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Abstract

Planar waves events recorded in a seismic array can be represented as lines in the Fourier
domain. However, in the real-world seismic events usually have curvature or amplitude variability
that means their Fourier transforms are no longer strictly linear, but rather occupy conic regions of
the Fourier domain that are narrow at low frequencies, but broaden at high frequencies where the
effect of curvature becomes more pronounced. One can consider these regions as localised “signal
cones”. In this work, we consider a space-time variable signal cone to model the seismic data. The
variability of the signal cone is obtained through scaling, slanting and translation of the kernel
for cone-limited (C-limited) functions (functions whose Fourier transform lives within a cone) or
C-Gaussian function (a multivariate function whose Fourier transform decays exponentially with
respect to slowness and frequency) which constitutes our dictionary. We find a discrete number
of scaling, slanting and translation parameters from a continuum by optimally matching the data.
This is a nonlinear optimization problem which we address by a fixed point method which utilizes a
variable projection method with £; constraints on the linear parameters and bound constraints on
the nonlinear parameters. We observe that slow decay and oscillatory behavior of the kernel for C-
limited functions constitute bottlenecks for the optimization problem which we partially overcome
by the C-Gaussian function. We demonstrate our method through an interpolation example. We
present the interpolation result using the estimated parameters obtained from the proposed method
and compare it with those obtained using sparsity promoting curvelet decomposition, matching

pursuit Fourier interpolation and sparsity promoting plane wave decomposition methods.
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1 Introduction

Seismic data are modeled through the wave equation. Under the acoustic wave equation assumption,
the bounds for the dispersion relationship obtained from the wave equation defines a combination of
triangular or conic regions in the Fourier domain. This combined region is referred to as the signal
cone. Adopting the term R-limited functions (functions whose Fourier transform is supported within
a region R) coined in Slepian (1964), we refer to functions whose Fourier transforms are supported
within the signal cone as C-limited functions. A C-limited function, for example, seismic data, can be
expressed in terms of a convolution using a kernel, whose Fourier transform is equal to unity within
the signal cone and zero everywhere else.

The concept of C-limited functions can be applied in a broader context as well. Plane-waves arriving
at the surface can be represented as a linear function in the Fourier domain. However, curvature and
amplitude variability causes leakage, meaning that, in practice, seismic events occupy conic regions
of the Fourier domain that are broader at high frequencies than at low frequencies. Although these
quasi-planar events may not be strictly C-limited, they can be well modeled with functions of this
form.

Having explicit forms for the kernels eases the design of the algorithms in the measurement domain
for forward and inverse problems in seismic data processing. Examples are filter design, data regular-
ization and interpolation of single as well as multiple component measurements, slant stack and least
square slant stack transformation, directional filtering, etc. For example, once the seismic data are
approximated as a discrete sum of a kernel, the slant stack can be computed analytically Yarman and
Flagg (2014).

Approximation of the seismic data as a discrete sum of kernels for C-limited function can be
performed in many ways. There are many potential parameterizations for the kernel functions, and
many potential optimisation schemes. The goal of this work is to capture the salient features of seismic
data with high resolution, while maintaining a discrete sum of fixed size. This necessitates an adaptive
algorithm, where the coefficients and parametrization of the kernels are both optimized to fit the data.

In this regard, our main contributions in this work are

e Formalizing the concept of C-limited functions and analytic representation of the corresponding

kernels in time and space.

e Introducing C-Gaussian functions and their analytic representations or approximations. C-
Gaussian functions are a generalization of Gaussians intended to approximate C-limited func-

tions.



e The concept of effectively C-limited functions, which are defined in terms of a convolution with

C-Gaussian functions.

e A physics motivated model based dictionary learning for seismic data processing. Unlike the
approaches presented in Cai et al. (2014); Beckouche and Ma (2014); Liang et al. (2014), where
discretized basis functions are obtained using K-SVD, a clustering algorithm guided by local
coherence inferred from singular value decomposition, we have, by construction, analytic basis
functions that are in the form of a paraxial ray based solution of the wave equation (see Section

5.8 in Cerveny (2001)).

The outline of our discussion is as follows. In Section 2, we state the problem formulation. Section 3,
starts with the wave equation and introduce the signal cone, which is used to define C-limited functions.
This is followed by definition of the C-Gaussian function, which consequently is used to define effectively
C-limited functions. After the introduction of C-limited and effectively C-limited functions, we present
the representation problem for the sampled seismic data and our proposed solution, which is the fixed
point method obtained by modification of variable projection method. We present numerical results
in Section 4. Finally we conclude our discussion in Section 5.

In Appendix A, we provide explicit expression for the primitive forms of K- and K¢ in Tables
1 and 3. Derivation of the kernel for C-limited functions in dimensions (14 1) D and (14 2) D are
presented in Appendices B and D. Derivation of the C-Gaussian function for different dimensions are
presented in Appendices C, E and F. Review of the variable projection method is given in Appendix

G.

2 Problem formulation

2.1 Representation of seismic data

Let K (t,x,y) denote the kernel, d (¢,s,r) be the measured data observed at a receiver r € R™r due to
a source initiated at s € R™s, Ng/r = 0,1,2,3. We consider an approximation of the data as a sum of
shifted versions of the kernel K (t,x,y) centered around (¢, Xm,¥m), slanted with source and receiver
slownesses ps, and pr;,, and scaled in time and space by py,/p, pe,m:

dp,py (t,8,1) = A K (7 (t, P ,x (t, P) .y (£, Py)) (1)

1=



where

T(t, Pp) = Pw,m ([t —tm] — (pS,m s —xm] — Pr,m - r—yml), (2)
x (s, Pp) = Pks,m [S - xm] = Pw,mPps,m [S - xm] ) (3)
y (v, Pn) = prpm [t — Y] = Pw,mPpr,m [r—ym]- (4)

Here 7 (t, P,,) is the scaled, slanted and shifted time around ¢,,, x (s, P,,) and y (r, P,,,) are the shifted
and scaled spatial coordinates centered around x,, and y,,, respectively. The linear and nonlinear

parameter sets D and P are defined by

and

7) = {P = (tﬂh Xﬂlv Yma ps,ma pr,ma pw,m7 pps,mn pprﬂn) € R4+2N5+2Nr }m:1 M * (6)

It should be noted that p,_, m € R may be replaced with matrices R, mn € GLn,,, (R), however,
for the sake of brevity of the discussion we will consider the scalar case.

As a result, we consider the following minimization problem

argmin J (D, P) (7)
(D,P)

with constraints on linear and nonlinear parameter sets D and P, where

1

J(D,P)= 5/ [d (t,s,r) — CZ('D)'p) (t,s,r)}2 du (t,s,r) (8)

is some least square error between the data and its approximation dA('D"p) (t,s,r) with respect to some
measure fi.

