPU.
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Chapter 3

Randomized Singular Value
Decomposition

To overcome the communication bottleneck, introduced by the modern com-
puting environments. In approximating our data, we utilize randomized
SVDs, which are efficient in approximating large data matrices. The main
advantage in using the randomized SVD methods, is in their ability to fac-
torize the data using only few passes over the data (1-3 passes) compared
to k passes using the regular SVD methods. In this section we will look at 3
randomized SVD methods, developed by Halko et al. (2011). We will start
the discussion by introducing the general framework these algorithms work
in. Then we will show how this framework is improved, to handle matrices
suffering from slow singular value decay. The third method, will show how
the SVD computation cost can be reduced, using fast transforms. Finally we
will show how the communication cost can be reduced further, by randomly
sampling the data using the Dirac basis.

3.1 General framework

The general framework in developing the randomized SVD algorithms is
composed of two stages: First, capturing the action of the data matrix on a
small number of vectors, resulting in a smaller system to deal with. Second,
from this reduced system, an approximation to the SVD is computed more
cheaply. The two stages of the randomized SVD are described below:

Stage A Capturing the action of the data matrix. This stage makes
use of random sampling and fast matrix-vector multiplies, to capture the
action of the data matrix on a small number of random vectors, as given by:

Y = P̂Ŵ, (3.1)
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3.1. General framework

where Ŵn×(p+k) is a random Gaussian matrix, of mean 0 and variance 1.

k is the rank of the input matrix P̂, and p is an over-sampling parameter
(typically set to a value between 5-10). Multiplication with a random set
of vector, corresponds to randomly combining shots into ’supershots’, using
random superposition. This sampling technique, leads to a significantly
reduced system, which will require smaller number of computations, at the
cost of introducing a random cross-talk between the sources (van Leeuwen
et al. (2011)). Figure 3.1, is an example of the sampling operation, where

the data matrix P̂, is sampled using a small set of random vectors Ŵ:

Figure 3.1: Supershots created by randomly picking and weighting (using
random Gaussian weights) sequential shots.
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3.1. General framework

The next step in this stage, is to find an approximate basis Q̂, that provides
a good approximation of the data matrix P̂,i.e., we have:

‖P̂− Q̂Q̂∗P̂‖2 < ε, (3.2)

where ε is a measure of the approximation error. The matrix Q̂ is computed
by the QR factorization, giving us:

Y = Q̂R̂, (3.3)

where, Q̂ ∈ Cns×k is an orthonormal matrix and R̂ ∈ Ck×k is an upper
triangle matrix. From Q̂, we can compute a reduced system as follows:

Bnr×k = Q̂nr×kP̂nr×ns . (3.4)

This stage of the approximation is summarized as Algorithm 1.

Algorithm 1 Basic randomized SVD

Input: P̂nr×ns , a target rank k and an over-sampling parameter p
Output Orthonormal matrix Q̂ whose range approximates the range of P̂

1. Draw a random Gaussian matrix Ŵns×(k+p).

2. Form Ynr×(k+p) = P̂Ŵ.

3. Construct the orthonormal matrix Q̂nr×(k+p) by computing QR fac-
torization of Y.

Stage B: Computing an approximation of the SVD. In this stage,
we compute the approximate low-rank factorizations (using deterministic
SVD) on the reduced system, that is the output of stage A. The advantage
in this step, is that the full data matrix needs to be accessed for only 1 to 2
times, compared to k passes over the data, as required by the classical SVD
(Halko et al. (2011)). More specifically we compute:

Bnr×k = Ũk×kŜk×kV̂
∗
k×ns

, (3.5)

with:
Ûnr×k = Qnr×kŨk×k. (3.6)

Figure 3.2, describes how the left singular vectors Û of a data matrix P̂, are
computed using the orthonormal matrix Q̂.
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3.2. Slow decay of singular values

Figure 3.2: Approximation of left singular vectors Û of a data matrix P̂
using the orthonormal matrix Q̂.

