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ABSTRACT

Many seismic exploration techniques rely on the collection of massive data vol-
umes that are subsequently mined for information during processing. While this
approach has been extremely successful in the past, current efforts toward higher-
resolution images in increasingly complicated regions of the Earth continue to
reveal fundamental shortcomings in our workflows. Chiefly amongst these is the
so-called “curse of dimensionality” exemplified by Nyquist’s sampling criterion,
which disproportionately strains current acquisition and processing systems as
the size and desired resolution of our survey areas continues to increase. In this
paper, we offer an alternative sampling method leveraging recent insights from
compressive sensing towards seismic acquisition and processing for data that are
traditionally considered to be undersampled. The main outcome of this approach
is a new technology where acquisition and processing related costs are no longer
determined by overly stringent sampling criteria, such as Nyquist. At the heart
of our approach lies randomized incoherent sampling that breaks subsampling
related interferences by turning them into harmless noise, which we subsequently
remove by promoting transform-domain sparsity. Now, costs no longer grow
significantly with resolution and dimensionality of the survey area, but instead
depend on transform-domain sparsity only. Our contribution is twofold. First,
we demonstrate by means of carefully designed numerical experiments that com-
pressive sensing can successfully be adapted to seismic exploration. Second, we
show that accurate recovery can be accomplished for compressively sampled data
volumes sizes that exceed the size of conventional transform-domain data volumes
by only a small factor. Because compressive sensing combines transformation and
encoding by a single linear encoding step, this technology is directly applicable
to acquisition and to dimensionality reduction during processing. In either case,
sampling, storage, and processing costs scale with transform-domain sparsity. We
illustrate this principle by means of number of case studies.
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INSPIRATION

Nyquist sampling and the curse of dimensionality

The livelihood of exploration seismology depends on our ability to collect, process, and
image extremely large seismic data volumes. The recent push towards full-waveform
only exacerbates this reliance, and we, much like researchers in many other fields in
science and engineering, are constantly faced with the challenge to come up with new
and innovative ways to mine this overwhelming barrage of data for information.

In exploration seismology, this challenge is especially daunting because our data
volumes sample wavefields that exhibit structure in up to five dimensions (two co-
ordinates for the sources, two for the receivers, and one for time). To resolve this
high-dimensional structure, we are not only confronted with Nyquist’s sampling cri-
terion but we also face the so-called “curse of dimensionality”, which refers to the
exponential increase in volume when adding extra dimensions to our data collection.

These two challenges are amongst the largest impediments to progress in the
application of the seismic method to oil and gas exploration. In this paper, we
introduce a new methodology adapted from the field of “compressive sensing” or
“compressive sampling” (CS—in short throughout the paper Candès et al., 2006;
Donoho, 2006a; Mallat, 2009), which is aimed at removing these impediments via
dimensionality reduction techniques based on randomized subsampling. With this
dimensionality reduction, we arrive at a sampling framework where the sampling
rates are no longer dominated by the gridsize but by transform-domain compression;
more compressible data requires less sampling.

Dimensionality reduction by compressive sensing

Current nonlinear data-compression techniques are based on high-resolution linear
sampling (e.g., sampling by a CCD chip in a digital camera) followed by a nonlinear
encoding technique that consists of transforming the samples to some transformed do-
main, where the signal’s energy is encoded by a relatively small number of significant
transform-domain coefficients (Mallat, 2009). Compression is accomplished by keep-
ing only the largest transform-domain coefficients. Because this compression is lossy,
there is an error after decompression. A compression ratio expresses the compressed-
signal size as a fraction of the size of the original signal. The better the transform
captures the energy in the sampled data, the larger the attainable compression ratio
for a fixed loss.

Even though this technique underlies the digital revolution of many consumer
devices, including digital cameras, iPods, etc., this approach is not well suited for
exploration seismology because it is wasteful in two important ways. First, high-
resolution data has to be collected during the linear sampling step, which is pro-
hibitively expensive. Second, the encoding phase is nonlinear. This means that if
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we select a compression ratio that is too high, the decompressed signal may have an
unacceptable error, in the worst case making it necessary to repeat collection of the
high-resolution samples, which is infeasible in cases where storage of high-resolution
data is a concern or where the cost of acquisition forms the main impediment such
as in exploration seismology.

By replacing the combination of high-resolution sampling and nonlinear compres-
sion by a single randomized subsampling technique that combines sampling and en-
coding in one single linear step, CS addresses many of the above shortcomings. First
of all, randomized subsampling has the distinct advantage that the encoding is lin-
ear and does not require access to high-resolution data during encoding. This opens
possibilities to sample incrementally and to process data in the compressed domain.
Second, encoding through randomized sampling suppresses subsampling related arti-
facts. Coherent subsampling related artifacts—whether these are caused by periodic
missing traces or by cross-talk between coherent simultaneous-sources—are turned
into relatively harmless incoherent Gaussian noise by randomized subsampling (see
e.g. Herrmann and Hennenfent, 2008; Hennenfent and Herrmann, 2008; Herrmann
et al., 2009b, for seismic applications of this idea).

By solving a sparsity-promoting problem (Candès et al., 2006; Donoho, 2006a;
Herrmann et al., 2007; Mallat, 2009), we reconstruct high-resolution data volumes
from the randomized samples at the moderate cost of a minor oversampling factor
compared to data volumes obtained after conventional compression (see e.g. Donoho
et al., 1999, for wavelet-based compression). With sufficient sampling, this nonlin-
ear recovery outputs a set of largest transform-domain coefficients that produces a
reconstruction with a recovery error comparable with the error incurred during con-
ventional compression. As in conventional compression this error is controllable, but
in case of CS this recovery error depends on the sampling ratio—i.e., the ratio between
the number of samples taken and the number of samples of the high-resolution data.
Because compressively sampled data volumes are much smaller than high-resolution
data volumes, we reduce the dimensionality and hence the costs of acquisition, stor-
age, and possibly of data-driven processing.

In this paper, we mainly consider recovery methods that derive from compressive
sampling. Therefore our method differs from interpolation methods based on pat-
tern recognition (Spitz, 1999), plane-wave destruction (Fomel et al., 2002) and data
mapping (Bleistein et al., 2001), including parabolic, apex-shifted Radon and DMO-
NMO/AMO (Trad, 2003; Trad et al., 2003; Harlan et al., 1984; Hale, 1995; Canning
and Gardner, 1996; Bleistein et al., 2001; Fomel, 2003; Malcolm et al., 2005). To
benefit fully from this new sampling paradigm, we will translate and adapt its ideas
to exploration seismology while evaluating their performance. Here lies our main con-
tribution. Before we embark on this mission we first share some basic insights from
compressive sensing in the context of two well-known problems in geophysics, namely
recovery from time-harmonic signals, which is relevant for missing-trace interpolation,
and spiky deconvolution.