In the absence of constraints, linear parameter set D depends on the nonlinear parameter set P
and the least square minimization problem (7) can be solved using variable projection algorithm Golub
and Pereyra (1973, 2003). In the presence of certain constraints, such as sparsity constraints on linear
parameters and bound constraints on nonlinear parameters, one can utilize fixed point algorithms
Bauschke et al. (2011); Bolte et al. (2014); Parikh and Boyd (2013). We used an alternating linearized

minimization algorithm obtained through modification of the variable projection method to address



the minimization problem (7) which will be discussed in Section 3.4.2.

2.2 Literature

The minimization problem (7) can be handled in two ways. The first way is to find P as a subset of a
predefined countably finite set that satisfies the constraints on P. This is achieved by prediscretization
of the nonlinear parameter space and then solve the constrained minimization problem (7) for the
linear parameters D. This is analogous to performing a global search from a predefined library
with countable finite number of elements. The advantage of this approach is that it reduces the
minimization problem to a convex optimization problem with constraints. For this task there are
mainly three classes of approaches: (i) greedy methods such as matching pursuit and its variants
Mallat and Zhang (1993); Pati et al. (1993); Tropp et al. (2007); Donoho et al. (2012); (ii) iterative
hard thresholding Blumensath and Davies (2008); Blumensath (2012); Fornasier and Rauhut (2008);
and (iii) basis pursuit, also referred to as iterative soft thresholding Chen et al. (1998); Candés and
Wakin (2008); Yin et al. (2008); Candés et al. (2011); Andersson et al. (2012) or its variants Andersson
et al. (2012). In order to avoid local minima of the cost function with respect to P, one may need
to globally sample the nonlinear parameter, sometimes densely, depending on the oscillatory behavior
of J with respect to P. As the number of samples for nonlinear parameters increases so does the
computational complexity of finding the optimal values for D. This especially constitutes a challenge
with the introduction of curvature, window size and other parameters into formation of the library
Hoecht et al. (2009).

On the other hand, a descent type of a search method can be used to build up the library on the
fly from an uncountably infinite basis set. The computational cost of these methods are proportional to
the number of elements you would utilize in representation of your data which makes them appealing
for large-scale machine learning applications consuming big data sets Hinton and Salakhutdinov (2006);
Cevher et al. (2014); Fan et al. (2014); Richtarik and Takac (2016). These methods can be classified
under (i) continuous basis pursuit Ekanadham et al. (2011); Knudson et al. (2014), where the continuous
infinite dictionary is approximated through a discrete subset and its variations which reduces the
problem to a basis pursuit problem; and (ii) variational methods Candés and Fernandez-Granda (2013,
2014); Duval and Peyré (2015); Chauffert et al. (2015), where the nonlinear optimization problem
is tackled to estimate the basis parameters. Continuous basis pursuit can be conceptualized as an
approximation to the class of variational methods. Our approach falls into the variational methods

where we considered multidimensional signals and a multivariate basis.



2.3 Choice of kernel

Kernels for the C-limited functions are analogous to sine cardinal function (sinc), which is the kernel for
the band-limited functions. Similar to the sinc, they are oscillatory and decay slowly, which limits their
localization properties in space and time. One way to increase the decay rate is finding kernels that
are analogous to Gaussian function. We extend the kernels for C-limited functions by replacing the
characteristic functions in frequency and slowness domains that define the signal cone with Gaussian
functions. We refer to these kernels as C-Gaussian functions. Oscillations to C-Gaussian functions
can be introduced by taking temporal derivatives. The advantage of C-Gaussian functions compared

to the kernels for C-limited functions are:
1. Their Fourier transforms are supported over the entire frequency-wavenumber domain;
2. They decay fast both in the frequency-wavenumber domain as well as in the time-space domain;
3. They can be tailored to have the majority of their energy lie within the signal cone;
4. Their derivatives also decay fast both in the Fourier domain as well as in the time-space domain;
5. The amount of oscillations they contain can be controlled by the order of temporal derivatives;
6. They can be efficiently approximated as a finite sum of Gaussian functions;
7. Their temporal and spatial derivatives can be computed or approximated analytically;
8. Unlike kernels for C-limited functions, they don’t have removable singularities;

9. Some of the bound constraints, which are required when kernels for the C-limited are used, may

be removed to reduce the steps in optimization algorithms.

A possible disadvantage of the C-Gaussian functions is that they are not strictly C-limited. However,
this is not a problem when fitting data based on a quasi-plane-wave /localised-signal-cone model, as in

this case the C-limits do not represent strict physical bounds.

3 Theoretical background

3.1 Wave equation and signal cone

Considering an acoustic medium, the measured seismic data d (t,s,r), (t,s,r) € RxR3xR3, is modeled

as the wave field u (t,x), x € R3, observed at r € R? due to a source at s € R? fired at time ¢ = 0 that
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satisfies the wave equation:
[83 - (x) Vi] u(t,x) =0(x—s)d(t) 9)
Away from source, the wave-field satisfies the homogeneous wave equation
07— () V2] u(t,x) = 0 (10)

For a homogeneous medium ¢ (x) = ¢, in the Fourier domain (10) leads to the dispersion relationship:

w2

2
< = Ikl (1)
where w and ky are duals of time and space, respectively, referred to as the frequency and wavenumber

Receivers in a marine streamer can measure Ky j, the horizontal component of ky in the direction
parallel to the cable. For propagating waves, where ky ,, the vertical component of ky is real, this

leads to the inequality:
kxn <A\ — (12)

Similarly an areal array of receivers can measure the two horizontal components, ky p, and kx p,, and

the inequality becomes:

2

w
VExh F kg n, < =z (13)

These define triangular and conic regions of the w —k domain that are known as the signal cone, which
we denote by C.

The slowness is defined as px = w™ 'k and is bounded by ¢,k = pmin < [P| < Pmax = €1, Where
Cmin < ¢(X) < Cmax. As a consequence, the Fourier transform of the data is expected to reside within

the signal cone, which we denote by C, is defined by
C= {(wakx - sz) e R x R3|w € [_wmaxawmax] 5 |px| S pmax} . (14)

We refer to the functions whose Fourier transform is supported within the signal cone C as C-limited

functions. Considering the reciprocity of the wave equation with respect to source and receiver loca-

11



tions, the cone can be generalized as

C = {(w, kx = wpx, ky = wpy) € R x R" X R™| |px| < Px,maxs [Py| < Py maxs W € [—Wmax, Wmax] }

(15)

for n,m € {0,1,2,3}. Here x and y can be associated with source and receiver locations, respectively,
n and m may be associated to the dimensions of the source and receiver acquisition surfaces. Without
loss of generality we assume that p; max = Py,max = Pmax-

We denote dimensions by (1 + n 4+ m)D where the first dimension, denoted by 1, is temporal and
further dimensions, denoted by n and m, are spatial. The need for two different spatial dimensions
emerges with the source and receiver dependency of the seismic data . These two spatial dimensions
may possess different symmetry properties. If either of the dimensions n or m are zero, we denote the
dimension by (1 4+ m)D or (1 4 n)D, respectively.

