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Abstract

Full-waveform inversion can be formulated as a nonlinear least-squares optimization problem. This
non-convex problem can be extremely computationally expensive because it requires repeatedly solving
large linear systems that correspond to discretized partial differential equations. Randomized subsampling
techniques allow us to work with small subsets of (monochromatic) source experiments, reducing the com-
putational cost. However, this subsampling weakens subsurface illumination and introduces subsampling
related incoherent artifacts. These subsampling-related artifacts—in conjunction with local minima that
are known to plague full-waveform inversion—motivate us to come up with a technique to “regularize”
this problem. Following earlier work, we take advantage of the fact that curvelets represent subsurface
models and perturbations parsimoniously. At first impulse promoting sparsity on the model directly seems
the most natural way to proceed, but we will demonstrate that in certain cases it can be advantageous to
promote sparsity on the Gauss-Newton updates instead. While constraining the one-norm of the descent
directions does not change not change the underlying full-waveform inversion objective, the constrained
model updates remain descent directions, remove subsampling-related artifacts and improve the overall
inversion result. We empirically observe this phenomenon in situations where the different model updates
occur at roughly the same locations in the curvelet domain. We further investigate and analyze this
phenomenon, where nonlinear inversions benefit from sparsity-promoting constraints on the updates, by
means of a set of carefully selected examples including phase retrieval and full-waveform inversion. In all
cases, we observe a faster decay of the residual and model error as a function of the number of iterations.

Introduction

Full-waveform inversion (FWI, Pratt et al., 1998b; Virieux and Operto, 2009) aims to reap information on
underground physical medium parameters, such as spatial velocity and density distributions, from observed
seismic measurements collected at the surface or within well bores. Mathematically, FWI corresponds to
partial-differential equation (PDE) constrained optimization problem where the PDE constraints are generally
eliminated and where the medium parameters are obtained by minimizing the least-squares misfit between
observed and modeled data (Tarantola, 1984; Pratt et al., 1998a). In the last twenty years, numerous
first-order gradient-based methods have been developed to solve this inversion problem, including gradient
descent (Pratt et al., 1998a; M et al., 2013), nonlinear conjugate gradients (Gilbert and Nocedal, 1992; Mora,
1987; Tarantola, 1986; Crase et al., 1990) and so on. However, as reported by Pratt et al. (1998a) and Shin
et al. (2001)], first-order methods may suffer from slow convergence which is, in part, related to difficulties in
calculating reliable step lengths, and also, to the fact that first-derivative information only is used. This slow
convergence may lead to inferior results in situations where one can only afford a small number of iterations
that utilize all observed data.

As shown by Métivier et al. (2013), Pratt et al. (1998a) and Gratton et al. (2007), second-order methods have
the potential to achieve better convergence than first-order methods when the starting model is reasonably
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close to the true model. In this situation, inverting the Hessian matrix—i.e., the matrix that contains second-
derivative information—compensates for source-related blurring, limited aperture and other amplitude-related
effects. Unfortunately, true Hessian matrices are impossible to explicitly form for large scale problems, and
they are challenging to invert iteratively since this matrix is not guaranteed to be positive definite. For
this reason, it is common to approximate the Hessian by the semi-positive definite Gauss-Newton Hessian,
which can readily be inverted using iterative methods (Hestenes and Stiefel, 1952). While incorporating
partial second-order information can lead to significant improvements in the convergence (Métivier et al.,
2013; Pratt et al., 1998a), the computational costs of inverting the Gauss-Newton Hessian iteratively, for each
model update, become quickly prohibitive expensive because evaluation of the action of the Gauss-Newton
Hessian—formed, for instance, by compounding Jacobian (linearized Born modeling) matrix and its adjoint
(migration)—require multiple expensive PDE solves.

To overcome the generally prohibitive expensive costs of computing Gauss-Newton updates, each of which
involve the (approximate) iterative least-squares solution of the wave-equation Jacobian, we propose a
curvelet-domain sparsity-promoting method (Li et al., 2012) that only works with randomized subsets of
source experiments. By limiting the number of PDE solves, we obtain an order-of-magnitude improvement in
computational efficiency where least-squares inversions of the Jacobian could be computed at the cost of
roughly one reverse-time migration with all data (Herrmann and Li, 2012; Tu et al., 2013). In this approach,
we base our argument on the observations that Gauss-Newton updates are sparse in the curvelet domain and
random subsampling related artifacts are not sparse in this domain, thereby creating favorable conditions for
sparsity promotion. During these inversions, incoherent (and therefore non-sparse) energy is mapped via
curvelet-domain sparsity-promotion to coherent events in the Gauss-Newton updates, in a similar way as
we demonstrate for least-squares migration (Herrmann and Li, 2012; Tu et al., 2013). While the resulting
modified Gauss-Newton method (MGN, Herrmann et al., 2011) yields encouraging results in improving the
computational performance, and more importantly, the quality of FWI (Li et al., 2012), our approach becomes
problematic and differs fundamentally from existing regularization methods for inverse problems because
it imposes `1-constraints on the Gauss-Newton updates rather than on the model iterates themselves. The
latter is more common and undergirds recent work by (Gauthier et al., 1986; Hansen, 1998; Askan et al.,
2007). The main aim of our work is to provide arguments explaining why and when our approach forms an
attractive alternative to imposing sparsity constraints on the model directly.