Compressive sensing is based on three key elements: randomized sampling, spar-
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sifying transforms, and sparsity-promotion recovery by convex optimization . By
themselves, these elements are not new to geophysics. Spiky deconvolution and high-
resolution transforms are all based on sparsity-promotion (Taylor et al., 1979; Olden-
burg et al., 1981; Ulrych and Walker, 1982; Levy et al., 1988; Sacchi et al., 1994) and
analyzed by mathematicians (Santosa and Symes, 1986; Donoho and Logan, 1992);
wavelet transforms are used for seismic data compression (Donoho et al., 1999); ran-
domized samples have been shown to benefit Fourier-based recovery from missing
traces (Trad et al., 2003; Xu et al., 2005; Abma and Kabir, 2006; Zwartjes and Sac-
chi, 2007b). The contribution of CS lies in the combination of these concepts into a
comprehensive theoretical framework that provides design principles and performance
guarantees.

Examples

Periodic versus uniformly random subsampling

Because Nyquist’s sampling criterion guarantees perfect reconstruction of arbitrary
bandwidth-limited signals, it has been the leading design principle for seismic data
acquisition and processing. This explains why acquisition crews go at length to place
sources and receivers as finely and as regularly as possible. Although this approach
spearheaded progress in our field, CS proves that periodic sampling at Nyquist rates
may be far from optimal when the signal of interest exhibits some sort of structure,
such as when the signal permits a transform-domain representation with few sig-
nificant and many zero or insignificant coefficients. For this class of signals (which
includes nearly all real-world signals) it suffices to sample randomly at a rate that is
lower than Nyquist.

As an example consider recovery of harmonic signals that are made of superpo-
sitions of a limited number of Fourier modes (e.g. cosines). According to Nyquist,
this type of signal can be fully recovered from periodic measurements, sampled at a
rate at least twice the rate of the highest mode. However, according to compressive
sensing, we can recover this type of signals from far fewer randomly placed samples.
In the seismic situation, this corresponds to using seismic arrays with fewer geo-
phones selected uniformly random from regular sampling grids with spacings defined
by Nyquist. By taking these samples randomly instead of periodically, we turn coher-
ent aliases into Gaussian white noise (Donoho et al., 2006; Hennenfent and Herrmann,
2008; Donoho et al., 2009) as illustrated in Figure 1. We observe that for the same
number of samples the subsampling artifacts can behave very differently.

In the geophysical community, subsampling-related artifacts are commonly known
as “spectral leakage” (Xu et al., 2005), where energy from each frequency is leaked
to other frequencies. Understandably, the amount of spectral leakage depends on
the degree of subsampling: the higher this degree the more leakage. However, the
characteristics of the artifacts themselves depend on the irregularity of the sampling.
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The more uniformly random our sampling is, the more the leakage behaves as zero-
centered Gaussian noise spread over the entire frequency spectrum.

Compressive sensing schemes aim to design acquisition that specifically create
Gaussian-noise like subsampling artifacts (Donoho et al., 2006, 2009). As opposed
to coherent subsampling related artifacts (Figure 1(f)), these noisy artifacts (Fig-
ure 1(d)) can subsequently be removed by a sparse recovery procedure, during which
the artifacts are separated from the signal and amplitudes are restored. Of course,
the success of this method also hinges on the degree of subsampling, which determines
the noise level, and the sparsity level of the signal.

By carrying out a random ensemble of experiments, where random realizations of
harmonic signals are recovered from randomized samplings with decreasing sampling
ratios, we confirm this behavior empirically. Our findings are summarized in Figure 2.
The estimated spectra are obtained by solving a sparsifying program with the Spectral
Projected Gradient for `1 solver (SPGL1 - Berg and Friedlander, 2008) for signals
with k non-zero entries in the Fourier domain. We define these spectra by randomly
selecting k entries from vectors of length 600 and populating these with values drawn
from a Gaussian distribution with unit standard deviation. As we will show below,
the solution of each of these problems corresponds to the inversion of a matrix whose
aspect ratio, the ratio of the number of columns over the number of rows, increases
as the number of samples decreases.

To get reasonable estimates, each experiment is repeated 100 times for the differ-
ent subsampling schemes and for varying sampling ratios ranging from 1/2 to 1/6.
The reconstruction error is the number of vector entries at which the estimated spec-
trum and the true spectrum disagree by more than 10−4. This error counts both
false positives and false negatives. The averaged results for the different experiments
are summarized in Figures 2(a) and 2(b), which correspond to regular and random
subsampling, respectively. The horizontal axes in these plots represent the relative
underdeterminedness of the system, i.e., the ratio of the number k of nonzero entries
in the spectrum to the number of acquired data points n. The vertical axes denote
the percentage of erroneous entries. The different curves represents the different sub-
sampling factors. In each plot, the curves from top to bottom correspond to sampling
ratios of 1/2 to 1/6.

Figure 2(a) shows that, regardless of the subsampling factor, there is no range of
relative underdeterminedness for which the spectrum and hence the signal can accu-
rately be recovered from regular subsamplings. Sparsity is not enough to discriminate
the signal components from the spectral leakage. The situation is completely differ-
ent in Figure 2(b) for the random sampling. In this case, one can observe that for
a subsampling ratio of 1/2 exact recovery is possible for 0 < k/n . 1/4. The main
purpose of these plots is to qualitatively show the transition from successful to failed
recovery. The quantitative interpretation for these diagrams of the transition is less
well understood but also observed in phase diagrams in the literature (Donoho et al.,
2006; Donoho and Tanner, 2009; Donoho et al., 2009). A possible explanation for the
observed behavior of the error lies in the nonlinear behavior of the solvers and on an
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(a) (b)

(c) (d)

(e) (f)

Figure 1: Different (sub)sampling schemes and their imprint in the Fourier domain
for a signal that is the superposition of three cosine functions. Signal (a) regu-
larly sampled above Nyquist rate, (c) randomly three-fold undersampled according
to a discrete uniform distribution, and (e) regularly three-fold undersampled. The
respective amplitude spectra are plotted in (b), (d) and (f). Unlike aliases, the sub-
sampling artifacts due to random subsampling can easily be removed using a standard
denoising technique, e.g., nonlinear thresholding (dashed line), effectively recovering
the original signal. (adapted from (Hennenfent and Herrmann, 2008))
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error not measured in the `2 sense.

(a)

(b)

Figure 2: Averaged recovery error percentages for a k-sparse Fourier vector recon-
structed from n time samples taken (a) regularly and (b) uniformly randomly. In
each plot, the curves from top to bottom correspond to a subsampling factor ranging
from two to six. (adapted from Hennenfent and Herrmann (2008))

Impulsive versus randomized incoherent sources

To underline the importance of randomization in sampling, let us also study the
quintessential seismic inversion problem known as “spiky deconvolution” (see Santosa
and Symes, 1986, for a mathematical treatment of this topic). The objective of spiky
deconvolution is to estimate a high-resolution impulse train from data that is given
by the convolution of a spike train with a known source function. Unfortunately,
this method relies on accurate information on the source wavelet, which is generally
unavailable, and therefore requires the solution of a blind deconvolution problem
involving estimation of the source and the reflectivity. For new developments on
this topic, we refer to recent work by Lin and Herrmann (2009b), who estimate the
surface-free Green’s function and source function by solving a bi-convex optimization
problem.