For the rest of our discussion we will introduce the concepts for the general case of (1 +n + m)D.
We present analytic expressions of kernels for C-limited and C-Gaussian functions in 1D and (1 + 1)D
and their analytic approximation for (1 + 2)D. Our examples are shown for a temporal and a single

spatial dimension in 1D, i.e. (1 + 1)D. The computations can easily be extended to (1 4+ n +m)D.

3.2 C-limited functions

A C-limited function can be defined by functions whose Fourier transform are supported within the

cone C:

1 - (wt— o -x+ ko -
fe (t,X,Y)W/CfC (w, kx, ky) o1 Bocxtky D) g, dke dk (16)

where (¢,x,y) € R x R™ x R™, or using the convolution integral

fo(t,x,y) = / f(nx,y)Kc(t—7,x—x",y —y')drdx'dy’ (17)
RxR? xR™
where
1 .
K¢ (t7 X, y) = W /Cel(u)ti[kx.erky.y])dw dky dky (18)

Given samples of f (¢,x,y) for some {t, xx, yk},f:l C RxR™xR™, a C-limited function g¢ (¢, x,y)

12



that agrees with these sample points can be constructed by first discretizing the integral (17)

(t.x,y) Zgch t—t,X =X,y —y1) (19)

for some g; € R and then solving the following linear system for g;:

K

9c (b Xi, yi) = f (b Xi, yi) = > gKo (b =t X — X0, Y6 — Y1) - (20)
1=1

The least square solution of (20) becomes a generalization of Theorem IV in Yen (1956) for C-limited
functions.

In Table 1, we present primitive forms of K¢ (¢,X,y) (Wmax = Pmax = 1) for dimensions 1D, (1 + 1)D
and (1 +2)D. An extended table for (1+n+m)D, n,m € {0,1,2,3} is derived and presented in
Yarman (2015). Deriving a desired K¢ (f,x,y) from these primitive forms is straightforward via

scaling, stretching, slanting or other linear transformations.

3.3 C-Gaussian functions and effectively C-limited functions

If we consider K¢ (t,%,y) as a generalization of sinc (t), rewriting K¢ (¢,x,y) as

1

Wmax .
_ 1+n+m / / / =[Py YD) |y s dpy (21)
|Px| <Pz, max 7 [Py <Py, max

Wmax

Ko (tx,y) = / el@t=loextky ¥l gy dk, dk,

we can define a generalization of the Gaussian:

eyl _leyl®
Kq (t,x,y) / / / 202 o 299, olw(t—[Pxx+Py-y]) |W|"+m dw dpy dpy, (22)

w2 _Ipxl? _7IPY|2

. . . - 5.0 2 202
which we refer to as a C-Gaussian function. Here e 2°% and e *°7= e ““?v controls the frequency

and slowness decays, respectively. Consequently, we relax C-limited function definition and define

effectively C-limited functions through the convolution integral

fo (t,x,y) :/ f(rx,y)Ke(t—7,x—x"y —y')drdx'dy'. (23)
RxR? xR™

Given samples of f (¢,x,y) for some {tx, X, yk}szl C RxR™xR™, an effective C-limited function

gc (t,x,y) that agrees with these sample points can be constructed by first discretizing the integral

13



(23)

K
9o (t,x,y) =Y _gKa(t—t,x —x1,y — yi) (24)
=1

for some ¢; € R and then solving the following linear system for :

K

96 (b Xi, yi) = f (b Xi, yi) = > 9K (b =t X — X0, Y6 — Y1) - (25)
1=1

In Table 3, we present primitive forms K (¢,x,y) of Kg (¢,x,y) for dimensions 1D, (1+ 1)D and
(1+2)D. Extensions to (1 +m + n)D, for n,m € {0,1,2,3} is provided in Appendix F.

3.4 Representing the sampled seismic data

Considering that seismic data is C-limited and is sampled discretely, construction of a C-limited func-
tion that agrees with the data requires solving (20) for g; . In this regard, an explicit representation
of K¢ (t,x,y) will make it easy to develop a solution for computation of g; in the native acquisition
geometry. However, like bandlimitedness, C-limitedness is a global property. Expressing C-limited
functions using (19) does not reflect the temporal and spatial variability of the signal cone.

Furthermore, for poorly sampled seismic data, the signal-cone defined in Section 3.1 above does
not provide a sufficient constraint with which we can unambiguously reconstruct the data. Further
constraints are needed, and these can be provided by making additional assumptions about the nature
of seismic data.

Many reconstruction algorithms assert that the data consists of a small number of locally planar
events. This leads to algorithms that try to fit the observed data with a sparse set of plane-wave basis
functions. We try to relax this assumption, and assert that seismic data can be modeled efficiently with
a sparse set of either kernels of C-limited functions or C-Gaussians. These kernels relax the concept

of a plane-wave.

14



3.4.1 Capturing temporal and spatial variability of signal cone

In order to capture temporal and spatial variability of the signal cone, we consider the representation

of the following form

pw,m ([t - tm] - (ps,m : [S - Xm] + pr,m : [I‘ - Ym])) )
t S, I‘ Zd KC Pks,m [S — Xm] ) ’ (26)

Pkr,m [I‘ - Ym]

which captures the variability of frequency and slowness content with respect to temporal and spatial
translations. The parameter p, mwmax controls the maximum frequency centered around zero and
Ps.m = PmaxPomPhe.m A0 Prm = DmaxPy mPhe,m controls slownesses centered around ps p, and prm,
respectively. For ps ;m, = Pr.m = 0 and pu, m = Pke,m = Pke,m = 1, (26) simplifies to (19). It should be
noted with (26) one can also capture more than one singal cone for at a given temporal and spatial

translation (see Figure 1).

(a) Cross sections of absolute value of the Fourier trans-
form of the filter K (¢,x)

[m [ tm [ @m [ dm | 0wm | 0pm | Pt = [Pey.m: Pagm] |
1 0 0 1 9 4 [0.25, 0]
2 0 0 -1 9 2 [0.25, 0]
3 0 0 -1 D 4 [0.25, 0]
4 0 0 1 5 2 [0.25, 0]
) 0 0 1 1 .25 [0,0.75]
6 0 0 -1 2 .25 [0,0.75]
(b) Parameters used to generate Kp (¢,x).

Figure 1: Absolute value of the Fourier transform of a ﬁlter K r (t,x) obtained by weighted summation
of (1+ 2)D kernel for wy = pmax = 1: Kp (t,x) = >, w02 ;02 ,Kc (0w, [t — Pi - X, 0w,i0piX).

w,i” p,i

Alternatively, one can relax the C-limited constraint in (26) with C-Gaussian constraint and use

15



the following representation

Puw,m ([t - tm] - (ps7m . [S - Xm] + Pr,m - [I’ - Ym])) )
d (t, S, I‘) = Z deG Pks,m [S — Xm] s ’ (27)

Pkr,m [I‘ - ym]

which captures leaky band-pass filtering as well as leaky fan filtering where the leaks are governed by
the decay rate of the Gaussian functions in frequency and slownesses. The parameter p,, ,, controls
the frequency decay rate around zero relative to oy m and pp,.m = Po, b Pkem a0 Py m = Po 50 Pke.m
control slowness decay rates centered around ps,, and py ., respectively, relative to o, = o 'o;. In
this regard, pu.m, Pk,,m and pk, m used in (27) are analogous to the ones used in (26). Consequently,
maximum frequency and slowness, wmax and pmax, are analogous to frequency and slowness decay

rates, o, and o0y, respectively.