In spite of the fact that regularizing model iterations, rather than model updates, seems to make more
intuitive sense, it appears that these type of regularization methods rely critically on prior knowledge of the
sparsity level (the `1-norm) of the (unknown) model. This critical dependence may hamper application of
these methods to large scale problems or at least calls for a continuation technique that somehow relaxes
the constraint, a topic of active research in current-day inverse problems (van den Berg and Friedlander,
2008; Lin and Herrmann, 2013; Hennenfent et al., 2008). As we will demonstrate, imposing constraints on
the linearized, and therefore convex, subproblems by using a combination of theoretical convex-composite
and problem-specific arguments shows that under certain circumstances sparse models can be obtained from
model updates that solve sparsity-promoting Gauss-Newton subproblems. By means of carefully selected
examples, we demonstrate for which type of problems and how this can be accomplished. We find that it
suffices to choose a series of conservative sparsity levels for the `1-norm constraints on the updates as long as
the supports—i.e., the locations of the non-zeros—do not differ too much for the different Gauss-Newton
updates so that their sum, and therefore the model iterate itself, remains sparse as well. As our examples will
demonstrate, the SPG`1-framework (van den Berg and Friedlander, 2008), which holds for convex problems
with convex constraints, can be used to determine sparsity levels that lead to sparse updates that meet
the above criterion for certain problems. These include problems where the model and the updates—i.e.,
the model, the difference between the starting model and the true model and any update—permit sparse
representations in some transformed domain.

Our paper is organized as follows. First, we introduce the Gauss-Newton method and how it can be extended
to include an `1-norm constraint. Next, we compare this approach to the modified Gauss-Newton method
where `1-norm constraints are imposed on the model updates. Afterwards, we compare results from the
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modified Gauss-Newton method with `1- or `2-norm constraints and without constraints in order to understand
the importance of sparsity promotion. We, then, carry these experiments out for two-parameter problems
so we can plot the objective, solution path, and constraints in a 2D plane in order to illustrate how these
constraints factor into the optimization. Finally, to further validate the proposed method, we consider the
notoriously difficult problem of phase retrieval (Bauschke et al., 2002), and two seismic examples, one of
which is blind.

Optimization algorithms

Full-waveform inversion (FWI), like many other linear and nonlinear geophysical problems, involves the
solution of an optimization problem. Depending on problem specifics and the prior knowledge, these
optimization problems can take different forms, e.g. they can be constrained or unconstrained; first- or
second-order. Without being all inclusive, we briefly introduce the types of optimization problems relevant to
solving nonlinear sparsity-promoting inversion problems.

The unconstrained least-squares objective

FWI can be considered as an unconstrained least-squares (LS) minimization problem (Nocedal and Wright,
2006)

LS : min
m

Φ(m) :=
{

1
2‖d−F [m]‖2

2

}
,

where the vector d represents the observed data that we want to fit with the nonlinear forward modeling
operator F , parameterized by the discrete and vectorized model m. Without loss of generality, we assume
the source function to be known and fixed throughout this paper.

FWI is challenging for the following reasons. First, evaluations of the forward modeling operator F [m] are
expensive because they involve the solution of large-scale PDE’s (Helmholtz systems). Second, the forward
map is nonlinear in the medium properties and solutions of the wave equation are oscillatory, which leads to
multiple local minima related to cycle skipping when starting models are not close enough to the true model.

To reduce reliance of accurate starting models, several types of regularization have been proposed to include
prior information (Hansen, 1998; Vogel and Oman, 1996; Abubakar and van den Berg, 2002). In this paper,
we limit ourselves to sparsity promoting priors that exploit structure on model updates with respect to the
starting model. Before specializing our finding to FWI, we first introduce constrained and unconstrained
formulations as well as our modified Gauss-Newton formulation for arbitrary forward modeling operators F ,
which are assumed to be differentiable functions with respect to the model m.

The `1-norm constrained least-squares objective

Motivated by sparsity exhibited by certain model updates—think for example of velocity perturbations in a
FWI setting that are known to be compressible in the curvelet domain (Candès et al., 2006)—we would like
to find solutions of LS that yield sparse updates with respect to the initial model m0. We can accomplish this
by adding a sparsity constraint on the model update minimizing the least-squares objective (LS). We have

LS`1 : min
x

Φ(x) :=
{

1
2‖d−F [SHx]‖2

2

}
subject to ‖x− x0‖`1 ≤ τ,

where SH is the inverse sparsifying transform. In this expression, the vector x0 denotes the transform domain
coefficients of m0—i.e., x0 = Sm0 of the known starting model while x represent the synthesis coefficients that
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minimize the least-squares objective subject to a `1-norm on the model update guaranteeing ‖x− x0‖`1 ≤ τ .
The choice for the sparsity level τ depends on the `1-norm of the model update (the difference between the
true and starting models). For now, we will assume that this sparsity level is known. Unfortunately, in
practice we cannot make this assumption and this requirement forms part of the motivation regularizing
descent directions instead via `1-norm constraints.