Again compressive sensing offers interesting insights, an observation also made by
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Mallat (2009). In this deconvolution problem, the roles of the sampling and the spar-
sifying transform are reversed, and the deconvolved reflectivity is found by calculating
the vector with the smallest one-norm that, after convolution with the known source
function, explains the data. Following Mallat (2009), let us consider two scenarios
where we take roughly the same number of Fourier-domain measurements—i.e., we
use source functions that have the same number of non-zero Fourier coefficients.

In the first scenario, we consider a seismic experiment where the observed reflec-
tivity is given by the convolution of a spike train with a bandwidth limited impulsive
source, say a Ricker wavelet. The Fourier spectrum of a 20 Hz central-frequency Ricker
wavelet approximately corresponds to a “sampling” of 54 frequencies contiguous over
the band of the Ricker wavelet (this corresponds to a sampling ratio of 0.09 for a signal
length of 600). According to CS, this type of sampling is unfavorable. In the second
scenario, we replace the impulsive Ricker wavelet with the same number of samples,
but now taken uniformly random across the entire spectrum. In the time domain,
this second now random sampling corresponds to a source function that behaves as a
realization of white Gaussian noise. Thus, the source is no longer impulsive (see also
Lin and Herrmann, 2009a, for a discussion of the design of random phase-encoded
sweeps).

CS predicts improved recovery for the random source. We confirm this by carry-
ing out a second series of experiments where we compare spiky deconvolution for the
Ricker and random source functions as a function of the sparsity level (the number of
spikes) with the source function and hence the number of measurements fixed. The
results of this exercise are summarized in Figure 3 and the results confirm the predic-
tion that the recovery from the Ricker wavelet are problematic and only successful for
very small numbers of spikes. Recovery from the randomized sampling, on the other
hand, is successful as long as the number of spikes does not exceed 11 (k/n ≈ 0.2
from Figure 3(b), yielding k ≈ 0.2× n ≈ 11 with n = 54).

Main contributions

We propose and analyze randomized sampling schemes, termed compressive seis-
mic acquisition. Under specific conditions, these schemes create favorable recovery
conditions for seismic wavefield reconstructions that impose transform-domain spar-
sity in Fourier or Fourier-related domains (see e.g. Sacchi et al., 1998; Xu et al., 2005;
Zwartjes and Sacchi, 2007a; Herrmann et al., 2007; Hennenfent and Herrmann, 2008;
Tang et al., 2009). Our contribution is twofold. First, we demonstrate by means of
carefully designed numerical experiments on synthetic and real data that compressive
sensing can successfully be adapted to seismic acquisition, leading to a new generation
of randomized acquisition and processing methodologies where high-resolution wave-
fields can be sampled and reconstructed with a controllable error. We introduce a
number of performance measures that allow us to compare wavefield recoveries based
on different sampling schemes and sparsifying transforms. Second, we show that ac-
curate recovery can be accomplished for compressively sampled data volumes sizes
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(a)

(b)

Figure 3: Averaged recovery error percentages for k ∈ [3, 30]-sparse physical-domain
vectors reconstructed from 54 “Fourier” samples taken (a) by convolution with a
Ricker wavelet and (b) by a wavelet defined by taking random samples across the
whole spectrum.
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that exceed the size of conventional transform-domain compressed data volumes by a
small factor. Because compressive sensing combines transformation and encoding by
a single linear encoding step, this technology is directly applicable to seismic acqui-
sition and to dimensionality reduction during processing. We verify this claim by a
series of experiments on real data. We also show that the linearity of CS allows us to
extend this technology to seismic data processing. In either case, sampling, storage,
and processing costs scale with transform-domain sparsity.

Outline

First, we briefly present the key principles of CS, followed by a discussion on how to
adapt these principles to the seismic situation. For this purpose, we introduce mea-
sures that quantify reconstruction and recovery errors and expresses the overhead
that CS imposes. We use these measures to compare the performance of different
transform domains and sampling strategies during reconstruction. We use this infor-
mation to evaluate and apply this new sampling technology towards acquisition and
processing of a 2-D seismic line.

BASICS OF COMPRESSIVE SENSING

In this section, we give a brief overview of CS and concise recovery criteria. CS
relies on specific properties of the compressive-sensing matrix and the sparsity of the
to-be-recovered signal.

Recovery by sparsity-promoting inversion

Consider the following linear forward model for sampling

b = Ax0, (1)

where b ∈ Rn represents the compressively sampled data consisting of n measure-
ments. Suppose that the high-resolution data f0 ∈ RN , with N the ambient dimen-
sion, has a sparse representation x0 ∈ RN in some known transform domain. For
now, we assume that this representation is the identity basis—i.e., f0 = x0. We will
also assume that the data is noise free. According to this model, measurements are
defined as inner products between rows of A and high-resolution data.

The sparse recovery problem involves the reconstruction of the vector x0 ∈ RN

given incomplete measurements b ∈ Rn with n � N . This involves the inversion
of an underdetermined system of equations defined by the matrix A ∈ Rn×N , which
represents the sampling operator that collects the acquired samples from the model,
f0.
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The main contribution of CS is to come up with conditions on the compressive-
sampling matrix A and the sparse representation x0 that guarantee recovery by solv-
ing a convex sparsity-promoting optimization problem. This sparsity-promoting pro-
gram leverages sparsity of x0 and hence overcomes the singular nature of A when
estimating x0 from b. After sparsity-promoting inversion, the recovered representa-
tion for the signal is given by

x̃ = arg min
x

||x||1 subject to b = Ax. (2)

In this expression, the symbol ˜ represents estimated quantities and the `1 norm ‖x‖1

is defined as ‖x‖1
def
=

∑N
i=1 |x[i]|, where x[i] is the ith entry of the vector x.

Minimizing the `1 norm in equation 2 promotes sparsity in x and the equality
constraint ensures that the solution honors the acquired data. Among all possible
solutions of the (severely) underdetermined system of linear equations (n � N) in
equation 1, the optimization problem in equation 2 finds a sparse or, under certain
conditions, the sparsest (i.e., smallest `0 norm (Donoho and Huo, 2001)) possible
solution that exactly explains the data.

Recovery conditions

The basic idea behind CS (see e.g. Candès et al., 2006; Mallat, 2009) is that
recovery is possible and stable as long as any subset S of k columns of the n × N
matrix A—with k ≤ N the number of nonzeros in x—behave approximately as an
orthogonal basis. In that case, we can find a constant δ̂k for which we can bound the
energy of the signal from above and below —i.e.,

(1− δ̂k)‖xS‖2
`2
≤ ‖ASxS‖2

`2
≤ (1 + δ̂k)‖xS‖2

`2
, (3)

where S runs over sets of all possible combinations of columns with the number of
columns |S| ≤ k (with |S| the cardinality of S). The smaller δ̂k, the more energy is
captured and the more stable the inversion of A becomes for signals x with maximally
k nonzero entries.