3.4.2 Fitting seismic data with modified variable projection

Given the data d(t,s,r), using either (26) or (27), its approximation J(Dyp) (t,s,r) can be captured

by the following model

CZ(D,P) (t,s,r) = A K (7 (t, Pr) % (¢, Pr) )y (8, Pn)) (28)

1=

with

T (t’ Pm) = Pw,m ([t - tm] - (ps,m : [S - Xm] + Pr,m - [I' - YmD) ’ (29)
X (8, Prn) = Pram [8 — Xm] = Puw,mPps,m [s — X (30)
y(r,Py) = Pke,m [r—ym] = Pw,mPpy,m [r —¥ml (31)

The linear and nonlinear parameter sets D and P are defined by

D= {dm}mzl,...,M (32)

and

P = {Pm = (tmsXm, Ym, Ps,m; Pr,m; pw,mapps,mvppr,m) € R4+2NS—HNr}m—l7 M (33)

16



In (26) and (27), it is expected that

e the temporal and spatial translation parameters t,,, X,,, Yy, lie within a region of interest

determined by the acquisition geometry;
o the slowness vectors ps ,, and py ., lie within the corresponding signal cone;

e Given |§ps/r| = Pmax,s/r» Perturbations around the slowness vectors, ps m + pp,,m0Ps and pr,m +
Pp..mOPr, lie within the signal cone. This condition can be removed for effectively C-limited

functions.

In addition to the bound constraints on the nonlinear parameters, one can introduce constraints on
the linear parameters. For the aim of finding a short representation, we employ ¢; constraint on the
linear parameters. As a result, for discretely sampled data we consider the following two minimization

problems.

Problem 1. Find a C-limited approximation of the sampled data by

Nt7Nser R 2
minimize J (D,P) =5 [d (tne: SnasTny) — dip.p) (tnﬁsns,rnr)} (34)

nt,Ng,Nr=1

subject to ||D|; < Ap

0< Pps.ms Ppem < 1 (35)
Ps,m + P s,m(sps S Cs for 5ps = Pmax,s
» |ops| (36)
Pr,m + ppr,m6pr € Cr for |5pr| = Pmax,r
0<p, <1 (37)
tm € *Tmianm X
[ ax] (38)

(XMaYm) € Qg x Qy

for some desired signal cones Cs and Cy, slownesses pmax,s and Pmax,r, recording time [—Tinin, Tmax)

and acquisition domain Qg x €, C RVs x RN

Here n;, ns and n, denote the time, source and receiver sample number, N;, Ns and N, total

number of time, source and receiver samples, respectively.
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Algorithm 1 Modified variable projection

1. Initialize P°

2. For [ > 0,
(a) Compute D! = argming {% ||d - K (Pl) DH;} subject to ||D||; < Ap.

(b) Compute P+t =Pl — thIJ(‘(P,) [0pK (P)]p_p: D' subject to constraints:

i. (35), (36), (37) and (38) for C-limited approximation,
ii. (40), (41), (42) and (38) for effectively C-limited approximation,

until stopping criteria is met.

Problem 2. Find an effectively C-limited approximation of the sampled data by

1 2
minimize J (D, P) = 3 Z [d (tnysSne Tn.) — dp,py (tn,, Snys rnr)} (39)

N, Ns, Ny

subject to ||D[|; < Ap

Ps,m € C’s

(40)

Pr,m S Cr
0 < Ppa,ms Ppe,m < OO (41)
0<p, <00 (42)

tm € [_Tminmiax]

(X Ym) € Qs X Qp

Note that the bound constraints (35), (36) and (37) required for C-limited approximation are
relaxed for the effectively C-limited approximation.

The nonlinear least square problems (34) and (39) can be tackled using fixed point methods. In
this regard, we employ a modification of variable projection method summarized in Algorithm 1. In
computation of iterations of linearized parameters (Step 2a of Algorithm 1), we used SPGL1 van den
Berg and Friedlander (2008), a modification of limited memory-BFGS (see Chapter 9 of Nocedal and

Wright (1999)) which incorporates ¢ constraints Schmidt et al. (2009).
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Figure 2: Single X-line extracted from a synthetic 3D seismic data acquisition generated on SEAM
model. (a,c) Ground truth and (b,d) 6-fold spatially subsampled data in time-space and frequency-
wavenumber domain respectively.

4 Numerical example in (14 1)D

4.1 Data

In order to evaluate the proposed method, we used part of a single shot gather from the SEAM data
set Fehler and Keliher (2011) , where Ny = 275 and N, = 430 are the number of time and space
samples with a sampling interval of 6ms and 6.25m, respectively. Figures 2 (a) and (c) show the
original sampled seismic data and corresponding absolute value of the Fourier transform in frequency-
wavenumber (f-k) domain, respectively. For our numerical test, we spatially subsampled this data by a
factor of six. The subsampled data has a spatial sampling rate of 37.5m. Figures 2 (b) and (d) show the
subsampled data and corresponding absolute value of the Fourier transform in frequency-wavenumber

(f-k) domain, respectively.
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4.2 Kernels

By looking at the temporal Fourier transform of the subsampled data, which is unaliased, one can
infer about the minimum and maximum frequency content of the data. Similarly, looking at the low
frequency content of the subsampled data, one can infer about the minimum and maximum slownesses
contained in the data.. This defines a trapezoidal region which agrees with the support of the Fourier

transform of the original sampled data. This region can be characterized by the kernel

K (t,l‘) = KC’ (t,I) - piKC’ (pwtvax)a (43)

where p, = w1 Wmin i the ratio between the minimum and maximum frequency content of the data.
After substitution of this kernel into (28), Problem 1 leads to a C-limited approximation of the data.
Similarly, Problem 2 leads to effectively C-limited approximation when (43) is effectively approximated

by

K (t,2) = 9?K¢ (t,x) . (44)

for some suitable choice of o,, and o,. See Figure 3 for an example of approximating (43) using (44).
Besides effectively capturing the support of (43), (44) is a multivariate generalization of Ricker wavelet,
whose practical success was supported with the recent theoretical study Gholamy and Kreinovich

(2014).