Gauss-Newton for the unconstrained least-squares objective

There are numerous ways to solve (un)constrained optimization problems of the type LS and LS`1. Compared
to first-order gradient based methods, second-order Gauss-Newton methods generally yield improved descent
directions, converge faster, and are amenable to imposing structure on descent directions via `1-norm
minimization. We arrive at the Gauss-Newton formulation by linearizing F within the ‖ · ‖2norm brackets of
LS. We compute the Gauss-Newton descent direction at the kth by solving the following linear least-squares
problem (Nocedal and Wright, 2006):

δmk = arg min
δm

‖δdk −∇F [mk]δm‖2
2. (1)

In this expression, ∇F [mk] represents the Jacobian evaluated at the model iterate of the kth iteration mk.
The vector δdk = d−F [mk] contains the corresponding data residual. As outlined in Algorithm 1 where α
is the step length, we repeat these iterations until the `2-norm of this residual is below some user-selected
threshold ξ. While Gauss-Newton iterations are known to require fewer iterations compared to first-order
gradient descent methods, incorporating second-order information comes at the price of having to solve
least-squares problems (cf. Equation 1) for each model iterate. This can be problematic for large-scale
problems, such as FWI, or for problems where the Jacobian has a null space—i.e., the Jacobian in Equation 1
is ill conditioned.

Algorithm 1 Gauss-Newton method for unconstrained objective (LS).
Output: Solution m̃ of the Gauss-Newton problem for starting model m0, tolerance ξ, and step length α.

1. k = 0
2. while ‖d−F [mk]‖2

2 ≥ ξ do
3. δmk = arg minδm ‖δdk −∇F [mk]δm‖2 // descent direction
4. mk+1 = mk + αδmk // model update
5. k = k + 1
6. end
7. m̃←−mk

Gauss-Newton method for the `1-norm constrained least-squares objective

Gauss-Newton methods can readily be extended to solve `1-norm constrained objectives (LS`1). In that case,
the descent direction at the kth iteration becomes

δmk = SH arg min
δx

‖δdk −∇F [mk]SHδx‖2
2 subject to ‖δx + xk − x0‖`1 ≤ τ. (2)

In this constrained formulation, the Gauss-Newton subproblems optimize over the transform-domain coef-
ficients and the descent direction at the kth iteration is obtained by inverse transforming these coefficient
via SH . Replacing the unconstrained least-squares problem on line 3 of Algorithm 1 by the constrained
least-squares problem of Equation 2.
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Modified Gauss-Newton method for unconstrained least-squares objective

Imposing `1 constraints on the descent directions δmk themselves can lead to algorithms that are not only
computationally efficient but that are also less sensitive to the sparsity level when following a scheme that
carefully relaxes sparsity constraints on the descent directions. We introduced such an approach in the
context of FWI, coined the modified Gauss-Newton method as outlined in Algorithm 2 below. Solutions of
the `1-norm constrained Gauss-Newton subproblems of the type

δmk = SH arg min
δx

‖δdk −∇F [mk]SHδx‖2
2 subject to ‖δx‖`1 ≤ τk (3)

lie at the heart of this approach (Li and Herrmann, 2010). Contrary to Equation 2 — where we impose
a single `1-norm constraint on the transform-domain coefficients of the difference between the sum of the
current model iterate and Gauss-Newton update at iteration k and the transform-domain coefficients of the
starting model — we impose different sparsity constraints τk on the descent directions for each linearized
Gauss-Newton subproblem. Since the Gauss-Newton subproblems are convex, we choose the τk for each
subproblem (Equation 3) using a root-finding algorithm on the Pareto tradeoff curve (van den Berg and
Friedlander, 2008; Hennenfent et al., 2008; Lin and Herrmann, 2013). For our purpose, it is sufficient to
solve for each Gauss-Newton subproblem Equation 3 with the sparsity level set to τk = ‖δdk‖2

‖S∇FT[mk]δd‖∞

where ‖ · ‖∞ is the `∞, which corresponds taking the maximal value. This value for the sparsity level
corresponds to the first τ selected by SPG`1 (van den Berg and Friedlander, 2008; Hennenfent et al., 2008;
Lin and Herrmann, 2013) and is a very conservative value for the sparsity level on the transform coefficients
of the descent directions. Remark that after each iteration we update the model, which leads to a new
Gauss-Newton subproblem. As we will show below, this empirical strategy can be applied successfully to
nonlinear (non-convex) problems and that for linear problems this strategy is equivalent to the root-finding
method undergirding SPG`1. We will also demonstrate that the above choice of sparsity levels for the
Gauss-Newton subproblems does not require detailed information on the `1-norm of the transform coefficients
of the difference between the starting and true models. Instead, the algorithm needs as conservative estimate
of the `1-norm for the updates. As long as the sparsity levels are bounded, the `1-norm constrained descent
direction remain descent directions and the algorithm provably converges (Burke, 1992). In Algorithm 2, we
summarize the details of the modified Gauss-Newton method.

Algorithm 2 Modified Gauss-Newton method with sparse update for unconstrained LS objective function.
Output: Solution m̃ of the modified Gauss-Newton problem for starting model m0, toler-

ance ξ, and step length α.
1. k = 0
2. while ‖d−F [m]‖2

2 ≥ ξ do
3. τk = ‖δdk‖2/‖S∇FH[mk]δdk‖∞
4. δm = arg minδx ‖δd−∇F [mk]SHδx‖2

2 subject to ‖δx‖`1 ≤ τk // Gauss-Newton update
5. mk+1 = mk + αSHδxk // update with linesearch
6. k = k + 1
7. end

Comparisons on stylized two-parameter examples

Our main goal is to provide a justification for our modified Gauss-Newton method for a particular class of
problems where the difference between the starting model and true is sparse in some transformed domains. For
this purpose, we will conduct a series of stylized examples designed to demonstrate the superior performance
of our method compared formulations that either do not exploit sparsity—i.e., LS and Equation 1, or do
exploit sparsity by either constraining the model as in LS`1 and Equation 2 or descent directions as in
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Equation 3. We conduct our study to substantiate our claim that for conservative chosen sparsity levels,
the modified Gauss-Newton method yields for particular problems sparse solutions without requiring prior
knowledge on the sparsity level. Our stylized examples are divided into convex problems where local minima
are global minima coincide and non-convex problems that may have local minima. For convex problems,
we show that Algorithm 2 converges to the solution while Gauss-Newton applied to `1-norm constrained
objective function (Algorithm 1 with line 3 defined by Equation 2) will only converge to the true solution if it
is inside the constraint set. For non-convex problems, the modified Gauss-Newton method is more likely to
converge to a global or local minimum as long as the difference between the starting and true model permits
a sparse representation that is a sparse perturbation of the initial model.