The key factor that bounds the restricted-isometry constants δ̂k > 0 from above
is the mutual coherence amongst the columns of A—i.e.,

δ̂k ≤ (k − 1)µ (4)

with
µ = max

1≤i6=j≤N
|aH

i aj|, (5)

where ai is the ith column of A and H denotes the Hermitian transpose.

Matrices for which δ̂k is small contain subsets of k columns that are incoherent.
Random matrices, with Gaussian i.i.d. entries with variance n−1 have this property,
whereas deterministic constructions almost always have structure.
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For these random Gaussian matrices (there are other possibilities such as Bernouilli
or restricted Fourier matrices that accomplish approximately the same behavior, see
e.g. Candès et al., 2006; Mallat, 2009), the mutual coherence is small. For this type
of CS matrices, it can be proven that Equation 3 holds and Equation 2 recovers x0’s
exactly with high probability as long as this vector is maximally k sparse with

k ≤ C · n

log2(N/n)
, (6)

where C is a moderately sized constant. This result proves that for large N , recovery
of k nonzeros only requires an oversampling ratio of n/k ≈ C · log2 N , as opposed to
taking all N measurements.

The above result is profound because it entails an oversampling with a factor
C · log2 N compared to the number of nonzeros k. Hence, the number of measure-
ments that are required to recover these nonzeros is much smaller than the ambient
dimension (n � N for large N) of high-resolution data. Similar results hold for com-
pressible instead of strictly sparse signals while measurements can be noisy (Candès
et al., 2006; Mallat, 2009). In that case, the recovery error depends on the noise level
and on the transform-domain compression rate—i.e., the decay of the magnitude-
sorted coefficients.

The results also extend to more general compressive-sampling matrices of the type

A
def
= RMSH , (7)

where R is a restriction matrix, which selects n � N rows randomly, M is an orthog-
onal measurement matrix, and SH is a synthesis matrix defined by an orthonormal
sparsifying transform. The resulting compressive sampling matrix can be expected
to perform well as long as the coherence

µ = max
1≤i6=j≤N

|
(
RMsi

)H
RMsj| (8)

is small. In this expression, si refers to the ith row of the sparsifying basis S.

In summary, according to CS (Candès et al., 2006b; Donoho, 2006b), the solu-
tion x̃ of equation 2 and x0 coincide when two conditions are met, namely 1) x0 is
sufficiently sparse, i.e., x0 has few nonzero entries, and 2) the subsampling artifacts
are incoherent, which is a direct consequence of measurements with a matrix whose
action mimics that of a Gaussian matrix. The first condition requires that the energy
of f0 is well concentrated in the sparsifying domain. The second condition of incoher-
ence requires understanding of interactions between the sparsifying transform S, the
measurement basis, M, and the restriction operator R.

Intuitively, successful recovery requires that the artifacts introduced by subsam-
pling the original signal f0 are not sparse in the transformed domain. When this con-
dition is not met, sparsity alone is no longer an effective prior to solve the recovery
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problem. Although qualitative in nature, the second condition provides a fundamen-
tal insight in choosing subsampling schemes that favor recovery by sparsity-promoting
inversion.

Unfortunately, most rigorous results from CS, except for work by Rauhut et al.
(2008), are valid for orthonormal measurement and sparsity bases only and the com-
putation of the recovery conditions for realistically sized seismic problems remains
computational prohibitive. To overcome these important shortcomings, we will in
the next section introduce a number of practical and computable performance mea-
sures that allow us to design and compare different compressive-seismic acquisition
strategies.

COMPRESSIVE-SENSING DESIGN AND ASSESSMENT

As we have seen, the machinery that supports sparse recovery from incomplete data
depends on specific properties of the compressive-sensing matrix. Consequently, CS
can not be applied to arbitrary linear inversion problems. To the contrary, the suc-
cess of CS hinges on the design of acquisition strategies that are (physically and/or)
practically feasible and that lead to favorable conditions for sparse recovery. The CS
matrix needs to both be realizable and behave as a Gaussian matrix. The following
key components need to be in place:

1. a sparsifying signal representation that exploits the signal’s structure by
mapping the energy into a small number of significant transform-domain co-
efficients. The smaller the number of significant coefficients, the better the
recovery;

2. sparse recovery by transform-domain one-norm minimization that is
able to handle large system sizes. The fewer the number of matrix-vector eval-
uations, the faster and more practically feasible the wavefield reconstruction;

3. randomized seismic acquisition that breaks coherent interferences induced
by deterministic subsampling schemes. Randomization renders subsampling
related artifacts—including aliases and simultaneous source crosstalk—harmless
by turning these artifacts into incoherent Gaussian noise;

Given the complexity of seismic data in high dimensions and field practicalities of seis-
mic acquisition, the mathematical formulation of CS outlined in the previous section
does not readily apply to seismic exploration. Therefore, we will focus specifically on
the design of source subsampling schemes that favor recovery and on the selection of
the appropriate sparsifying transform. Because theoretical results are mostly lack-
ing, we will guide ourselves by numerical experiments that are designed to measure
recovery performance.
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Sampling and sparse recovery

During seismic data acquisition, data volumes are collected that represent discretiza-
tions of analog finite-energy wavefields in two or more dimensions including time.
So, we are concerned with the acquisition of an analog spatio-temporal wavefield
f̄(t, x) ∈ L2((0, T ] × [−L, L]) with time T in the order of seconds and length L in
the order of kilometers. The sampling intervals are of the order of milliseconds and
of meters.

Mathematically, high-resolution sampling of a continuous seismic wavefield can be
written as

f [q] = Φsf̄ [q], q = 0 · · ·N − 1, (9)

where N is the total number of samples, and where Φs is a linear high-resolution
analog-to-digital converter (Mallat, 2009). After inclusion of the analog-to-digital
converter, which in our case models the directivity of geophones or sources, compres-
sively sampled data can be modeled via

b[q] = RMΦsf̄ [q], q = 0 · · ·n− 1. (10)

After organizing these high-resolution samples into the vector f
def
=

{
f [q]

}
q=0···N−1

∈
RN and absorbing the converter into the definition of the measurement matrix, we
arrive at the following expression for compressively-sampled measurements:

b = RMf ∈ Rn with n � N. (11)

In this formulation, incomplete seismic acquisition is modeled by taking inner prod-
ucts between the discrete vector f and n � N randomly selected rows from the
measurement matrix M as dictated by R.