Remark. In consideration of the basis pursuit methods shearlets and curvelets, (43) provides an ex-
plicit way to compute the ideal response of a tile in the 2D shearlet or discrete curvelet decomposition
Guo and Labate (2007); Kutyniok and Labate (2012); Candes et al. (2006); Ying et al. (2005). In
implementation of shearlet and curvelets, these tiles are usually smoothed to improve the decay prop-
erties which we analytically capture with (44). However, instead of tiling in the temporal direction,
one can use higher order derivatives of K¢ ,{0;'K¢ (t,z)},., which constitutes a basis, for an alter-
native construction for multiresolution decomposition. (1+ 1+ 1)D analogues of K¢ and K¢ are
analogous to 3D shearlets or discrete curvelets. On the other hand, in (1 4 2)D, neither K¢ nor K¢
corresponds to the tiles of 3D shearlets or discrete curvelets due to their circular symmetries in space.
Basis elements in the existing implementations of shearlets and curvelets are either defined interms
of discretization of the (smoothed) Fourier tiles in the Fourier domain or the discrete inverse Fourier
transform of these discretized tiles in the space-time domain. Unlike shearlets and discrete curvelets

basis, Ko and K have analytic representation in the space time domain which enables them to be
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easily utilized in variational methods. Compared to the Gaussian wave packets used in Andersson
et al. (2012), whose Fourier transform is concentrated within a translated, rotated and dilated ellipti-
cal region in frequency-wavenumber domain, Fourier transform of K¢ is concentrated within a slanted
conic region, which corresponds to a elliptical region in frequency-slowness domain. Oscillatory nature
of the aforementioned Gaussian wave packets are controlled by a harmonic planewave. On the other
hand higher order oscillations can be captured by taking temporal derivatives of K. The resulting
functions will be a generalization of Herminate functions. Like Hermite functions, these functions can
be used to form an orthonormal basis with respect to the temporal variables. In this work, we only
considered second order derivative of K¢ due to its relationship to Ricker wavelet and leave exploration

of practical benefits of higher order derivatives to a future study.

4.3 Method
4.3.1 Parameter estimation and interpolation

We subdivided the subsampled data into 12 overlapping windows using a partition of unity where
each window size is 780ms x 812.5m with 180ms temporal and 187m spatial overlap. We refer to
each of these windows as a region of interest. Patching the regions of interest is obtained by solving
a linear problem after non-linear parameters are estimated. We performed the proposed method on
each of these regions of interest to estimate linear and nonlinear parameters. Once the parameters are
obtained, we evaluate (28) on the same grid as of the original data’s to perform interpolation.

Due to non-convex nature of the objective function, after numerous tests we conclude that initial
parameter estimation shall be performed in small windows. Based on this experience, for initialization,

within each region of interest, we estimated the nonlinear parameters P, = {tm, Tm:Dm; Pw.ms pp,m}

N, [Nz /6]

ne,ng=1

on smaller windows of 60ms x 375m centered around each sample location (t,,,%n,) on the
subsampled grid using Algorithm 1. For each small window we initialized with one py,/p and 10 p,,
uniformly distributed within the slowness range of the signal cone. Once the parameters are initilized,
we perform non-linear optimization in each of the regions of interest.

Once the nonlinear parameters P = {P,,} are estimated, we perform interpolation within each of
the 12 windows by first solving the convex constrained optimization problem argming, {% ld — K (P) D||§}
for | D], < Ap followed by evaluation d = K (P) D, which is the interpolation part. Our method is
summarized in Algorithm 2. The computational cost of Algorithm 2 is combination of many local

non-convex optimization problems to estimate the non-linear parameters (Step 2 of Algorithm 2) and

a global convex optimization problem to estimate the linear parameters (Step 3 of Algorithm 2).
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Figure 3: Plots of K (t,z) = K¢ (t,x) — K¢ (t/8,2/8) /64, for wmax = 170 and pyax = .5, and
K (t,z) = 0?K¢ (t,x), for 0, = 40 and 0, = .25, in time-space in (1+1)D (a,c) and absolute value
of their Fourier transforms in frequency-wavenumber (b,d) domain, respectively (see Appendix A for
definitions of K¢ and K¢g). Overlaid contour plots of absolute value of the Fourier transform of K¢
and K¢ in the frequency-wavenumber domain (e) shows that K¢ can be effectively approximated by

K.
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Algorithm 2 Representation of seismic data by (28)

Nt7Nz
ng,Np=1

Given the sampled seismic data d (t,,,s, zn,) for a fixed source and regions of interest :

Initialization

1. Choose a window size smaller than region of interest.

Ni,Nz, N,

N Ny, Np=

N¢,N, .
2. For each (tntaxnz)m,’n;:h estimate {tnwxnz7p0,nt,nz,np»pw,nt,nzvpp,nt,nz}

small window centered at (t,,,x,,) using Algorithm 1.

1 within the

Parameter estimation

N¢,Ng

1. For each (O within the regions of interest initialize
Mg =
N¢,Ny,Nyp . c el - . .
{pO,nt,nz,np7pw,nt,nz7pp,nt,nz }m’nwnpzl. This means we initialize decomposition with Ny N, N,

terms.
2. Compute P, = {tm, T, Pm), Puo,ms pp,m}%:p where M < N;N, N, within each region of interest
using Algorithm 1. Note that (¢,,,2,,) does not need to be in {(tm,xnz)N“Nm }

ng,My=1

3. Patch the regions of interest by solving the linear least squares problem D =
argming, {% Ild — K (P) D||§} subject to || D||; < Ap for regions of interests.

Interpolation

1. Evaluate d\(Dv'p) (t,s,r) at desired locations using

4.3.2 Choosing the basis

For one of the 12 windows, the interpolation results using (43) and (44) are presented in Figure 4. The
interpolation obtained using (43) presents more artifacts when compared to the one obtained using
(44). Especially in the region where the signal is zero. This is due to the slow decaying property of
(43) combined with its oscillatory behavior. In order to capture the zero part of the data, temporal
and spatial translates of (43) come with alternating signs, which indicates presence of cancellations in
the representation as well as inefficiency of (43) to approximate the seismic signal. On the other hand,
because (44) decays temporally and spatially faster than (43), it has better localization properties.
For the translates of (44) falling into zero part of the signal, the corresponding linear coefficients are
either zero or close to zero. Therefore, when compared to (43), (44) captures the zero part of the signal

better and efficiently. This is why we decided to use (44) for interpolating the whole data.

4.4 Numerical results

We compare the proposed interpolation algorithm with sparsity promoting curvelet decomposition

(CD) Herrmann et al. (2008), sparsity promoting plane-wave decomposition (PWD) algorithms Rickett
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Figure 4: Comparison of the interpolation using (43) and (44) and corresponding difference errors.

(2014) and matching pursuit Fourier interpolator (MPFI) Mallat and Zhang (1993). MPFI is performed
on moving windows of the same size as the proposed method, 12 overlapping windows where each
window size is 780ms x 812.5m with 180ms temporal and 187mspatial overlap. PWD was parametrized
using 65 plane wave basis elements, uniformly distributed within the signal cone, for each time sample.

In case of MPFI and PWD we considered two versions of these methods, namely with and without
priors. The priors are chosen to favor slownesses present in the low to mid frequency content of
the data. Figures 5 and 6 show the interpolated results using all algorithms in the time-space and
frequency-wavenumber domain. We present the difference between the original and the interpolations
obtained by proposed method, CD, MPFI and PWD with priors in Figure 7. Based on visual inspection
of results, proposed method performs better when compared to the MPFI and PWD without priors
and comparable to CD, MPFI. While PWD with priors performs better than PWD without priors
and captures kinematics as good as the proposed method, CD and MPFI, it is not able to capture
the amplitudes as accurately as other methods. We associate this with the large spatial extent of
the planewave basis used for creating a smaller dictionary for PWD, hence fewer degree of freedom,
compared to the other methods.

