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ABSTRACT

Randomized source encoding has recently been proposed as a way to dramatically re-
duce the costs of full waveform inversion. The main idea is to replace all sequential
sources by a small number of simultaneous sources. This introduces random crosstalk
in the model updates and special stochastic optimization strategies are required to deal
with this. Two problems arise with this approach: i) source encoding can only be ap-
plied to fixed-spread acquisition setups, and ii) stochastic optimization methods tend
to converge very slowly, relying on averaging to get rid of the cross-talk. Although the
slow convergence is partly offset by the low iteration cost, we show that conventional
optimization strategies are bound to outperform stochastic methods in the long run.
In this paper we argue that we don’t need randomized source encoding to reap the
benefits of stochastic optimization and we review an optimization strategy that com-
bines the benefits of both conventional and stochastic optimization. The method uses
a gradually increasing batch of sources. Thus, iterations are very cheap initially and
this allows the method to make fast progress in the beginning. As the batch size grows,
the method behaves like conventional optimization, allowing for fast convergence. Nu-
merical examples suggest that the stochastic and hybrid method perform equally well
with and without source encoding and that the hybrid method outperforms both con-
ventional and stochastic optimization. The method does not rely on source encoding
techniques and can thus be applied to non fixed-spread data.

INTRODUCTION

Recently, several authors have investigated the use of simultaneous sources in waveform
inversion. The main drive for this development is twofold; i) the exponential growth of the
number of sources (and receivers) in 3D acquisition, and ii) the lack of a 3D modelling ker-
nel that can efficiently deal with multiple right-hand-sides. Following earlier developments
in acquisition, modelling and migration, Krebs et al. (2009) proposed to use randomly
synthesized sources in FWI. The main idea is to replace all the sequential sources by a
small number of synthesized simultaneous sources, and thus signicicantly reduce the com-
putational cost per iteration. This introduces noisy cross-talk in the gradient updates and
special stochastic optimization techniques can be used to deal with this. The assumption
underlying these methods is that the cross-talk noise has zero mean. The cross-talk is then
supressed during the iterations by choosing a different encoding at each iteration and aver-
aging over past iterations. While such methods usually show fast initial progress, the need
to average out the crosstalk makes then slow to convergence later on. These methods have
also been reported to be more sensitive to noise in the data. The use of such stochastic
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techniques in the context of waveform inversion are reviewed by Moghaddam and Herrmann
(2010); van Leeuwen et al. (2011a), while Haber et al. (2010); van den Doel and Asher (2011)
discuss such methods for more general inverse problems. Alternative, deterministic, ways
to synthesize simultaneous sources are discussed by Symes (2010); Habashy et al. (2010).
The main problem of all these approaches is that they require fixed-spread acquisition.
Also, source-dependent data-weighting and on-the-fly source-estimation are not possible.
To remedy some of these shortcommings Choi and Alkhalifah (2011) and Routh et al.
(2011) proposed a modified misfit criterion that is less sensitive to artifacts introduced by
missing data. This criterion is essentially stackpower in the data-domain. A disadvantage
of this approach is the insensitivity to amplitude information.
In this paper, we argue that we need not use simultaneous sources to reap the benefits of
stochastic optimization. We can in principle use a different, randomly chosen, sequential
source at each iteration. While this gets rid of the source-crosstalk, it might introduce other
artifacts and we do not sample all the data efficiently. Moreover, the stochastic optimiza-
tion methods still exhibit slow convergence. We review a hybrid stochastic-deterministic
optimization method (Friedlander and Schmidt, 2011) that promises the same fast initial
convergence as stochastic methods without the slow convergence later on. The main idea
of this method is to use a slowly increasing batch of (sequential) sources. The method is
very flexible and can be incorporated easily in any existing optimization code.
The paper is organized as follows. First, we review different ways of approximating the mis-
fit using only a small number of sources. We then discuss optimization strategies that are
suitable for these approximate misfits. Finally, we give some stylized numerical examples
to illustrate the main ideas.

APPROXIMATING THE MISFIT

The full misfit is given by

Φ[m] =
1
N

N�

i=1

φi[m], φi[m] = ||F [m]qi − di||
2
2, (1)

where m denotes the model, F [m] the modelling operator, qi the i-th source and di the
corresponding shot record. This notation applies to both frequency and time domain. We’ll
assume that the cost of evaluating the misfit is proportional to N and aim at reducing the
cost by reducing the effective N . In particular, we consider two different methods: i) use
only a subset (batch) of the terms in the sum, ii) replace the sum over all the residual terms
by a sum over a smaller number of randomized residuals. The quality of the approximation
will be measured in terms of the error in the gradient.

Batching

This approximation to the full misfit relies on selecting a batch of sources:

Φ[m] ≈ ΦB[m] =
1
K

�

i∈B

φi[m], (2)

where B is the indexset and K = |B| denotes it’s size. The error depends on the strategy
used to choose the batch. The worst-case scenario is investigated by writing the error
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eB = ∇Φ−∇ΦB explicitly as

eB =
�

N −K

NK

� �

i∈B

∇φi +
1
N

�

i�∈B

∇φi. (3)

This gives us the worst-case error bound:

||eB||
2
2 ≤ 4

�
N −K

N

�2

max
i

||∇φi||
2
2. (4)

The expected error is investigated by choosing the batch randomly without replacement.
Friedlander and Schmidt (2011) show that

E{||eB||
2
2} =

�
N −K

N(N − 1)

�
N

K
max

i
||∇φi −∇Φ||22 (5)

The asymptotic behaviour of these error bounds is illustrated in figure 1 (a).