We recover the discretized wavefield f by inverting the compressive-sampling ma-
trix

A
def
=

restriction︷︸︸︷
R M︸︷︷︸

measurement

synthesis︷︸︸︷
SH (12)

with the sparsity-promoting program:

f̃ = SH x̃ with x̃ = arg min
x

‖x‖1
def
=

P−1∑
p=0

|x[i]| subject to Ax = b. (13)

This formulation differs from standard compressive sensing because we allow for a
wavefield representation that is redundant—i.e., S ∈ CP×N with P ≥ N . Aside from
results reported by Rauhut et al. (2008), which show that recovery with redundant
frames is determined by the RIP constant δ̂ of the restricted sampling and sparsifying
matrices that is least favorable, there is no practical algorithm to compute these
constants. Therefore, our hope is that the above sparsity-promoting optimization
program, which finds amongst all possible transform-domain vectors the vector x̃ ∈
RP that has the smallest `1-norm, recovers high-resolution data f̃ ∈ RN .
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Seismic wavefield representations

One of the key ideas of CS is leveraging structure within signals to reduce sampling.
Typically, structure translates into transform-domains that concentrate the signal’s
energy in an as few as possible significant coefficients. The size of seismic data
volumes, along with the complexity of its high-dimensional and highly directional
wavefront-like features, makes it difficult to find a transform that accomplishes this
task.

To meet this challenge, we only consider transforms that are fast (at the most
N log N with N the number of samples), multiscale (splitting the Fourier spectrum
into dyadic frequency bands), and multidirectional (splitting Fourier spectrum into
second dyadic angular wedges). For reference, we also include separable 2-D wavelets
in our study. We define this wavelet transform as the Kronecker product (denoted
by the symbol ⊗) of two 1D wavelet transforms: W = W1 ⊗W1 with W1 the 1D
wavelet-transform matrix.

Separable versus non-separable transforms

There exists numerous signal representations that decompose a multi-dimensional
signal with respect to directional and localized elements. Because we are concerned
with finding the appropriate representation for seismic wavefields, we limit our search
to non-separable curvelets (Candès et al., 2006a) and wave atoms (Demanet and Ying,
2007). This choice is motivated by the fact that the elements of these transforms
behave approximately as high-frequency asymptotic eigenfunctions of wave equations
(see e.g. Smith, 1998; Candès and Demanet, 2005; Candès et al., 2006a; Herrmann
et al., 2008b). This property makes these two representations particularly well suited
for our task of representing seismic data parsimoniously.

Unlike wavelets, which compose curved wavefronts into a superposition of multi-
scale “fat dots” with limited directionality, curvelets and wave atoms compose wave-
fields as a superposition of highly anisotropic localized and multiscale waveforms,
which obey a so-called parabolic scaling principle. For curvelets in the physical do-
main, this principle translates into an support that is anisotropic with length ∼
width2. At the fine scales, this scaling leads to curvelets that become increasingly
anisotropic, i.e., needle-like. Each dyadic frequency band is split into a number of
overlapping angular wedges that double in every other dyadic scale. This partition-
ing results in increased directionality at the fine scales. This construction makes
curvelets well adapted to data with impulsive wavefront-like features. Wave atoms,
on the other hand, are anisotropic because their wavelength depends quadratically
on their width—i.e., wavelength ∼ width2. By construction, wave atoms are more
appropriate for data with oscillatory patterns. Because seismic data sits somewhere
between these two extremes, we include both transforms in our study.
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Approximation error

Like many other naturally occurring phenomena, seismic wavefields do not per-
mit strictly sparse representations—i.e., representations where many coefficients are
strictly zero. However, for an appropriately chosen representation magnitude-sorted
transform-domain coefficients often decay rapidly–i.e., the magnitude of the jth largest
coefficient is O(j−s) with s ≥ 1/2. For orthonormal bases, this decay rate is directly
linked to the decay of the nonlinear approximation error (see e.g. Mallat, 2009). This
error expresses the difference between the discretized wavefield and its reconstruction
from the largest k transform-domain coefficients—expressed by

σ(k) = ‖f − fk‖ = O(k1/2−s), (14)

with fk the reconstruction from the largest k - coefficients. Notice that this error does
not account for discretization errors (cf. Equation 9), which we ignore.

Unfortunately, this relationship between the decay rates of the magnitude-sorted
coefficients and the decay rate of the nonlinear approximation error does not hold for
redundant transforms. Another complicating factor is that expansions with respect
to this type of signal representations are not unique. This means that there are
many coefficient sequences that explain the data f making them less sparse. For
instance, analysis by the curvelet transform of a single curvelet does not produce a
single non-zero entry in the curvelet coefficient vector.

To address this issue, we use an alternative definition for the nonlinear approxi-
mation error, which is based on the solution of a sparsity-promoting program. With
this definition, the k-term nonlinear-approximation error is computed by taking the
k−largest coefficients from the vector that solves

min
x
‖x‖1 subject to SHx = f . (15)

Because this vector is obtained by inverting the synthesis operator SH with a sparsity-
promoting program, this vector is always sparser than the vector obtained by applying
the analysis operator S directly.

To account for different redundancies in the transforms, we study signal-to-noise
ratios (SNRs) as a function of the sparsity ratio ρ = k/P (with P = N for orthonormal
bases) defined as

SNR(ρ) = −20 log
‖f − fρ‖
‖f‖

. (16)

The smaller this ratio, the more coefficients we ignore, the sparser the transform-
coefficient vector becomes, which in turn leads to a smaller SNR. This latter number
expresses the ratio of the energy difference between the original signal and its recon-
struction and over the energy of original signal. In our study, we include fρ that are
derived from either the analysis coefficients or from the synthesis coefficients. The lat-
ter coefficients are solutions of the above sparsity-promoting program (Equation 15).
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Empirical approximation errors

The above definition gives us a metric to compare recovery SNRs of seismic data
for wavelets, curvelets, and wave atoms. We make this comparison on a common-
receiver gather (Figure 4) extracted from a Gulf of Suez dataset. Because the current
implementations of wave atoms (Demanet and Ying, 2007) only support data that
is square, we padded the 178 traces with zeros to 1024 traces. The temporal and
spatial sampling interval of the high-resolution data are 0.004s and 25m, respectively.
Because this zero-padding biases the ρ, we apply a correction.

Figure 4: Real common-receiver gather from Gulf of a Suez data set.

Our results are summarized in Figure 5 and they clearly show that curvelets lead
to rapid improvements in SNR as the sparsity ratio increases. This effect is most
pronounced for synthesis coefficients, benefiting remarkably from sparsity promotion.
By comparison, wave atoms benefit not as much, and wavelet even less. This behavior
is consistent with the overcompleteness of these transforms, the curvelet transform
matrix has the largest redundancy (a factor of about eight in 2-D) and is therefore the
tallest. Wave atoms only have a redundancy of two and wavelets are orthogonal. Since
our method is based on sparse recovery, this experiment suggests that sparse recovery
from subsampling would potentially benefit most from curvelets. However, this is not
the only factor that determines the performance of our compressive-sampling scheme.