All space-time and wavenumber-frequency plots use the same color scale as in Figure 2a and 2c,

respectively.

5 Conclusions and discussion

In this work, we presented a new method to decompose seismic data into a model based dictionary

where the dictionary elements are motivated by the physics of the wave equation and are analytically
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Figure 5: Interpolation results obtained using proposed method sparsity promoted curvelet decompo-
sition, matching pursuit Fourier interpolator (MPFI) with and without priors, and sparsity promoting
plane-wave decomposition (PWD) with and without priors.
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Figure 6: Absolute value of the Fourier transform of interpolation results obtained using proposed
method, sparsity promoted curvelet decomposition, matching pursuit Fourier interpolator (MPFI)
with and without priors, and sparsity promoting plane-wave decomposition (PWD) with and without
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without priors, (d,f) MPFI and PWD with priors methods in time-space domain.
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defined. Starting with the wave equation and associated signal cone, we formalized the concepts of C-
limited and effectively C-limited functions. Identifying seismic data as a C-limited function, we provide
a variational method to decompose it as a sum of kernels for C-limited functions, K¢, or C-Guassian
function, K. Each term in the sum is made of a linear parameter multiplied by a modification
of K¢ or K¢ via nonlinear parameters. We estimate the linear and nonlinear parameters, hence
learn the dictionary, from the provided sampled seismic data using a fixed point method, namely
a modification of variable projection method. We provide analytic expressions for both K& and
Kq, or their approximations. These approximations enable development of fast evaluation of these
(approximate) kernels and their derivatives which are essential for computation of the Jacobian required
for efficient non-convex optimization.

We demonstrated the potential of the proposed method through numerical examples. Based on
numerical examples, we conclude that, by relaxing the C-limit requirements, K provides a better
basis for representation of the seismic data as well as a less constrained optimization problem when
compared to K¢c. K¢ decays faster than K which is essential for capturing the causal nature, i.e. no
signal before first arrival, of the seismic data during interpolation.

Our numerical examples also demonstrated that we were able to approximate seismic data from
its subsampled version. The results obtained were comparable to the ones that are obtained using
sparsity promoting curvelet decomposition (SPCD) or sparsity promoting plane wave decomposition
(SPPWD) with priors or matching pursuit Fourier interpolators (MPFI) with priors. All SPCD,
SPPWD and MPFT are global search type methods. The first two methods are basis pursuit type
methods and the third one is a greedy method. Although our results demonstrate that a variational
method, like the one proposed here, can produce results as good as the existing methods, further
studies are needed to explore the limitations and potentials of variational methods. This will also
require detailed comparative studies against the existing methods. However, one potential advantage
of a variational type method over the global search methods is they can be extended to libraries with
more number of nonlinear parameters with reasonable computational cost. Introduction of curvature
and other parameters into the basis functions are currently under investigation and will be reported

in the near future.
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Dimensions | Functions used

go (a,b) = % (cosinc (a + b) — cosinc (a — b))
1 ( cosinc (a+ b+ ¢) + cosinc (a+ b — ¢)
g1(a,b,c) =3 ) )
14243 —cosinc (@ — b+ ¢) — cosinc (a — b — ¢)
92 (a,b) = 1 (cosinc’ (a + b) + cosinc’ (a — b))
(a,b,¢) 1 ( cosinc’ (a4 b+ ¢) + cosine’ (a + b — ¢)
93 14,5, ¢ 4\ +cosinc’ (a — b+ ¢) + cosinc’ (a — b — ¢)

sinc (a+b—c¢) +sinc(a—b+c)
—sinc (a — b — ¢) —sinc (a + b+ ¢) )
sinc’ (a + b+ c¢) —sinc’ (a + b — ¢)
+sinc’ (a — b+ ¢) — sinc’ (a — b — ¢) >
sinc® (a4 b+ ¢) +sinc® (a+b —¢)
< +sinc® (a — b+ ¢) + sinc® (a — b —¢) >

=~
fany
—
8
o
&
I
[
W= N —
7N\

1+1+3
b
11343 | f2(@b9

=

f3 (av ba C)

Table 2: Functions used in Table 1.
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(b) K¢ for o, =40 and o, = .25
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Figure 8: Plots of (1+1)D K¢, for wmax = 124 and pmax = .5, and Kg, for o, = 40 and o, = .25, in
time-space (a,c) and absolute value of their Fourier transforms in frequency-wavenumber (b,d) domain,
respectively (see Appendix A for definitions of K¢ and K¢). Overlaid contour plots of absolute value
of the Fourier transform of K¢ and K¢ in the frequency-wavenumber domain (e) shows that K¢ can
be effectively approximated by Kg.
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Figure 9: Plots of (14+2)D K¢, for wmax = 50 and pmax = .5, and Kg, for o, = 25 and o, = .25, in
time-space (a,c) and absolute value of their Fourier transforms in frequency-wavenumber (b,d) domain,
respectively (see Appendix A for definitions of K¢ and K¢).
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Appendix B: C-limited Kernel for (1+1)D

Consider kernel K (t,z), t € R and z € R, for (1 + 1)D whose Fourier transform, K (w, k), is equal to

one within C' = {(w, k) € R X R|w € [~wq,wo], |k|] < |w| Pmax - Then

K (t,z) = (2m) / el @t=kD) gy dk;

c
max wo .
= (2m) 72 / e“t=P2) || dw dp
—Pmax Y —Wo
_ —2 2wo . .
= (2m) — [cosinc (wp [t + Pmaxx]) — cosine (wo [t — Pmax])] (45)
1—cos(z)

where cosinc (z) = fol sin (wz) dw = —=
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Appendix C: C-Gaussian function for (1+1)D

We assume we have Gaussian in frequency and in p = k,w™!

P2 .
Kg (t,z) = (2m)~ / / e 2T 2% glw(t-pr) |w]| dwdp
———
dwdk,

(2m)” / / iz 7 e =P2) || dwdp
oo _ 2
= (2m)" / e 2T e_““t {/ elWPTe 295 dp} |w| dw
o0 W2 . o0 7&
= (277)72/ e 2ie @t {2/ e 2% cos (wxp) dp} |w]| dw
—oo 0

which using the identity

w2 T o2 t2
/ e 204 cos (wt) dw = §Uwe_ s
0

becomes

— 00

:(277)_22/ o 20F ot \/70pe }|w|dw
— (277)—22\/7 / —%(ow +$ o ) —iwt |w\dw

Using the definition of Dawson’s integral F' (x) Abramowitz and Stegun (1965),

0 w2 t
e 292 sin (wt) dw = V20, F <%) ,
/0 () V2

o0 w2 i o0 _i
Kq(t,z) = (277)72/ e 2ie Wt {2/ e 2% cos (wxp) dp} |w| dw

we can write
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Then K¢, (t,2) = 0] K¢ (t,x) becomes

_ t
Ko (t,2) = — (2m) 24, | —— - 0f 1 F | =2
3—n

n+1
EERL A F("“)( e > (51)

92
= —(2m) 22 ° o —
(14 2202) 2 14 220})

where o, = 0,0,,. This expression can be efficiently approximated through approximation of Dawson

function as a sum of product of Hankel functions and exponentials, which we discuss next.