3.2 Slow decay of singular values

Algorithm 1, is most appropriate when used to approximate matrices with
fast decaying singular values. However, it performs poorly, when approxi-
mating matrices exhibiting slow singular value decay (Halko et al. (2011)).
In this case, singular vectors associated with the smaller singular values are
known to interfere with the approximation and this leads to poor approx-
imation a quality (Halko et al. (2011)). To reduce this interference, the
singular values can, as proposed by (Halko et al. (2011)), be reweighed by
considering powers of the matrix, i.e., we replace Equation 3.1 by

B = (P̂P̂∗)
q
P̂Ŵ, (3.7)

with q chosen order of the power. As a result of raising the matrix to the
qth power, the singular values decay faster, (Figure 3.3), hence reducing the
interference. This interference reduction comes on the cost of (q + 1) more
passes over the data. For q = 1, the power iteration corresponds to:

B = (P̂∗P̂)
1
P̂Ŵ.

= (USV∗VSU∗)USV∗Ŵ.

= US2U∗USV∗Ŵ.

= US3V∗Ŵ.

Experience has shown, that it is usually enough to set q with values q = 1, 2.
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Figure 3.3: Effect of the power iteration on the decay of singular values for
a frequency slice P̂150×150. Algorithm 1 is equivalent to q = 0.

Algorithm 2 Power Iteration

Input: P̂nr×ns , a target rank k and a number of iterations parameter q
Output Orthonormal matrix Q̂ whose range approximates the range of P

1. Draw a random Gaussian matrix Ŵnr×k.

2. Form Y0 = P̂Ŵ.

3. Construct orthonormal matrix Q̂0 by computing QR. factorization
on Y0.

4. for j = 1 . . . q

5. Form Ỹ = P̂∗Qj−1 and compute its QR factorization Ỹj = Q̃jR̃j .

6. Form Yj = P̂∗Q̃j and compute its QR factorization Yj = Q̂jRj .

7. end

8. Q = Qq.
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3.3. Lowering the cost of matrix probing

3.3 Lowering the cost of matrix probing

For our application, the computational bottleneck in Algorithms 1 and 2,
is in sampling the data matrix, i.e., Ym×(k+p) = P̂Ŵ. Generating each
sample will cost O(mnk) operations, in addition to, a single pass over the
data. To reduce the computational cost, we look into using two approaches.
First, we look into utilizing fast transforms, such as the Fourier transform to
sample the data matrix. In the second approach, we propose approximating
the data matrix, by picking up random sources (columns) of the data matrix
P̂. This will help in reducing the number of operations, and the amount of
data to be transferred, in order to perform the approximation.

Fast transforms

As proposed by (Halko et al. (2011)), we can replace the Gaussian dense
matrix by the sub-sampled Fourier transform SRFT , which reduces the
computational cost, of sampling the data to O(mnlog(k)) operations. The
SRFT matrix is constructed as follows:

ŴSRFT =

√
ns
k
DFR (3.8)

Where

• D is an ns × ns diagonal matrix, whose non-zeros elements, are ran-
domly picked from a uniform unit circle,

• F is an ns × ns unitary discrete Fourier transform (DFT ), and

• R is an ns × k matrix, with k columns drawn randomly without
replacement, from the columns of the ns × ns identity matrix

If we replace the random Gaussian matrices used in Algorithms 1 and 2, with
the SRFT matrices (see Algorithm 3), we reduce the computational cost,
of the first stage of the low-rank approximation. However, we still suffer
from the communication cost of transferring large volumes of information
for each pass over the data and the cost of on-the-fly interpolation in the
case of missing sources.

3.3.1 Data sampling via Dirac basis

To reduce the communication and on-the-fly interpolation bottlenecks, we
propose to ’sample’ the data matrix to obtain Y with randomly selected
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3.3. Lowering the cost of matrix probing

Algorithm 3 Sub-sampled Fourier transform

Input:Pnr×ns , a target rank k and an over-sampling parameter p
Output Orthonormal matrix Q̂ who’s range approximates the range of P̂

