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Introduction
Shown by our group previously that zero-order pseudodifferential operators, modeling   
various seismic operators, can be represented by diagonal weighting in curvelet domain.

Smoothness constraint introduced in phase space regularizing solution to make unique.

Here, we use recent results in Demanet and Ying (2008) on discrete symbol calculus to 
impose further smoothness constraint, this time in frequency domain. 

Faster convergence realized with improved quality results.

Curvelets in Seismic Imaging
 Curvelets model seismic signals well - oscillate in one direction, smooth in the other.

 Seismic signals are sparse in curvelet domain.

 Curvelets mostly localized both in space and frequency.

 Parabolic scaling: length α width2, multidirectional and multiscale.

 Pseudodifferential Operators
 A pseudodifferential operator (PsDO) is a scale/dip-dependent convolution.

 Given seismic signal f, and denoting its Fourier transform with a hat superscript, the                             
PsDO Ψ acts on f by the formula:

 a(x,ζ) is called the symbol of the PsDO Ψ.

 Matched Filtering in Curvelet Domain
Curvelet-domain matched filtering based on approximation of PsDOs by diagonal    
weighting in curvelet domain.

Because of redundancy of curvelet transform, this fact may be expressed by:

with C = 2D discrete curvelet transform, CT its adjoint, and DΨ = diagonal matrix.  

 It may be proven that elements of diagonal of DΨ (also called the scaling vector) are 
given by the symbol a(x,ζ) of operator Ψ evaluated at curvelet centres in phase space.

 Because of nonuniqueness, there are many possible scaling vectors which are solutions.

 From theory, we know that symbol a(x,ζ) is smooth in phase space.

 Therefore, can regularize the solution to make it unique.

  We add a smoothness term, so that nonlinear least squares problem to solve becomes:

 The parameter λ controls the amount of smoothness in phase space.

 L is a sharpening operator:

Frequency-Domain Regularization
 Can do better!  According to work on discrete symbol calculus, symbol will also be                         
smooth in frequency.

 Does not follow directly from smoothness in phase space.

 E.g. consider following symbol:

 It is clearly smooth, however Fourier transform is:

 This is not a smooth function in frequency because of Dirac impulse spikes.

 But for PsDOs we’re interested in, frequency smoothness also holds.  So can use model:

 

F is a spatial Fourier transform, R is a restriction matrix to reduce redundancy (scaling 
vector is always real), and Mζ is a frequency-domain sharpening operator.

Experiment on Synthetic Operator
 First measure performance on synthetic operator so can compare with ground truth.
 The operator we use is                             for which wedge plot is shown below

 We obtain the following results.  Result on left is without new frequency-domain 
regularization while result on right is with new regularization.

 The result on right is clearly better (closer to ground truth) - only in 20 iterations!  

 The result without this new regularization is worse and it took 50 iterations to get it.

Primary-Multiple Separation
 Pseudodifferential operator concept can also be applied to primary-multiple separation.  

 In that case, assume we have multiples predicted from another algorithm (e.g. SRME 
[Verschuur, 1992]), so then map between predicted multiples mp and true multiples mT 
is given by the equation:

 It may be shown that operator B can be expressed as zero-order pseudodifferential 
operator.  So we can apply curvelet-domain matched filter as above.

 Therefore,                                                 

 In practice, do not have true multiples, so instead use total data d as an approximation.

Primary-Multiple Separation and Frequency Regularization 
Curvelet-domain matched filter used successfully for primary-multiple separation.

The coefficient of the new regularization term is μ.

The case when μ=0 corresponds to case of no new frequency-domain regularization.

As μ increases, so does the new regularization.

Above are some results showing effect of new regularization (data already matched for 
wavelet with Fourier matching - not proposed frequency domain regularization!)

Clearly, new regularization improves accuracy of recovered primaries.

More remarkable is this is only in 35 iterations while 50 for old model.

Can be extended to 3D data and also real seismic data.

References
Bao, G. and W. Symes, 1996, Computation of pseudodifferential operators: SIAM J. Sci. Comp., 17, 416–429.

Demanet, L. and L. Ying, 2008, Discrete symbol calculus: to appear in SIAM Review.

Herrmann, F. J., P. P. Moghaddam, and C. C. Stolk, 2008a, Sparsity- and continuity-promoting seismic image 
recovery with curvelet frames: Applied and Computational Harmonic Analysis, 24, no. 2, 150–173.

Herrmann, F. J., D. Wang, and D. J. Verschuur, 2008b, Adaptive curvelet-domain primary-multiple separation: 
Geophysics, 73, no. 3, A17–A21.

Liu, D. C. and J. Nocedal, 1989, On the limited memory method for large scale optimization: Mathematical 
Programming B, 45, 503–528.

Verschuur, D. J., A. J. Berkhout, and C. P. A. Wapenaar, 1992, Adaptive surface-related multiple elimination: 
Geophysics, 57, 1166–1177.

Acknowledgements
This work was in part financially supported by the Natural Sciences and Engineering Research Council of Canada 
Discovery Grant (22R81254) and the Collaborative Research and Development Grant DNOISE (334810-05) of 
Felix J. Herrmann. This research was carried out as part of the SINBAD II project with support from the following 
organizations: BG Group, BP, Petrobras, and Schlumberger. 
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Division of Phase Space for 
Discrete Curvelet 

Scaling Vector Wedge Plot, no 
Frequency-Domain Regularization

Scaling Vector Wedge Plot with
Frequency-Domain Regularization
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 Total data (primaries + multiples)    

Estimated primaries with new 
regularization, μ=1, SNR=9.148

Estimated primaries from 
matched filter, μ=0, SNR=8.996
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Ground Truth Wedge Plot of Scaling Vector
a1(x, ζ) = sin2(θ)

a1(x, ζ) = sin2(θ)

Wedge-wise 
spatial FFT

Phase Space Smoothness 
means these two wedges 

should be similar

Frequency-Domain Smoothness 
means these two wedges 

should also be similar

Ψ ≈ CTDΨC