Approximating Dawson’s integral

Considering the Taylor series of the Dawson’s integral F' (z) at zero, we can construct an approximation

of the following form using a generalization of Padé approximation Yarman and Flagg (2015):

- (_1)”2n 2n+1
F(z):;)mz +

3

M
oz Z Qe Y (52)

(=n"2" Y
(2n+ )N Z Gm (53)
m=1
A solution to the moment problem is given in Table 4.
Using the identity
dy [tf (0] = nf"=0 (&) + £ (1) (54)

we approximate derivatives of the Dawson integral by

e

M
=3 [T 2y (h22) 4 ()" 22 H (hf22) | e (5)
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Table 4: Table of (v, Ym) used in approximation F(z) =~

O |

Ym |

0.115572712123670

-0.996654032557164

0.114181249809118

-0.970127281589401

0.111398554247821

-0.918350873603871

0.107222887331758

-0.843840584108076

0.101646558555868

-0.750277809703885

0.094652872760151

-0.642406973572952

0.086223071634045

-0.525900374357792

0.076359092260680

-0.407164113626245

0.065112215902274

-0.293046590019713

—
S| 0|0~ o wt| x| o no| =] 3

0.010785057749242

-0.008387187289610

—
—_

0.025075427693923

-0.043780721833197

—
[\]

0.039149878504339

-0.105616569378803

—
w

0.052620421427110

-0.190420598936569

F(2)

\JL

approx| |
org

-20 0

z
Ioglo(abs(error))

20 40 60 80 100

-20
-100

Top: Dawson integral (blue) and its approximation (red). Bottom: Logarithm of the absolute error.

-80

-60 -40 -20
z
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Here H,, (t) is the Hermite polynomial which is defined by

and satisfies the three term recurrence relation

Hyq (2) =22H, () — 2nHp—q (2) (57)

with Hy (z) = 1 and H; () = 2.

The least square error is computed to be

x

/OO d"F (z) — d"F (m)’Qd:E

—00

1 MM 4" vt (Y Yn) ™ 3 Moz’ynl/2
zwzn—5/2r<n+>+ mon L m F(n+)—ﬁ4n — T (n+1)
2 mZ::InZ::l (Yo + )"+ 2 mz::l (1 +7m)" "
(58)
We can prove (58) using the identities
> 1 1
/ %= dp = Lo—(at D2y (a + > (59)
o 2 2
[ee]
/ sin® (kx) sin'® (lz) doz = 76 (k — 1) (60)
Then, the least square error is given by
o0 . 2
/ dF (2) — d°F (2)| dz = Jy + Jo — 25 (61)
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where

2,2 S
/ / kloe " { / sin® (k) sin® (Iz) dz| dk dl
=T ke ak
4/0

_7T]. 1 7(a+1/2)1—‘ +1
“12\2 “Ty

7297%/%0 (a4 1/2) (62)
0o M oo a/2
(6% ka+1’}/m k2
Jy = / [Z = e 7 sin® (ky/Amz) dk]
-0 =1 V T™m Jo 2
M 0o a/2
n la+1 2
X [Z @ 2% e~ T sin®@ (I/Anz) dl] dx
— TYn Jo
n=1
M M fo%e) (w_1+w_1)k2
T A O m T
_r _ @mGn g2athe———a "k
DI Serm T A
M M a
4% om0y, ('Vm'yn)
=3 s T (a+3/2) (63)
m=1n=1 (’Ym + fyn)
M
o 00 2 a oo la+1 Ngli2
Jg = / {/ k%™ T sin'® (kx) dk} [Z s / e~ sin® (Iz) dl] dx
—0oo 2 m=1 f73/2 2
1 ’Yvn o
- /2 / / gajatle— [ / sin® (kz) sin® (iz) dx] dk dl
M
\F 2041, ()
-1 Z V3/2 / k dk
=1 Ym
M 9q_ a—1/2
22 10( Y
:\/EZ Wr(a+l) (64)
m=1 m

which leads to (58).

Given (aum,m) as in Table 4, for n equal to 0, 1, 2, 3, 4 and 5, the least square errors normalized
with respect to [*°_[d2F (x)|* dz = 72"5/2T (n + 1) are 0.0258, 7.3923x 1075, 1.1645x 105, 3.2947x
1078, 1.4733 x 107?, and 1.0006 x 10~ '°, respectively. Thus, Dawson function and its derivatives can

be accurately and efficiently approximated.
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Appendix D: C-limited Kernel for

Consider kernel K (t,x), t € R and x € R, for (1+ 2)D whose Fourier transform, K (w

to one within C' = {(w,k)

K (t,x) = (277)73/ @t kX gy dk, C = {(w,k) € R x R?*|w € [~wo,wo], k| < wpmax }
c

(1+2)D

€ R x R?|w € [~wo,wo) , [k| < wpmax }:

g [2T [P e 0),,2
= (2m)" / / / elw(t=preos pdwdpdl, |x|=r
0 0 —wo

:(2w)34]€1[

_ (271,)73 4&)8 Pmax

where J,, () is the n'"

J1 (z) can be approximated by Ji(z) & 2%21 Qi cosine(y,x) where a solution for (vm,Ym),,—.

given in Table 5.

Table 5: Table of (v, Ym) used in approximation Ji(x) = 2%21 amcosine(ym).

Consequently, we have

o — 4 max
K (t,x) ~ K (t,x) = (2r) 3 220 Pmax

4, m t 1.. .
oor Z > (““’) L [sine (wo PYmpmasr” — ) + sine (wo hmpmxr+t1>])

Because

r

1
/ Jo (wrwopmaxp) p dp

} cos(wwot) w?ws P2, dw

1
/ J1 (WrwoPmax ) cos(wwot) w dw
0

order Bessel function of the first kind. Following Yarman and Flagg (2015),

Qm

Tm

-0.014657236787574

0.149849719646360

-0.030791593085749

0.295701374119717

-0.050322558926396

0.433883111513795

-0.076237543720937

0.561214541977292

-0.113915898598797

0.675085828291059

-0.174500782788577

0.773516867651912

9.820344725976016

1.001343018955562

-6.654085836116296

0.992693770137054

-1.256418697907451

0.965062653066941

-0.526619239685431

0.919148643455865

— =
D S| | oo~ oo k| wl | =3

-0.284975362406715

0.855149098929969

2 /1 l M
" 0 m=1

wot 2
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(0779

YmTWoPmaxW

,k), is equal

cos(wotw) w dw



K, (t,x) = %2 {sinc (wot) — % [sinc (wg [pr — t]) + sinc (wp [pr + t])}} (67)

is C-limited within C), = {(w,k) € R x R*w € [~wq,wo], k| < wp}:
X . 1 _
/Kp (t,x) e @EX)dt dx = 7 |wp| x(_1.1] (wwp ') {/ MJO (k| ) dr}
0

|wpl 7

(wp)” — |KI”