Solution paths of a determined convex problem with a unique solution

To get a better understanding of the behavior of the above optimization methods, we compare solution paths
for Algorithm 1 with and without `1-norm constraints for correct and wrong values of the sparsity levels on a
simple determined two-dimensional problem. We also do this for the modified Gauss-Newton method outlined

in Algorithm 2. By setting F [m] := Am with A =
[
2 4
6 −3

]
we arrive at a linear convex problem that has a

unique (denoted by the green dot in Figure 1) global solution for the two model parameters m =
[
m1
m2

]
(Local

minima correspond to global minima for convex problems, and Jacobian of this problem is A). For the data

given by d =
[
−6
−3

]
the solution equals mtrue =

[
−1
−1

]
. As we can see from Figure 1, this solution corresponds

to the global minimum of the least-squares objective as a function of the two model parameters. As expected,
solutions paths for the unconstrained (Algorithm 1) and correct `1-norm constrained (Algorithm 1 with line
3 replaced by Equation 2) Gauss-Newton methods both arrive at the correct global minimum, and therefore,
yield the correct solution. Irrespective of the starting model, we can expect this behavior as long as the
restriction to the “`1-norm ball” — i.e., the diamond-shaped constraint set denoted by the green dashed line
in Figure 1b — includes the global minimum. However, if we choose a sparsity level so small that it no longer
includes the global minimum, the constrained formulation proceeds, as illustrated in Figure 1c, to the wrong
solution. Instead of finding the correct global minimum, the algorithm converges to a solution that minimizes
the least-squares objective while meeting the `1-norm constraint. This example clearly shows the potential
danger of including `1-norm or other constraints. The global minimum needs to be within the constraint set
in order to find the correct solutions.

Results from the modified Gauss-Newton method, on the other hand, arrive at the correct global minimum
irrespective of the type of norm (diamond-shaped `1-norm ball as in Figure 1d or the circular-shaped `2-norm
ball as in Figure 1e). This behavior, where the descent directions are constrained, is consistent with theoretical
findings of Burke (1992), who states that Algorithm 2 converges despite the fact that we impose constraints
on the search directions. For illustrative purposes, we imposed the `2-norm as well by simply replacing line 3
in Algorithm 2 by τk = ‖δdk‖2/‖ATδdk‖2 and the `1-norm in line 4 by the `2-norm. While this example
clearly shows that global minima can still be found when imposing constraints on the updates, it does not
demonstrate the added value of these constraints for more challenging problems that do not have a unique
solution.

Solutions paths of an underdetermined convex problem with multiple solutions

To further study the behavior of the above listed optimization problem, we conduct the same experiments by
now for now for the underdetermined case where A =

[
2 4

]
and d = −4. Without imposing prior knowledge,

this problem has infinitely many solutions. Again, we compare the performance of the different optimization
problems by plotting the least-squares objective in color code, the solutions minimizing the least-squares
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Figure 1: Solution path of different methods for convex problem that has a unique solution: (a) Algorithm 1;
(b) Algorithm 1 with line 3 defined by Equation 2 (correct `1 constraint); (c) same as Figure 1b but with
wrong `1 constraint; (d) Algorithm 2 but with `1 constraint on the updates; (d) Algorithm 2 but with `2
constraint.
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objective that lie on the line −4 + 2m1 + 4m2 = 0, and the solutions paths in Figure 2 from starting models

located at
[
3
4

]
.

Since our problem currently does not have a unique solution, we will impose sparsity on the solution. This
means that we are looking for solutions that align with the principle axes in which case one of the two model
parameters is zero. As expected, the solution path that minimizes the least-squares objective only misses the

sparse minimum at
[

3
−0.5

]
denoted by the green dot. Similarly, the `1-norm constrained formulations also

fail to find the correct minimum in cases where the sparsity level τ is too high (Figure 2b), in which case the
solution corresponds to the unconstrained least-squares solution, or too small (Figure 2c) in which case the
solution is sparse but wrong in amplitude. As long as we know the exact sparsity level in advance, we can
inflate the `1 ball so one of its corners touches the least-squares objective (see Figure 2d), which yields a
sparse solution where one of the two model parameters is zero.

As illustrated in Figure 2e, solution paths for our modified Gauss-Newton method with `1-norm constraints
on the descent directions also find the sparse solution without having prior knowledge on the true sparsity
level. This example illustrates that we can find sparse solutions by imposing `1-norm constraints on the
model updates according to Algorithm 2. Figure 2f shows the `1-norm plays a crucial role since constraining
the `2-norm on the updates does not lead to a sparse solution. Contrary to the `2-norm constrained descent
directions, descent directions constrained by the `1-norm are all sparse and have the same locations for the
significant entries while moving to the sparse solution as shown in Figure 2e.