1. Draw a random SRFT matrix. Ŵnr×(k+p).

2. Form Ynr×(k+p) = P̂Ŵ.

3. Construct and return orthonormal matrix Q̂nr×(k+p) by computing
QR. factorization of Y.

vectors from the identity basis. This corresponds to data matrices that are
formed from seismic data with sources missing at random locations. Not
only does this rid ourselves from having to form the fully-sampled data
matrix by interpolation but it also reduces the cost of passing over the full
data matrix. In this case we replace equation 3.1 with

Y = P̂R

Where Rns×k is a restriction matrix, drawn randomly without replacement,
from the columns of an ns × ns identity matrix. To show that our choice of
Dirac basis is appropriate in approximating the data matrix, we compute the
mutual coherence between the singular vectors of a typical P̂ and the vectors
from the identity basis. The mutual coherence parameter µ (Herrmann and
Hennenfent (2008), Herrmann and Hennenfent (2008), and Herrmann et al.
(2011) ) is given by

µ(U,R) = max
1<i,j<n

< ui, rj >

‖ui‖2‖rj‖2
. (3.9)

where, ui and vi representing the ith column of the first and second matrices,
respectively. The more incoherent these two basis are w.r.t. each other, the
better approximation we can achieve. To get an idea of how incoherent
the Dirac basis w.r.t. the singular vectors of P̂, we compute the mutual
coherence for the Dirac basis as well as for Ŵ given by the Gaussian vectors.
We make this comparison because the Gaussian vectors have the smallest
mutual coherence. The results of this exercise are summarized in Figure 3.4
and show that the Gaussian vectors have the lowest mutual coherence, as
expected followed by the Dirac basis and the Fourier basis. From these
results, we can conclude that we can use missing shots instead of sampling
the data matrix using the dense Gaussian basis allowing us to work with
missing data e.g., the case of marine data (Li et al. (2011)).
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Figure 3.4: Coherence of the singular vectors of the data matrix with Fourier,
Dirac, and Gaussian basis for all frequencies.

3.3.2 Computational costs

The goal of using randomized low-rank approximation is not to reduce the
number of operations, but rather the goal is the pass efficiency, which counts
the number of times the data needs to be loaded into the in-core memory.
Classical approximation methods including SVD, need at least O(k) passes
over the data. In the previously described randomized algorithms, the num-
ber of these passes over the complete data, is significantly reduced. Both of,
Algorithms 1 and 3, require only a single pass over the data. The advantage
of using fast transforms,e.g. SRFT, is that the number of computations re-
quired to compute the orthonormal matrix Q̂, is reduced from 2O(mnk) to
mnlog(k) + O(mnk) operations. Algorithm 2, requires additional q passes
over the data to handle slow decaying singular values. Finally, our proposed
modification to stage A, reduces the communication cost, where we only
need to load random columns of the data into memory, instead of cycling
through the whole data matrix. However stage B require an additional pass
over the data and O(mnk) operations to compute the factorizations. These
costs are summarized in table 3.1 for all the mentioned algorithms.
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Number of operations Number of passes over the data

Algorithm 1 O(2mnk 1)

Algorithm 2 O(2qmnk + nk) q + 1

Algorithm 3 Omnlog(k) + (mnk) 1

Stage B O(2mnk) 1

Classical SVD O(mn) k

Table 3.1: Summery of the cost of applying the randomized approximation
algorithms, in terms of number of operations to compute the factorization,
and the number of passes over the data .

3.4 Examples

We now look at whether these randomized approximation algorithms actu-
ally work for our data by presenting two examples. First, we approximate
a frequency slice exhibiting a fast decay in its singular values, and in the
second example, we look at the approximation of a frequency slice with slow
decay in its singular values. In both cases, we compute the approximated
singular values, and compare them to the actual ones generated using the
classical SVD method. We will also look at the behavior of the spectral ap-
proximation error, for each method. The approximation error is computed
using:

e
k

= ‖(I− Q̂Q̂∗)P̂‖s, (3.10)

where ek, is the approximation error,k is the rank, and Q̂, is the orthonormal
matrix –generated using the first stage of the randomized algorithms– which
approximates the range of the data matrix P̂.