; 0<|k| < |wp|, (68)
K|

= 7 |wp| x[—1,1) (wwy ') arcsinh

K (t,x) is C-limited within C = {(w,k) € R x R|w € [~wp,wo], k| < wpmax maxp, {¥m}}. fmaxy, {vm} ~
1, then the cone-limit C' of K (t,x) is approximated by the cone-limit C' of K (,x). The least square

error is given by

/‘K(t,x) - f((t,x)fdtdx

_6 o 2mwd p2 R Mo sin?(y,r/2) sin?(ypr/2) dr
— (2 642 0FPmax [ = _ / m m ar e
(2m) 3 2 mz::lam% +2 D om { Bt Yml/2 )2 1 | O™

(69)

The integral inside square brackets can be explicitly computed using integration by parts and the
identities 3.827-3.828 on pages 462-463 of Gradshteyn and Ryzhik (2007). Similar analysis can be

extended to (1 +n +m)D for n or m are even Yarman (2015).
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Appendix E: C-Gaussian function for (14 2)D

We define the smooth (1 + 2) D kernel by

Kgn (tx,y) =0 Ke (t,2,y) (70)
where
oo oo 0o L2 7173‘*'1’% .
Kg(t,z,y) = (27T>_3/ / / e 22e % eﬂ‘”(t*[pzx+pyy])w2dwdpmdpy
3/2 2 S D Sa—
_ (2#)_3 8 (f) / 9w0p 92 {e 2(1+03 [+2+22]) (71)
2 1+ 07 22 +y?]

Consequently we compute K¢ ,, (t,z,y) by

KG,TL (t,ﬂj,y) = atnKG (t,SC,’y)

_ (271_)73 (_1)n+1 7T3/224+ n;B O_; Ow

1+ o7 [22 + y?]

n+3 . _ (ewt)?
Hoo T e (i)
\/2(1+Uk[m +v?])

(72)

where H,, (t) is the Hermite polynomial defined by (56).

49



Appendix F: C-Gaussian function for (14 m +n)D

KG (t, .Z')

1 w2 ‘Px\z _ ‘py2|2

— — 5 2 - —iw(t—Py- .

= (2m) (1+m+n) / e 20Z¢ 208, ¢ 27by o W(—PxX+Pyy) |w|m+” dwdp,dpy
R1+m+n

1 w? _ Ipx!? ,‘py2|2

- - 5 . > i . i v+n

= (Qﬂ-) (14+m+n) /Re 20 / e 203, olWPx * Py / e 27hy elwPy ydpy o iwt |w|m+n dw
m n

m 2 2 n 2o 2
—(14+m+n) - s w?|opg x| ™ | pyy| iwt m+n
= (2m) /e 2 (2 20'pm) e” 2 (2 20'py> e” 2 e Y w| dw
R

= (27T)_(1+m+n) (\/%)m+n U“zagy / e_%(1+|akaI2+|pry|2)e_im |w|m+n duw
R

£

| N

p
—(1+m+n) \/7 m+n m __n
= (27) ( 27r) OpeOp,

w?2

mod (m+4n,4)/2 00 Tog 1+‘kax|2+ Upyy2
(—1) ™ ( )/ atm-i-n{QfO e 23( | |)

cos (wt) dw} , mod (m+n,2) =0

X
_w? ok x|?+|o 2
(—1)( mod (m+n,4)+1)/2 ot {2 foooe 20, (H‘ kaxl*+on, | )sin (wt) dw}7 mod (m+mn,2)=1

m—+n
T e —
\/1—}— lok, x|” + ’Ukyy’

(gwt)?

(_1) mod (m+n,4)/2magn+n e_2<1+|”kzx|2+‘”’vyy|2>

mod (m+mn,2)=0

gt

F w -
\/2(1+|crkmx\2+|akyy| )

, mod (m+mn,2)=1

(73)
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KG (tv X, y)

m+n+1
m—+n o
—(1+m+n m _n
= (2m) ( ) (\/ 277) Ope Oy, “’2 =
1+ o x + o,y
\/%/ﬁn (—1) mod (m+n,4)/2 6zn+n [exp (—tQ)] |t: vt , mod (m+mn,2)=0
X \/2(1+|"kz"‘2+“’kyy|2)
2£n (_1)( mod (m+n,4)+1)/2 atm+n [F] ot , mod (m_|_ TL,Q) -1
v (oo, v )
m+n+1
—(1+m+n m+n _m n Ow
= (2m) ( ) VT OpaOp, > =
\/1+|0kle +|JkyY|
_ (ewt)?
mod (m+n,4)/2 oot 2(1+|0k, x|2+|ak y|2)
V2 (—1) N Hopaen o — | e @ v mod (m+mn,2)=0
o \/2(1+\akmx|2+|o’kyy| )
2\/5(71)( mod (m+n,4)+1)/2 atm+n [F] owt 7 mod (m +n, 2) -1

Voo x+ o)
(7)

where H,, (t) is the Hermite polynomial defined by (56).
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Appendix G: Variable projection method

In Golub and Pereyra (1973, 2003), by reformulating minimization of J (D, P) (see (8)) in two steps,
1
min Jyp (P) =min 3 [ld — K (P) D (P)[; (75)
where

1
D(P)=min g |d ~ K (P) Dl

— K (P)”d, (76)

it was shown that minimization of J (D, P) with respect to (D, P) is equivalent to minimization of the

variable projection functional Jy p (P) with respect to P:

(%171721) J(D,P) = ngn Jvp (P) (77)
where
oo oo il - o] ws>

with K (P)~ is the (pseudo) inverse of K (P), PI%(P) = {I -K(P)K (’P)f} is the projection operator
onto kernel of K (P). The corresponding Gauss-Newton algorithm becomes (see (5.2) in Golub and
Pereyra (1973))

41 _ pl L
P =P -t [8PPK(P)]P:PL d

— Py [P;(Pl) [0pK (P)p_pi K (P') + (P;(Pl) [0pK (P)lp_pi K (Pl))T} d  (79)

where 0 < t; < 1 is the step length chosen to prevent divergence. For computational efficiency, (79) is

approximated by Kaufman (1975); Gay and Kaufman (1991)

P& Pl =t [P ip, [0p K (Plp_pi K (P') ] d

=Pl _ thIJ(_(Pl) [37?K (P)]’P=Pl D (Pl) (80)
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Algorithm 3 Variable Projection

1. Initialize P° and tg
2. For [ > 0,
(a) compute D'*! = minp 1 ||d — K (P') DH;
(b) Compute P =P — i Py [0p K (P)| p_p: D+

(P!

until converged.

The main difference between this approximation of variable projection and alternating least squares is
projection onto the kernel of the K (P) using P;(P’) Mullen et al. (2007). We summarize the variable

projection method in Algorithm 3 .

53