The above observations for convex problems with `1-norm constraints provide an intuitive explanation why
imposing `1-norm constraints on updates may make sense in certain circumstances. This comes not as a
surprise because the modified Gauss-Newton for these problems is derived from the same principle as the
SPG`1 (van den Berg and Friedlander, 2008; Hennenfent et al., 2008) solver, which solves sparsity-promoting
problems by solving a number of relaxed `1-norm constrained least-squares problems. Since the descent
directions apparently share the same sparse support, we argue that for certain problems our modified
Gauss-Newton approach exhibits the same behavior for certain non-convex problems.

Solutions paths for undetermined non-convex problems with multiple solutions

Many inverse problems in geophysics are nonlinear, and therefore, non-convex. Unfortunately, FWI is no
exception. For our stylized two-parameter problem this means that the minima for the least-squares objective
no longer lie on a straight line, but instead, on an arbitrary curve. While it is still relatively straightforward
to find a minimum, by using classical derivative-based optimization methods (Ruszczyński, 2006), finding
the global minimum is far more difficult (Horst et al., 2000), due to the existence of local minima. To
make matters worse, imposing sparsity as prior information via `1-norm constraints, an approach we used
successfully to solve underdetermined convex problems, is also jeopardized since it may no longer be likely
that the `1-norm ball touches the least-squares objective at its corners, and therefore, it would no longer
yield a sparse solution for the update with respect to the starting model—i.e., the starting vector for the
model parameters.

To illustrate this phenomenon, we consider a nonlinear quadratic problem by setting F [m] := (Am)TAm with
∇F [m] = (Am)T . In this formulation, the data is no longer linear but quadratic in the model parameters.
As we can see from Figure 3, this problem yields non-unique minima for the least-squares objective that

lie on an ellipse (denoted by the white line) given by the following expression 4m2
1 +m2

2 = 4 for A =
[
2
1

]
and d = −4. As before, we conduct our experiments comparing the different optimization formulations and
plot the solutions paths for the unconstrained (Figure 3a); constrained with a `1-norm constraint τ that
is too large (Figure 3b, τ > τtrue); correct (Figure 3c, τ = τtrue) or gradually relaxed (Figure 3d) from a
small τ to a large τ . In all cases (Figures 3a—3c), no sparse solutions (denoted by the green dot) are found
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Figure 2: Solution path of different methods for a linear problem that multiple solutions: (a) Algorithm 1;
(b) Algorithm 1 with line 3 defined by Equation 2 with wrong constraint (τ > τtrue); (c) same as Figure 1b
with wrong constraint (τ < τtrue) ; (d) same as Figure 1b but with the right constraint (τ = τtrue); (e)
Algorithm 2; (f) Algorithm 2 but with `2 constraint on the updates.
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because of the curvature of the ellipsoid delineating the minimum of least-squares objective for this quadratic
optimization problem. This example illustrates possible limitations of `1-norm constraints when solving
non-convex problems even in cases where the sparsity level is known. This observation was also recently
made in the literature (see Van Den Doel et al., 2012).

However, this is not the end of the story as we can see when we closely inspect the solution path yielded by the
modified Gauss-Newton method with `1-norm constraints. In that case (Figure 3e), Algorithm 2 gives rise to
descent directions that continue to make progress towards the sparse minimum until the solutions of the Gauss-
Newton subproblems bend upwards to hit the least-squares objective. The `1-norm constraints on the descent
directions are responsible for this behavior because we do not observe the same behavior when we impose
`2-norm constraints instead (juxtapose Figure 3e and 3f). We explain the relative success of the modified
Gauss-Newton compared to imposing (the correct) `1-norm constraint on the model (Figure [#fig:spnlpc]) by
virtue of the fact that the `1-norm balls for our modified Gauss-Newton method are smaller—because the
`1-norm of the model updates goes to zero as the algorithm converges to the minimum—and consequently
this method may be less sensitive to the curvature of the least-squares constraint (the ellipsoid in this case) as
the solution approaches the minimum of the objective. Since the problem permits a sparse solution (denoted
by the green dot), this phenomenon provides an explanation why the modified Gauss-Newton method finds
descent directions that are sparse while sharing approximately the same non zeros—i.e., support. As a
consequence of sharing the same support, we would expect sparse, or at least relatively close to sparse,
solutions that only become “dense” as we approach the minimum of the quadratic objective. This is, arguably,
good enough because in most instances we cannot afford enough iterations to bring us close to a minimum
due to the size and numerical complexity of geophysical problems.

Obviously, these results are encouraging for the following two reasons. First, we proposed an algorithm that
yields sparse solutions as long as the sparsified descent directions have approximately the same support—i.e.,
have approximately the same locations for the non-zeros. The question is now what type of problems exhibit
this type of behavior. Second, the proposed modified Gauss-Newton method seems to be less sensitive to
the curvature (read conditioning of the Hessian, Van Den Doel et al. (2012)) and does not require prior
information on the sparsity level. Before we apply the modified Gauss-Newton method to realistic (blind)
FWI problems, let us first examine its performance on a larger scale nonlinear problem.