Data matrix with fast decay in its singular values . In this example,
we will approximate a frequency slice from our synthetic dataset, consisting
of nr = ns = 150, at a frequency of 5Hz. Figure 3.5(a), shows the estimated
singular values, using the different randomized algorithms described in this
text. The approximation was done, using a rank of 50 columns (sources),
and as noted from the figure, all of the estimated singular values match
almost exactly the actual singular values. We observe from Figure 3.5(b),
how the power iteration achieves much better approximation error, for each
q iteration compared to q = 0, which is the most basic algorithm.

26



3.4. Examples

Data matrix with slowly decaying singular values. In this example
we will approximate a frequency slice from the same synthetic dataset, at
a frequency of 100Hz. The decay is much slower than the previous exam-
ple, and therefore it is more difficult to approximate. In Figure 3.6(a), we
notice how the first algorithm, where q = 0, generated an inaccurate esti-
mation of the singular values. As we increase the number of iterations q,
we get better approximations of the actual singular values, until we have
the highest accuracy at q = 2. Figure 3.6(b), demonstrates how, the ba-
sic algorithm, achieved a poor approximation error, compared to the power
iteration method, at q = 1 and q = 2.

Changing the sampling method. Figures 3.7(a) and 3.7(b), show the
effect of changing the sampling method (i.e. simulations shots, missing shots
or SRFT), on the quality of the approximation. The results are shown for
Algorithm 2, with q = 0 in the first plot, and q = 2 in the second plot. When
q = 0, all three sampling methods, provide very close approximation results.
However, using simultaneous shots provides the best approximation quality,
and the missing shots (Dirac basis), provides the poorest approximation
quality amongst the 3 methods. As we increase the number of iterations q,
the results for are all 3 methods, are close to each other, as noted from the
second figure.

From the previous examples in this section, we observe how the quality
of our low-rank approximation is dependent on the decay of singular values.
The faster the decay, the less samples and passes over that data we need for
the approximation. However, there are more challenging cases, where the
singular values exhibit almost no decay. In such cases, the power method
is not effective enough, as it will require more passes over the data, with a
small effect on the approximation (see Figure 3.8). As mentioned previously,
we are trying to avoid the communication bottleneck, and therefore would
like to keep the number of passes over the data at a minimum. To address
this issue, we suggest using a special type of matrix representation, know as
Hierarchal Semi-Separable matrix (HSS) representation, in the next section.
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Figure 3.5: Singular value decay of a frequency slice, of nr = ns = 150 and
ω = 5Hz. (a) Approximation of the singular values, and (b) the behavior of
the spectral approximation error.
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Figure 3.6: Singular value decay of a frequency slice, of nr = ns = 150 and
ω = 100Hz. (a) Approximation of the singular values, and (b) the behavior
of the spectral approximation error.
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Figure 3.7: Sampling methods ( simulations, Fourier, and random shots), a)
approximation error using q = 0, and b) approximation error at q = 2
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Chapter 4

Hierarchically
Semi-Separable Matrix
Representation

Hierarchically Semi-Separable Matrix Representation (HSS), defined in ( Chan-
drasekaran et al. (2006)), provides a way of representing structured dense
matrices in terms of lowrank sub-matrices, with the aim of reducing the cost
of linear algebraic operations e.g. reducing the cost of matrix-vector prod-
ucts from O(n2) to O(n). As part of the HSS representation, matrices are
recursively repartitioned into high-rank diagonal and low-rank off-diagonal
matrices. SVDs are carried on the off diagonals while the high-rank diagonal
matrices are recursively partitioned to some user defined level, which de-
pends on the desirable compression and accuracy. With this decomposition,
HSS is able to carry out fast matrix operations. A 2× 2 block partitioning
of an input matrix A is given by

A =

(
A1;1,1 A1;1,2

A1;2,1 A1;2,2

)
,

where the subscripts represent: the partition level, the row number, and the
column number, respectively. The off diagonal submatricies are decomposed
into their low-rank approximations, e.g by using SVD to give us the first
level of HSS partitioning,i.e., we have

A =

(
D1;1,1 (USV∗)1;1,2

(USV∗)1;2,1 D1;2,2

)
,

where D is a diagonal sub-matrix and the factorization USV∗ correspond
to the singular value decompositions of the off-diagonal submatrices. In the
next HSS iteration, the high-rank matrices are partitioned using the same
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Chapter 4. Hierarchically Semi-Separable Matrix Representation

HSS partitioning scheme,i.e., now we have

A =


(

D2;1,1 (USV∗)2;1,2
(USV∗)2;2,1 D2;2,2

)
(USV∗)1;1,2

(USV∗)1;2,1

(
D2;1,1 (USV∗)2;1,2

(USV∗)2;2,1 D2;2,2

)
 .