Subsampling of shots

Aside from obtaining good reconstructions from small compression ratios, breaking
the periodicity of coherent sampling is paramount to the success of sparse recovery—
whether this involves selection of subsets of sources or the design of incoherent
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Figure 5: Signal-to-noise ratios (SNRs) for the nonlinear approximation errors of the
common-receiver gather plotted in Figure 4. The SNRs are plotted as a function of
the sparsity ratio ρ ∈ (0, 0.02]. The plots include curves for the errors obtained from
the analysis and one-norm minimized synthesis coefficients. Notice the significant
improvement in SNRs for the synthesis coefficients obtained by solving Equation 15.

simultaneous-source experiments. To underline the importance of maximizing in-
coherence in seismic acquisition, we conduct two experiments where common-source
gathers are recovered from subsets of sequential and simultaneous-source experiments.
To make useful comparisons, we keep for each survey the number of source experi-
ments, and hence the size of the collected data volumes, the same.

Coherent versus incoherent sampling

Mathematically, sequential and simultaneous acquisition only differ in the definition
of the measurement basis. For sequential-source acquisition, this sampling matrix is

given by the Kronecker product of two identity bases—i.e., I
def
= I Ns ⊗ I Nt , which

is a N × N identity matrix with N = Nt × Ns, the product of the number of time
samples Nt and the number of shots Ns. For simultaneous acquisition, where all

sources fire simultaneously, this matrix is given by M
def
= GNs ⊗ I Nt with GNs a

Ns × Ns Gaussian matrix with i.i.d. entries. In both cases, we use a restriction

operator R
def
= Rns ⊗ I Nt to model the collection of incomplete data by reducing the

number of shots to ns � Ns. This restriction acts on the source coordinate only.

Roughly speaking, CS predicts superior recovery for compressive-sampling matri-
ces with smaller coherence. According to Equation 8, this coherence depends on the
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interplay between the restriction, measurement, and synthesis matrices. To make a
fair comparison, we keep the restriction matrix the same and study the effect of having
measurement matrices that are either given by the identity or by a random Gaussian
matrix. Physically, the first CS experiment corresponds to surveys with sequen-
tial shots missing. The second CS experiment corresponds to simultaneous-source
experiments with simultaneous source experiments missing. Examples of both mea-
surements for the real common-receiver gather of Figure 4 are plotted in Figure 6(a)
and 6(b), respectively. Both data sets have 50% of the original size. Remember that
the horizontal axes in the simultaneous experiment no longer has a physical meaning.
Notice also that there is no observable coherent crosstalk amongst the simultaneous
sources.

Multiplication of orthonormal sparsifying bases by random measurement matrices
turns into random matrices with a small mutual coherence amongst the columns. This
property also holds (but only approximately) for redundant signal representations
with synthesis matrices that are wide and have columns that are linearly dependent.
This suggests improved performance using random incoherent measurement matrices.
To verify this statement empirically, we compare sparse recoveries with Equation 13
from data plotted in Figures 6(a) and 6(b).

Despite the fact that simultaneous acquisition with all sources firing simultane-
ously may not be easily implementable in practice1, this approach has been applied
successfully to reduce simulation and imaging costs (Herrmann et al., 2009b; Herr-
mann, 2009; Lin and Herrmann, 2009a,b). In the “eyeball norm”, the recovery from
the simultaneously data is as expected clearly superior (cf. Figures 6(c) and 6(d)).
The difference plots (cf. Figures 6(e) and 6(f)) confirm this observation and show very
little coherent signal loss for the recovery from simultaneous data. This is consistent
with CS, which predicts improved performance for sampling schemes that are more
incoherent. Because this qualitative statement depends on the interplay between the
sampling and the sparsifying transform, we conduct an extensive series of experiments
to get a better idea on the performance of these two different sampling schemes for dif-
ferent sparsifying transforms. We postpone our analysis of the quantitative behavior
of the recovery SNRs to after that discussion.

Sparse recovery errors

The examples of the previous section clearly illustrate that randomized sampling
is important, and that randomized simultaneous acquisition leads to better recovery
compared to randomized subsampling of sequential sources. To establish this observa-
tion more rigorously, we calculate estimates for the recovery error as a function of the
sampling ratio δ = n/N by conducting a series of 25 controlled recovery experiments.
For each δ ∈ [0.2, 0.8], we generate 25 realizations of the randomized compressive-
sampling matrix. Applying these matrices to our common-receiver gather (Figure 4)

1Although one can easily imagine a procedure in the field where a “supershot” is created by some
stacking procedure.
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(a) (b)

(c) (d)

(e) (f)

Figure 6: Recovery from a compressively-sampled common receiver gather with 50%
(δ = 0.5) of the sources missing. (a) Receiver gather with sequential shots selected
uniformly at random. (b) The same but for random simultaneous shots. (c) Recovery
from incomplete data in (a). (d) The same but now for the data in (b).(e) Difference
plot between the data in Figure 4 and the recovery in (c). (f) The same but now for
recovery from simultaneous data in (b). Notice the remarkable improvement in the
recovery from simultaneous data.
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produces 25 different data sets that are subsequently used as input to sparse recov-
ery with wavelets, curvelets, and wave atoms. For each realization, we calculate the
SNR(δ) with

SNR(δ) = −20 log
‖f − f̃δ‖
‖f‖

, (17)

where
f̃δ = SH x̃δ and x̃δ = arg min

x
‖x‖1 subject to Aδx = b.

For each experiment, the recovery of f̃δ is calculated by solving this optimization

problem for 25 different realizations of Aδ with Aδ
def
= RδMδS

H , where Rδ
def
= Rns ⊗

I Nt with δ = ns/Ns. For each simultaneous experiment, we also generate different

realizations of the measurement matrix M
def
= GNs ⊗ I Nt .

From these randomly selected experiments, we calculate the average SNRs for the
recovery error, SNR(δ), including its standard deviation. By selecting δ evenly on
the interval δ ∈ [0.2, 0.8], we obtain reasonable reliable estimates with error bars.
Results of this exercise are summarized in Figure 7. From these plots it becomes
immediately clear that simultaneous acquisition greatly improve recovery for all three
transforms. Not only are the SNRs better, but the spread in SNRs amongst the
different reconstructions is also much less, which is important for quality assurance.
The plots validate CS, which predicts improved recovery for increased sampling ratios.
Although somewhat less pronounced as for the approximation SNRs in Figure 5, our
results again show superior performance for curvelets compared to wave atoms and
wavelets. This observation is consistent with our earlier empirical findings.

Empirical oversampling ratios

The main advantage of CS is that it provides access to the largest, and hence most
significant, transform-domain coefficients without the necessity of conducting a com-
plete high-resolution survey followed by the computation of the k-term nonlinear
approximation. Conversely, sparse recovery from incoherent samples requires signifi-
cantly less samples, but this reduction goes at the expense of conducting incoherent
sampling in conjunction with the solution of a computationally intensive large-scale
sparse recovery problem. Therefore, the key factor that establishes CS is the spar-
sity ratio ρ that is required to recover wavefields with errors that do not exceed a
predetermined nonlinear approximation error (cf. Equation 16). The latter sets the
fraction of largest coefficients that needs to be recovered to meet a preset minimal
SNR for reconstruction.