Application to the “phase-retrieval” problem

With some intuition built from the stylized two-parameter convex and non-convex problems of the previous
section, we now study the performance of the modified Gauss-Newton method on a more challenging
non-convex underdetermined optimization problem, referred to as the “phase retrieval” problem:

Phase : min
m

Φ(m) :=
{

1
2‖d− diag(Am)(Am)‖2

2

}
,

where we choose A to be a slightly underdetermined 400× 512 random Gaussian matrix. Given this choice for
A, F [m] := diag(Am)(Am) and ∇F [m] = diag(Am)A our task is to recover the model parameters from
data collected in the vector d = F [mtrue]. For simplicity, we will assume the data to be noise free and our
goal is to recover the vector m̃ from the square of the entries yielded by applying the slightly underdetermined
system A to the true model vector.

While seemingly harmless, this type of non-convex optimization problem is because of the nonlinearity of the
forward operator F [m] notoriously difficult to solve without prior knowledge on m. However, if we choose
the model vector and starting models in such as way that their difference is sparse (see Figure 4), e.g. by
choosing a smooth (background) model and sparse-spike model permutations, the above optimization problem
may become easier to solve with `1-norm constraints.

Figures 4b and 4c contain results of applying the unconstrained LS and constrained formulations LS`1 to this
“phase-retrieval” problem with a correct starting model and a correct sparsity level for the spiky perturbations.
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Figure 3: Solution path of different methods for a nonlinear problem that multiple solutions: (a) Algorithm 1;
(b) Algorithm 1 with line 3 defined by Equation 2 with wrong constraint (τ > τtrue); (c) same as Figure 1b but
with the right constraint; (d) same as Figure 1b but with the gradually relaxed constraint; (e) Algorithm 2;
(f) Algorithm 2 with `2 constraint on the updates.
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From these plots, it is clear that both formulations are not able to recover the sparse spike train despite
accurate knowledge on the starting model and sparsity level of the spiky perturbations. The result for LS
is noisy because of the random “crosstalk” generated by the Gaussian measurement matrix A. Adding a
`1-norm constraint to the least-squares objective removes this interference noise but yields the wrong sparse
solution. The modified Gauss-Newton method, on the other hand, is capable of accurately resolving both the
locations and magnitudes of the spikes.
The reason for the superior performance of the modified Gauss-Newton method is twofold. First, the modified
Gauss-Newton method exploits the sparse structure of the perturbations. While this may seem unrealistic
but as we will demonstrate below this sparsity assumption is valid for FWI. Second, and more importantly,
the `1-norm constrained descent directions of the modified Gauss-Newton method share a substantial fraction
of their support from iteration to iteration, yielding a solution that preserves the smooth component and
accurately recovers the sparse difference. We illustrate this behavior in Figure 5, where we plot the support
(locations of the non zeros) for the `1-norm constrained Gauss-Newton search directions. Compared to the
locations of the true spikes, plotted in red at the bottom of Figure 5, the sparsity patterns of the Gauss-Newton
descent direction remain sparse with non-zero patterns that are coincident with the true support in red. This
observed behavior partly explains the successful recovery of the modified Gauss-Newton method in a situation
where the other two methods failed. As we can see from Figure 4e promoting sparsity via the `1-norm again
plays a crucial role because modified Gauss-Newton with `2-norm constraints fails. Also relaxing the `1-norm
constraint added to the `2-norm objective does not result in the correct sparse solution (juxtapose Figures 4c
and 4f).
Our observations are also confirmed by plots for the relative `2 norms for the residuals and model errors as a
function of the number of Gauss-Newton iterations included in Figure 6. These plots clearly show that fitting
the data with accurate knowledge on the sparsity level by itself is not sufficient. While prior knowledge on
the sparsity level helps, progress to the true solution stalls for LS and LS`1 because both algorithms get
trapped in local minima. Conversely, the modified Gauss-Newton method of Algorithm 2 continues to make
progress towards the solution bringing both the relative data residual and model errors down as Algorithm 2
progresses.

Application to FWI

In the previous section, we were able to demonstrate that under certain conditions, the modified Gauss-
Newton method can lead to accurate results. We will now argue that this method can also perform well on
FWI for which the method was originally developed (Li et al., 2012). Before we apply this method to two
realistic synthetic examples, let us first briefly present the original randomized formulation for the modified
Gauss-Newton method, followed by a brief motivation why we expect this approach to perform well given our
findings so far.

Randomized modified Gauss-Newton

FWI is extremely challenging for several reasons including the problem size and sensitivity to cycle skipping.
In earlier work (Li et al., 2012), we demonstrated that the excessive demands on computational resources of
multi-experiment FWI can be overcome by working with small randomized subsets of the data (read small
numbers of randomized composite shots or randomly selected shots) during the modified Gauss-Newton
iterations. As we have shown in the past, working with randomized subsets of shots and angular frequencies
turns the now dimensionality-reduced Gauss-Newton subproblems into underdetermined problems that give
rise to sub-sampling related artifacts as we already observed in Figure 4b.
In the FWI setting, we remove these sub-sampling related artifacts by promoting curvelet-domain sparsity
on the descent directions by solving for the kth Gauss-Newton iteration the following `1-norm constrained
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Figure 4: Results for phase retrieval example from difference methods: (a) true solution and initial guess;
(b) solution of Algorithm 1; (c) solution of Algorithm 1 with line 3 defined by Equation 2; (d) solution of
Algorithm 2; (e) solution of Algorithm 2 but with `2 constraint on the updates; (f) same as Figure 4c but
with gradually relaxed `1 constrained objective function;
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Figure 6: Data misfit and relative model error for phase retrieval example: (a) data misfit; (b) relative model
error.

optimization problem (Li et al., 2012):

δmk = SH arg min
δx

‖δDk −∇F [mk,Qk
]SHδx‖2

F subject to ‖δx‖`1 ≤ τk. (4)

In this expression, the optimization is carried out over the curvelet coefficients, which are brought back to
the physical domain via the inverse curvelet transform, given by the adjoint, denoted by the symbol H , of
the forward curvelet transform S. At each iteration, the descent directions themselves are calculated over
randomly selected frequencies in overlapping windows for data residuals (for each shot record in the columns)
{δDk = D − F [mk,Qk

]} and sources Q
k
that are also randomly selected. We denote these randomly

sub-sampled quantities by the underbar. To accelerate the converge, we select independent subsets for each
modified Gauss-Newton problem, which are only solved approximately. For completeness, we included this
randomized modified Gauss-Newton method in Algorithm 3. For a detailed description of this algorithm, we
refer to the literature (Li et al., 2012).