HSS partitioning is based on based on a specific hierarchical partitioning of
an index vector, I = [1 · · ·n], where n is the number of columns in the input
matrix. One form of this hierarchical partitioning is based on binary-trees,
where each node in the tree can have at most 1 parent and a maximum of
2 children. An example of a three level binary tree, is show in Figure 4.1.
Based on the presented tree, we can divide an input matrix e.g. Â400×400
into an HSS representation (Chandrasekaran et al. (2006)) as follows:

1

2

4

8 9

5

10 11

3

7

12 13

7

14 15

Figure 4.1: 3 level Binary Tree (adapted from Chandrasekaran et al. (2006))

• Level 0 : I1 = I = [1 · · · 400]

• Level 1 : I2 = [1 · · · 200] , I3 = [201 · · · 400]

• Level 2 : I4 = [1 · · · 100] , I5 = [101 · · · 200], I6 = [201 · · · 300] , I7 =
[301 · · · 400]

• Level 2 : I8 = [1 · · · 50] , I9 = [51 · · · 100], · · · , 14 = [301 · · · 350] ,
I15 = [351 · · · 400]

Where each diagonal sub-matrix is formed by taking the indices stored in
the leaf nodes of the binary tree according to

Dj = A(Ij , Ij). (4.1)
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4.1. HSS matrices and randomized SVD

Here, j is the index of the leaf node. Off-diagonal blocks are defined using
sibling pairs at each level of the binary tree as follows:

Av1,v2 = A(Iv1, Iv2) and Av2,v1 = A(Iv2, Iv1). (4.2)

4.1 HSS matrices and randomized SVD

Within the HSS transformation scheme (defined in Chandrasekaran et al.
(2006)) we incorporate the randomized power iteration SVD Algorithm 2, to
compute the SVD of the off-diagonal blocks. In this case, the cost of probing
the submatrices is cheap and requires only few passes over the data. Using
the power iteration will help in increasing the decay of the singular values for
the low-rank submatrices, hence providing a higher quality approximation.
To determine the proper rank for the matrix probing, we use Algorithm 4.2
from Halko et al. (2011).

4.2 Examples

To demonstrate the effectiveness of the HSS factorization,we will consider a
monochromatic frequency slice at a frequency of 100 Hz which we approx-
imate using a three-level HSS representation including the adaptive rank
selection. Before we apply this algorithm, we first verify the anticipated
rank behavior of the HSS submatricies as shown in Figure 4.2, which shows
that the off diagonal submatrices are indeed of lower-rank. his justifies the
use of HSS on high-frequency data matrices. As we can see from Figure 4.3,
the HSS-based factorization attains a better approximation over the ran-
domized SVD, which is reflected in the SNR of the approximation.
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Figure 4.2: HSS partitioning of a frequency slice at ω = 100Hz, the colours
corresponds to the rank of the sub matrix (white is high-rank, black is low-
rank) (a) First level of HSS partitioning (b) second Level of HSS partitioning
(c) third level of HSS partitioning. 35
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Figure 4.3: Approximation results of a monochromatic frequency slice at
frequency of 100 Hz and ns = nr = 150. (a) HSS approximation with
SNR = 11dB, (b) the difference between the HSS approximation and the
original data matrix, (c) SVD approximation of the same frequency slice
with SNR = 11dB, and (d) the difference of the SVD approximation with
the original data matrix
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Chapter 5

Results and Observations

5.1 Application to synthetic and real data

To establish the performance of our method, we compare the output of
EPSI (Lin and Herrmann, 2011) with the output of EPSI using low-rank
approximations for the data matrix. Depending on the on the ratio between
the largest singular value of a particular data matrix and the largest singular
amongst all data matrices, we either proceed by applying the randomized
SVD or we first apply the HSS partitioning prior to the computation of the
randomized SVDS on the off diagonals. We conduct two experiments and
we fix the subsampling ratios to δ = [1/2, 1/5, 1/8, 1/12].