Motivated by Mallat (2009), we introduce the oversampling ratio δ/ρ ≥ 1. For a
given δ, we obtain a target SNR from SNR(δ). Then, we find the smallest ρ for which
the nonlinear recovery SNR is greater or equal to SNR(δ). Thus, the oversampling
ratio δ/ρ ≥ 1 expresses the sampling overhead required by compressive sensing. This
measure helps us to determine the performance of our CS scheme numerically. The
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Figure 7: SNRs (cf. Equation 17) for nonlinear sparsity-promoting recovery from
compressively sampled data with 20%− 80% of the sources missing (δ ∈ [0.2, 0.8]).
The results summarize 25 experiments for 25 different values of δ ∈ [0.2, 0.8]. The
plots include estimates for the standard deviations. From these results, it is clear that
simultaneous acquisition (results in the left column) is more conducive to sparsity-
promoting recovery. Curvelet-based recovery seems to work best, especially towards
high percentages of data missing.
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smaller this ratio, the smaller the overhead and the more economically favorable this
technology becomes compared to conventional sampling schemes.

We can compute this oversampling ratio for each δ by finding the sparsity ratio
ρ for which the recovery SNR(δ) is smaller or equal to the nonlinear approximation
SNR(ρ), i.e., we calculate for each δ ∈ [0.2, 0.8]

δ/ρ with ρ = inf{ρ̃ : SNR(δ) ≤ SNR(ρ̃)}. (18)

When the sampling ratio approaches one from below (δ → 1), the data becomes
more and more sampled leading to smaller and smaller recovery errors. To match
this decreasing error, the sparsity ratio ρ → 1 and consequently we can expect this
oversampling ratio to go to one, δ/ρ → 1.

Remember that in the CS paradigm, acquisition costs grow with the permissible
recovery SNR that determines the sparsity ratio. Conversely, the costs of conventional
sampling grow with the size of the sampling grid irrespective of the transform-domain
compressibility of the wavefield, which in higher dimensions proves to be a major
difficulty.

The numerical results of our experiments are summarized in Figure 8. Our calcula-
tions use empirical SNRs for both the approximation errors of the synthesis coefficients
as a function of ρ and the recovery errors as a function of δ. The estimated curves
lead to the following observations. First, as the sampling ratio increases the oversam-
pling ratio decreases, which can be understood because the recovery becomes easier
and more accurate. Second, recoveries from simultaneous data have significantly less
overhead and curvelets outperform wave atoms, which in turn perform significantly
better than wavelets. All curves converge to the lower limit (depicted by the dashed
line) as δ → 1. Because of the large errorbars in the recovery SNRs (cf. Figure 7),
the results for the recovery from missing sequential sources are less clear. However,
general trends predicted by CS are also observable for this type of acquisition, but
the performance is significantly worse than for recovery with simultaneous sources.
Finally, the observed oversampling ratios are reasonable for both curvelet and wave
atoms.

SYNTHETIC CASE STUDIES

We have seen that coherent subsampling-related interferences antagonize wavefield
recovery by sparsity promotion. Well-designed randomized subsampling schemes—
through jittered sampling (Hennenfent and Herrmann, 2008) of e.g., source posi-
tions or through randomly phase-encoded simultaneous sources (Beasley et al., 1998;
Beasley, 2008; Berkhout, 2008; Neelamani et al., 2008; Herrmann et al., 2009b)—lead
to manageable subsampling artifacts that are incoherent with a noise level that de-
pends on the degree of subsampling: the more subsampled the higher the noise level.
As we have seen, herein lies an unique opportunity as long as we are able to separate
subsampling interferences from the desired signal. This is where transform-domain
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Figure 8: Oversampling ratio δ/ρ as a function of the sampling ratio δ (cf. Equa-
tion 18) for sequential- and simultaneous-source experiments. As expected, the over-
head is smallest for simultaneous acquisition and curvelet-based recovery.
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sparsity entered into the equation, because the sparser we represent our desired wave-
field, the better we can remove the noise and correct the amplitudes.

Transform-domain sparsity, however, is not the only technique at our disposal
to recover severely subsampled data. Recent developments in curvelet-based wave-
field inversion (Herrmann et al., 2008a; Herrmann and Wang, 2008) have shown that
transform-based sparsity-promoting recovery benefits from the inclusion of opera-
tors that model wave propagation. Inverting these operators, as part of a compres-
sive sensing procedure, focuses the wavefield’s energy and this potentially enhances
transform-domain sparsity. The inclusion of a multiple-generating surface also im-
proves “the mixing”, which make the measurement matrix act more like a Gaussian
matrix.

To shed more light on the above statements in the context of practical wavefield
recovery let us formulate two concrete questions:

For a given sampling ratio, is it better to use periodic or jittered subsam-
plings of sequential shots or is it better to use a subset of simultaneous-shot
experiments?

and a question related to seismic processing

Is it better to first reconstruct a wavefield from simultaneous data and then
estimate the surface-free impulse response or is it better to estimate this
impulse response directly from simultaneous data?

In the next two sections we aim to answer these questions empirically on synthetic
data obtained by finite differences on an acoustic model that includes salt, surrounded
by sedimentary layers and a water bottom that is not completely flat. To answer above
questions, we conduct two recovery experiments of high-resolution 2-D seismic lines
from shot subsamplings. To exploit the multi-dimensionality of this problem, we use
the 2-D discrete curvelet transform along the source and receiver coordinates, and
the discrete wavelet transform along the remaining time coordinate:

S
def
= C2 ⊗W. (19)

The first example is a straight-forward extension of our work on common-receiver
gathers and is aimed to firmly establish the findings of the previous sections for the
more realistic setting of a seismic 2-D line. The second example takes CS a step further
by leveraging recent work on the estimation of primaries by sparse inversion (EPSI-
van Groenestijn and Verschuur, 2009; Lin and Herrmann, 2009b), which involves the
inversion of the following monochromatic relationship:

Ĝ︸︷︷︸
surface-free impulse response

downgoing wavefield︷ ︸︸ ︷[
Q̂− P̂

]
≈

upgoing wavefield︷︸︸︷
P̂ (20)
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between the known source function Q̂, the known upgoing wavefield P̂, and the
unknown surface-free data Ĝ (for details see e.g. Lin and Herrmann, 2009b). Again,
to make a fair comparison between these sparse recovery schemes, we keep the number
of measurements the same in all experiments.