We now evaluate this algorithm on two different synthetic models, namely the BG North Sea COMPASS
model and the blind Chevron Gulf of Mexico (GOM) model. Both models are generated with real geological
information but {–based–} reflect completely different geological settings. The BG model was designed to
evaluate FWI potential ability to resolve fine reservoir-scale variations in the rock properties, which would
make it ideal for our modified Gauss-Newton method because this model can be well approximated by only
one percent of the largest curvelet coefficients. Since we have access to the true model, this example will
allow us to quantitatively compare the different algorithms. The blind Golf of Mexico example, on the other
hand, is much more challenging. It is very deep, well beyond the penetration depth of turning waves from
which FWI normally reaps its information; it is noisy and contains challenging high-velocity salt bodies that
are difficult to delineate.

BG COMPASS model

The BG COMPASS model (Figure 7a) contains a large amount of variability constrained by well data. We
use this velocity model to generate synthetic data by running a time-domain finite-difference code with a
15 Hz Ricker wavelet. In total, we simulated 350 shots with 20m shot intervals; all shots share the same 700
receiver positions with 10m receiver intervals, yielding a maximum offset of 7km.
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Algorithm 3 Modified Gauss-Newton with curvelet-domain sparsity promotion and randomization.
Output: Solution m̃ of the randomized modified Gauss-Newton problem for starting model m0, toler-

ance ξ, and step length α.
1. m̃ ←− m0, and ξ // initial guess and expected residual
2. while ‖δDk‖2 ≥ ξ do
4. τk = ‖δDk‖F /‖S∇FH[mk,Qk

]δDk‖∞
5. Solve Equation 4
6. mk+1 = mk + αSHδxk // update with linesearch
7. end

All inversions based on our frequency-domain methods start from 5 Hz with a heavily smoothed velocity
model without lateral variations (Figure 7b). To avoid local minima, the inversions are carried out in 8
increasing sequential but overlapping frequency bands on the interval 5−15 Hz (Bunks et al., 1995), each using
20 different randomly selected simultaneous shots and 3 random selected frequencies. We use 10 modified
Gauss-Newton iterations (Equation 3) for each frequency band. For each modified Gauss-Newton subproblem,
we use roughly 10 iterations of SPG`1 (van den Berg and Friedlander, 2008). Figure 7 contains our results for
the inverted velocity by the different algorithms, namely unconstrained LS is plotted in Figure 7c; constrained
LS`1 with correct sparsity constraint level as in Figure 7e and wrong sparsity constraint level as in Figure 7d;
our modified Gauss-Newton method is plotted in Figure 7f.

From these examples, the following observations can be made. First, without sparsity-promoting constraints,
the inversions fail to recover the velocity model using a relatively small number of randomly selected shots
and frequencies. Consequently, we are able to significantly speedup the inversion, which is consistent with our
observations reported in the literature (Li et al., 2012). Second, imposing sparsity as additional constraint
for the least-square objective does not give a satisfying inversion result, even when we use the correct
`1-norm constraint. Again, imposing `1-norm constraints on the updates yields the best results as plotted in
Figure 7f. As before, replacing the `1-norm constraint by a `2-norm constraint leads to noisy and inferior
results (Figure 7g). These observations are also reflected in the behavior of the relative data error (plotted in
Figure 8a) where the modified Gauss-Newton method is the most successful in bringing the relative residual
down. The behavior of the relative model errors (Figure 8b) paints an even more drastic picture where all
but the result from the modified Gauss-Newton have relative model errors that are not only inferior but
also diverge after a certain number of iterations. While the iteration-to-iteration percentage of overlapping
curvelet coefficients decreases somewhat, more than 50 % of the support of the curvelet coefficient overlap,
explaining that the final result remains sparse in the curvelet domain, as shown in Figure 9.

Blind Gulf of Mexico example

Aside from accelerating FWI, where each Gauss-Newton subproblem can be considered as a compressive-
sensing type of recovery problem, the constrained updates can also be considered as curvelet-domain “denoised”
model updates. The “noise” in this case refers to subsampling artifacts related to the acceleration and to
unmodeled components in the data. The latter include elastic (converted) energy but also, to some extend
reflection events that normally would have been muted during the FWI workflow.