5.1.1 Synthetic data

In this example, we use data modeled from a velocity model that consists
of a high-velocity layer, which represents salt, surrounded by sedimentary
layers and a water bottom that is not completely flat (see Herrmann et al.,
2007). Using an acoustic finite-difference modeling algorithm, 150 shots
with 150 receivers are simulated on a fixed receiver spread. A shot record
for the first 2 s with surface-related multiples is plotted in Figure 5.1. Refer
to Figure 2.6, for the singular values for the data matrices associated with
this synthetic data set.

Results of our adaptive rank selection on this data sets are plotted in
Figure 5.2 and show that most of the available ranks are assigned to data
matrices with frequencies that lie in the seismic band. Given these ranks, we
compute low-rank approximations using our randomized SVD algorithm for
q = 2 and with HSS for the matrices that have the highest spectral norm.
With now solve the EPSI problem for δ = 1/12 and the results are plotted
in Figure 5.3. Comparison between the EPSI result obtained the full data
matrix and its low-rank approximation shows that our method is able to get
a satisfactory judged by the fact that the difference plot in Figure. 5.3(c)
contains relatively little energy. Remember that this is a synthetic example,
yielding a high-quality estimation for the surface-free Green’s function. This
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5.1. Application to synthetic and real data

observation was also made by van Groenestijn and Verschuur (2009); Lin and
Herrmann (2010).

For completeness, we included table 5.1 with SNRs for dimensionality-
reduced EPSI experiments carried out for δ = [1/2, 1/5, 1/8, 1/12]. As ex-
pected, the SNRs computed with respect to the output of EPSI carried out
with the full data matrix, show a decrease in SNR for decreasing subsam-
pling ratios.

5.1.2 Gulf of Suez

We carried out the same set of experiments for q = 2 on a Gulf of Suez
dataset for the same subsampling ratios. A shot record for the first 2 s of
this data set is plotted in Figure 5.4. The singular values and assigned
ranks are included in Figure 5.5 and ranks assigned to a broader range of
frequencies consistent with the more complex and more broad-band nature
of this real data set. As before, we carry out EPSI for the complete and low-
rank approximated data matrices and the results are shown in Figure 5.6 for
δ = 1/12. While both results are comparable, the difference plots contains
some lost energy for areas in the shot record that have high curvature. This
is expected because high-curvature events lead higher ranks. The SNRs in
table 5.2 are not as high but still reasonable. Again, the SNRs decrease with
decreasing subsampling ratios.

Figure 5.1: Shot gather from synthetic dataset including surface-related
multiples.
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Figure 5.2: Approximation rank distributions for varying rank budgets, in
the synthetic case.

Subsample 1/2 1/5 1/8 1/12
ratio δ

Recovery error (dB) 44 30 18 13

Speed up (×) 2 5 8 12

Table 5.1: Results of estimating the surface-free Green’s function using the
different subsampling ratios (synthetic dataset).

5.2 Discussion and outlook

The presented method is exciting for the following reasons. First, we reduce
the storage and multiplication costs by roughly a factor of δ at a small up-
front cost consisting of 2 − 3 passes through all data, a QR factorization,
and a singular-value decomposition on the dimensionality reduced system,
all of which can be carried out in parallel. The resulting matrix factoriza-
tion has low memory imprint, leads to fast matrix multiplies, and removes
the requirement of passing through all data for each application of the data
matrix during the inversion. This feature potentially removes one of the
major challenges of extending estimation of primaries by sparse inversion
to 3D. Note, however,that this extension needs a low-rank factorization of
tensors representing wavefields in more than two dimensions (see e.g. Kolda
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Figure 5.3: EPSI results from the synthetic dataset : (a) Estimated Green’s
function using the full dataset, (b) estimated Green’s function using δ =
1/12 and (c) difference between the two estimates.
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5.2. Discussion and outlook