Sparse recovery

To verify the prediction of CS, which states that wavefield reconstructions improve
for CS matrices that behave more like Gaussian matrices, we compare curvelet-based
recoveries from surveys that have 50 % shots missing. We compare wavefield recon-
structions from deterministic periodic and randomized jittered subsampled sequen-
tial source locations and subsampled randomly phase-encoded simultaneous source
experiments (Hennenfent and Herrmann, 2008; Herrmann et al., 2009b). The first
two acquisition scenarios differ in the definition of the restriction matrix while mea-
surements with phase-encoded sources are obtained by replacing the identity matrix
with the measurement matrix defined by (Romberg, 2009)

M
def
=

[
I ⊗F∗

s diag
(
eîθ

)
Fs ⊗ I

]
, (21)

with Fs the Fourier transform along the source coordinate and θ ∈ [0, π] random
phase rotations uniformly drawn on the interval. This measurement matrix turns se-
quential sources into simultaneous sources. As before, the restriction operator selects
the subset of simultaneous sources.

Results from sparsity-promoting recovery for 50 % of the sources missing are
included in Figure 9. Comparison between the results for regular, jittered, and si-
multaneous shots shows again drastic improvements in recovery quality as we move
from regular subsampled (8.9 dB), to randomly jittered sequential sources (10.9 dB)
to randomized simultaneous sources (16.1 dB). These findings clearly confirm the im-
portance of randomization in the collection of seismic data. This example also nicely
illustrates that randomization of the source locations by itself is not necessarily op-
timal and that a lot is to be gained by designing randomized simultaneous-source
acquisitions.

Estimation of primaries

We conclude our discussion by showing an example where we include more informa-
tion on the physics—e.g., information on the surface-free boundary condition and the
source function—in the definition of the CS matrix. Consider an experiment where
we estimate the primaries from simultaneously acquired data with 50 % of the simul-
taneous shots missing. A superficial juxtaposition of the recovery (Figure 10(b)) with
the fully sampled wavefield (Figure 10(a)) suggest a satisfactory recovery. However,
if we use this recovery as input to primary estimation the result (Figure 10(c)) is
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inadequate because lots of surface-related multiple energy remains present after the
inversion. If, on the other hand, we invert Equation 20 for simultaneous data (see
e.g. van Groenestijn and Verschuur, 2009; Lin and Herrmann, 2009b), we find an
estimate for the primaries (Figure 10(d)) that is greatly improved. In this case, there
is little surface-related multiple energy remaining and the imprint of the source func-
tion has mostly been removed. This result is important because it not only shows
that primaries can be estimated directly from simultaneously acquired data, but this
result also shows that data processing can be carried out in the compressively sampled
domain, which reduces the cost of processing.

The explanation for these improvements is threefold. First, Equation 20 encodes
the surface-free impulse response redundantly in the total data. This means that as
long as the surface-related multiples are within the available time window of our input
data, sparse inversion maps these multiples back to the surface-free impulse response.
The presence of these multiple copies helps recovery. Second, the above relation
mixes the primaries and this improves the incoherence. Third, because surface-
related multiples are mapped to primaries, the number of events is reduced and this
enhances transform-domain sparsity. It is clear that all these factors contribute to
improvement of our estimate of surface-free data. This example also shows how
delicate relations of the type in Equation 20 are, even in cases where the free-surface
boundary condition is known exactly. This sensitivity can be used to estimate the
source-function using a bi-convex optimization problem (Lin and Herrmann, 2009b)
on which we will report elsewhere in more detail.

DISCUSSION

The presented results illustrate that we are at the cusp of exciting new developments
where acquisition and processing workflows are no longer impeded by a fear of creating
coherent subsampling related artifacts. Instead, we arrive at a formulation with
control over these artifacts. We accomplish this achievement by applying the following
three new design principles:

1. randomize—break coherent aliases by introducing randomness, e.g. by design-
ing randomly perturbed acquisition grids, or by designing randomized simulta-
neous sources.

2. sparsify—utilize sparsifying transforms in conjunction with sparsity-promoting
programs that separate signal and subsampling artifacts and that restore am-
plitudes.

3. focus–leverage wave physics to focus seismic energy, enhancing transform-
domain sparsity and sparse recovery.
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EXTENSIONS

The implications of randomized incoherent sampling go far beyond the examples
presented in this paper. For instance, our approach is applicable to land acquisition
for physically realizable sources (Krohn and Neelamani, 2008; Romberg, 2009) and can
be used to compute solutions to wavefield simulations (Herrmann et al., 2009b) and to
compute full waveform inversion (Herrmann et al., 2009a) faster. Because randomized
sampling is linear (Bobin et al., 2008), wavefield reconstructions and processing can
be carried out incrementally as more compressive data becomes available.

CONCLUSIONS

Following ideas from compressive sensing, we made the case that seismic wavefields
can be reconstructed with a controllable error from randomized subsamplings. By
means of carefully designed numerical experiments on synthetic and real data, we
established that compressive sensing can indeed successfully be adapted to seismic
data acquisition, leading to a new generation of randomized acquisition and processing
methodologies.

With carefully designed experiments and the introduction of performance mea-
sures for nonlinear approximation and recovery errors, we established that curvelets
perform best in recovery, closely followed by wave atoms, and with wavelets com-
ing in as a distant third, which is consistent with the directional nature of seismic
wavefronts. This finding is remarkable for the following reasons: (i) it underlines the
importance of sparsity promotion, which offsets the “costs” of redundancy and (ii)
is shows that the relative sparsity ratio effectively determines the recovery perfor-
mance rather than the absolute number of significant coefficients. Our observation
of significantly improved recovery for simultaneous-source acquisition also confirms
predictions of compressive sensing. Finally, our analysis showed that accurate recov-
eries are possible from compressively sampled data volumes that exceed the size of
conventionally compressed data volumes by only a small factor.

The fact that compressive sensing combines sampling and compression in a sin-
gle linear encoding step has profound implications for exploration seismology that
include: a new randomized sampling paradigm, where the cost of acquisition are
no longer dominated by resolution and size of the acquisition area, but by the de-
sired reconstruction error and transform domain sparsity of the wavefield; and a new
paradigm for randomized processing and inversion, where dimensionality reductions
will allow us to mine high-dimensional data volumes for information in ways, which
previously, would have been computationally infeasible.
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Figure 9: Sparsity-promoting recovery from 50% of the shots missing. (a) Regu-
larly subsampled shots. (b) Recovery from regularly subsampled shots (8.9 dB). (c)
Jittered subsampled shots (10.9 dB) (d) Recovery from jittered subsampled shots
(16.1 dB). (e) Subsampled randomized simultaneous shots. (f) Recovery from ran-
domized simultaneous shots. Notice the remarkable improvement in recovery from
the simultaneously acquired data.
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Figure 10: Sparsity-promoting recovery from simultaneous-source data with 50 %
of the shots missing. (a) Original data. (b) Estimation of the total data, including
surface-related multiples, by sparsity promotion. (c) Estimation of primaries from
recovered total data under (b). (d) Estimation of primaries directly from the simul-
taneously acquired data. Notice the remarkable improvement in the estimation of the
primaries directly from the simultaneously acquired data.
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