The results for different inversions, using the starting model plotted in Figure 10a, are included in Figure 10b
for unconstrained Gauss-Newton; in Figure 10c for modified Gauss-Newton with `2; and in Figure 10d for
modified Gauss-Newton with `1. As described in (Herrmann et al., 2013), the starting model was obtained
by carrying out ray-based travel-time tomography yielding a root-mean-square traveltime misfit of only
11ms. To handle low-frequency noise in the data, consisting of 3201 shots with a 25m shot interval, we
performed curvelt-domain denoising on selected monochromatic frequency slices (Kumar, 2009; Hennenfent
and Herrmann, 2006) on the interval 2-5Hz in the source-offset domain. The receiver spacing was 25m and
the maximal offset of this streamer data set 20km.
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Figure 7: FWI result from BG COMPASS model data set: (a) truth model used to generate observed data; (b)
starting model for FWI; (c) Gauss-Newton result with unconstrained objective function; (d) Gauss-Newton
result with `1 constrained objective function; (τ < τtrue); (e) Gauss-Newton result with `1 constrained
objective function; (τ = τtrue); (f) modified Gauss-Newton result with `1 constraint on the updates; (g) same
as (f) but with `2 constraint on the updates.

16



10 20 30 40 50 60 70
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

number of Gauss−Newton updates

re
la

tiv
e 

tw
o−

no
rm

 d
at

a 
re

si
du

al

 

 

GN
MGN
GN w/ correct one−norm constrained obj
GN w/ wrong one−norm constrained obj
MGN but w/ two−norm constraint on update

(a)

10 20 30 40 50 60 70
0

0.2

0.4

0.6

0.8

1

1.2

number of Gauss−Newton updates

re
la

tiv
e 

tw
o−

no
rm

 m
od

el
 e

rro
r

 

 

GN
MGN
GN w/ correct one−norm constrained obj
GN w/ wrong one−norm constrained obj
MGN but w/ two−norm constraint on update

(b)

Figure 8: Data misfit and relative model error for BG model example: (a) data fitting residual; (b) relative
model error.
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Figure 9: Percentage of curvelet coefficients that are at the right support positions.

In addition to the bad signal-to-noise ratio at the low frequencies, this data set is extremely challenging
because of the limited offset, presence of complex high-velocity salt bodies, and large depth. As we can
see from the inversion results, this combination exposes certain shortcomings of FWI to recover the deeper
portions of the model, the top of the salt and complexity within the salt. Despite these shortcomings,
the inversion results in Figure 10 are important for the following reasons. First, the results are obtained
automatically without human intervention by running Algorithm 3 for 25 iterations and using 600 randomly
selected shots for each MGN iteration. This means that these results are reproducible. Second, the unmodeled
“noise” leads to major artifacts if we do not impose constraints on the Gauss-Newton updates as we can
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observe from Figure 10a. One the other hand, imposing constraints on the norm of the curvelet coefficients of
the model updates improves the inversion results (Figure 10d). As before, promoting curvelet-domain sparsity
via the `1 performs the best. This can be understood because this sparsity constraint acts as denoiser during
which only the largest, and therefore most significant, curvelet coefficients are allowed into the model updates.
This prevents overfitting of components that do not lie in the range of the forward modeling operator. While
it is clear that standard FWI is unable to handle this type of data, comparison between the data misfit for
the starting and final models shows that certain phases in the data that were originally cycle skipper have a
better fit as we can see in Figure 11.
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Figure 10: FWI result from Chevron Gulf of Mexico data set: (a) ray based tomography starting model for
FWI; (b) inverted result with modified Gauss-Newton with `1 constraint; (c) inverted result with modified
Gauss-Newton with `2 constraint. (d) smoothed (c).

Conclusion

Full-waveform inversion is challenging due to the fact that it is computationally expensive, and also, requires
accurate starting models and modeling engines. Our main contribution has been to demonstrate how to
reduce computational cost while being less sensitive to unmodeled components in the data, by considering
each Gauss-Newton subproblem as a compressive-sensing type of sparse recovery problem. Compared to
conventional linear sparse inversion problems, full-waveform inversion is significantly more challenging because
it is nonlinear, and therefore, it is not clear how sparsity promotion could benefit the inversion. By means
of carefully selected examples, we have attempted to classify under which conditions sparsity constraints

18



receiver positions (m)

tim
e 

(s
)

0 0.5 1 1.5 2
x 104

0

2

4

6

8

10

12

(a)

receiver positions (m)

tim
e 

(s
)

0 0.5 1 1.5 2
x 104

0

2

4

6

8

10

12

(b)

Figure 11: Sample shot comparison (black wiggle is one of the true observe shot at 60km, while background
is simulated shot record with initial model or FWI result): (a) initial model shot record; (b) FWI result shot
record.

on the model updates improve the inversion results. We found that for earth models that are sparse in the
curvelet domain, improved inversion results can be obtained as long as the model updates are also sparse
with locations of significant coefficients persisting amongst the different model updates. We verified this
empirical observation on quadratic problems with sparse spikes and on two realistic synthetic data sets for
which we obtained improved results when imposing sparsity on the updates rather than on the model itself.

Our examples exhibited that nonlinear inversions with constraints on the model itself, even when the one-norm
of this model is known, do not necessarily lead to accurate results. Ad hoc relaxation of the constraints helped,
but still led to erroneous results; however, results from the modified Gauss-Newton method with one-norm
constraints greatly improved the results while relying on automatic choices for the constraints for each model
update. Empirical observations demonstrated that sparse recovery techniques from the well-understood
compressive-sensing framework at least partially carry over to nonlinear full-waveform problems for earth
models and model updates that permit sparse representations in some transformed domains. While the
results on the blind Golf of Mexico salt model leave room for improvement, the proposed method at least
demonstrates that promoting curvelet-domain sparsity improves the results and reduces the reliance on labor
intensive data processing, parameter selections, and hand picking of the top and bottom of the salt.
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