Subsample 1/2 1/5 1/8 1/12
ratio δ

Recovery error (dB) 30 27 17 12

Speed up (×) 1.6 2 3.5 5.7

Table 5.2: Summarizing results of estimating the surface-free Green’s func-
tion using the different sub-sampling ratios.
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Figure 5.4: Shot gather from the Gulf of Suez dataset including surface-
related multiples.

and Bader, 2009, for recent developments on this topic). Second, there
are connections between matrix probing and simultaneous sourcing dur-
ing acquisition of marine data (Wason et al., 2011) or during imaging and
full-waveform inversion (Herrmann et al., 2009). This opens the possibility
to further speed up our algorithms (see e.g. Herrmann, 2010; Tristan van
Leeuwen and J.Herrmann) or to work directly with simultaneously acquired
data. Third, because the singular vectors of the data matrix are incoherent
with the Dirac basis, we can limit the need of interpolating the data to only
once as part of the second stage during which the singular-value decomposi-
tion is conducted. In case the locations of the missing shots are sufficiently
randomly distributed, we showed that it is no longer necessary to interpolate
the data as part of the matrix probing. Instead, we can consider data with
randomly missing shots as the result of the matrix probing. Needless to say,
this could lead to significant cost savings. Fourth, the proposed algorithm
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Figure 5.5: Gulf of Suez data. (a) Singular values of the gulf of Suez dataset,
(b) distribution of the approximation rank budgets for varying sub-sampling
ratios δ.
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Figure 5.6: EPSI results from the gulf of Suez dataset : (a) Estimated
Green’s function using the full dataset, (b) Estimated Green’s function using
δ = 1/12 and (c) difference between the two estimates.
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5.3. Conclusions

is relatively simple and requires matrix-free application (read ’black-box’
implementations of SRME (Verschuur et al., 1992; Berkhout and Verschuur,
1997; Weglein et al., 1997))) of the data matrix only. Fourth, our low-rank
approximations of the data matrix allow us to leverage recent extensions
of compressive sensing to matrix-completion problems (Candes and Recht,
2009; Gandy et al., 2011) where matrices or tensors are reconstructed from
incomplete data (read data with missing traces). In these formulations, data
is regularized solving the following optimization problem

X̃ = arg min
X

‖X‖∗ subject to ‖A(X)− b‖2 ≤ σ, (5.1)

with ‖·‖∗ =
∑
|λi| the nuclear norm summing the magnitudes of the singular

values (λ) of the matrix X. Here, A(·) a linear operator that samples the
data matrix. It can be shown that this program is a convex relaxation of
finding the matrix X with the smallest rank given incomplete data. Finally,
low-rank approximations for tensors were recently proposed by Oropeza and
Sacchi (2010) for seismic denoising. Fifth, the singular vectors of our low-
rank approximation can also be used in imaging or full-waveform inversion
Habashy et al. (2010).

5.3 Conclusions

Data-driven methods—such as the estimation of primaries by sparse inversion—
suffer from the ’curse of dimensionality’ because these methods require re-
peated applications of the data matrix whose size grows exponentially with
the dimension. In this paper, we leverage recent developments in dimension-
ality reduction that allow us to approximate the action of the data matrix via
a low-rank matrix factorization based on the randomized singular-value de-
composition. Combination of this method with hierarchical semi-separable
matrix representations enabled us to efficiently factor high-frequency data
matrices that have high ranks. The resulting low-rank factorizations of the
data matrices lead to significant reductions in storage and matrix multipli-
cation costs. The reduction in costs for the low-rank approximations them-
selves are, by virtue of the randomization, cheap and only require a limited
number of applications of the full data matrix to random vectors. This op-
eration can easily be carried out in parallel using existing code bases for
surface-related multiple prediction and can lead to significant speedups and
reductions in memory use. Because the singular vectors of the data matri-
ces are incoherent with the Dirac basis, matrix probing by Gaussian vectors
that require on-the-fly interpolations can be replaced by matrix probings
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