Source encoding

A simultaneous source is a weighted stack of the sources:

�q =
N�

i=1

wiqi, (6)

and the corresponding data is denoted by �d. Such encodings with random weights have
been considered for modeling (Ikelle, 2007; Herrmann et al., 2009; Neelamani et al., 2010),
acquisition (Beasley et al., 1998; Berkhout, 2008), migration (Romero et al., 2000; Dai et al.,
2010) and waveform inversion (Krebs et al., 2009; Moghaddam and Herrmann, 2010; Haber
et al., 2010; van Leeuwen et al., 2011a). The encoded misfit is then given by

�φ[m] = ||F [m]�q− �d||22 (7)

If we choose the random weight vector w = (w1, . . . , wK)T such that E{wwT } = N−1, we
find:

Φ[m] = E
�

�φ[m]
�

, (8)

Upon replacing the expectation by a sample average we find

Φ ≈ ΦW =
1
K

K�

i=1

�φi, (9)

where the index i now runs over different realizations of the random vector w.
As explained by Haber et al. (2010), this approximation is an instance of randomized trace
estimation. The approximation error is given by:

||eW ||
2
2 = O(1/K). (10)
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The constants depend on the properties of the matrix and the random variables. A more
detailed study is presented by Avron and Toledo (2010). The theoretical asymptotic be-
haviour of the error is illustrated in figure 1 (a). This suggests that the batching strategy
provides a more efficient way to approximate the misfit with as few sources as possible. It
is important to realize, however, that the constants will make a difference in the approx-
imation error in practice. We will present some numerical examples later on to support
our assertion that the batching strategy provides a more efficient way to approximate the
misfit.
Interestingly enough, we may link this approach to the batching approach by taking wi to
be a random unit vector. This would correspond to using a single, randomly chosen source.
The difference is that here we draw the sources with replacement, whereas in the batching
case we draw without replacement.
Using random unit vectors would also alow us to apply these ideas to marine data. How-
ever, the random unit vectors are less efficient in the framework of trace estimation since
they only sample single source, whereas other encoding strategies sample the full data (al-
beit at the cost of introducing the cross-talk). We illustrate this behaviour by showing
K−1 �K

i=1 wiwi
T for various batch sizes in figure 2. We want the covariance matrix to be

as close to the identity matrix as possible.

OPTIMIZATION STRATEGIES

In the following exposition we assume the misfit to be of the form

Φ[m] =
1
K

K�

i=1

φi[m], (11)

where φi can be either the misfit for a sequential or a simultaneous source.
The basic scheme for any iterative optimization method is

mk+1 = mk + γksk, (12)

where γk is an appropriately chosen steplength and sk is the search direction. An important
property of an optimization method is its convergence rate. This gives a theoretical rate
of decay of the misfit in terms of the iteration count. Such rates are derived under certain
assumptions on the misfit. While typical assumptions (such as convexity and positive
definiteness of the Hessian) are not valid in general for our problem, we may at least assume
they are valid when we start ‘close’ to a (local) minimum.
A regular steepest descent method (i.e., sk = −∇Φ[mk]), for example, will have a linear
convergence rate:

||Φ[mk]− Φ[m∗]||22 = O(ck), 0 ≤ c < 1. (13)

The question now is how the approximations discussed above will affect the convergence.
Friedlander and Schmidt (2011) show that if sk = −∇Φ[mk] + ek:

||Φ[mk]− Φ[m∗]||22 = O(max{ck, ||ek||
2
}), 0 ≤ c < 1. (14)

This tells us that our convergence will only be as fast as we can bring down the error
of our approximation. From the above discussion we may already argue that the batching
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strategy is more favourable since we have explicit control over the error, whereas the random
encoding strategy gives us a ‘fixed’ decay of O(1/K). We investigate different strategies in
more detail below.
Again, the constants play an important role in practice. These constants rely heavily on the
details of the problem and the method. Like the steepest descent method, both non-linear
CG and L-BFGS also have a linear convergence rate, but are expected to perform much
better in practice. We will present some numerical results in a later section to illustrate the
advertised behaviour of the different optimization strategies.

Stochastic optimization

Here, the search direction is based on the negative gradient of a single (randomly chosen)
term of the misfit:

sk = −∇φi[mk], (15)

Such methods are known as stochastic gradient descent or incremental gradient methods and
are popular in the machine learning community (cf. Robbins and Monro, 1951; Bertsekas
and Tsitsiklis, 1996; Bertsekas, 1997). There is no theory to support the use of second
order information in such schemes, at least not in the sense of using the curvature related
to ∇φi. Convergence can be proven under some assumptions on the steplengths and if we
have an unbiased estimate of the gradient, i.e., E {∇φi} = ∇Φ. The convergence rate for
such methods is sub-linear:

||Φ[mk]− Φ[m∗]||22 = O(1/k). (16)

This may be intuitively understood as follows. The error in the gradient is controlled by
the number of iterations since we are implicitly summing many different randomly sampled
gradients. As discussed above, the error decays as O(1/K), which explains the convergence
rate. These type of methods can be made more stable by accumulating information on
past iterations (Polyak and Juditsky, 1992). Results with such approaches are presented
by (Krebs et al., 2009; Haber et al., 2010; van Leeuwen et al., 2011a).

Hybrid optimization

In this case we choose a batch of the terms in the misfit for our update (cf. Bertsekas and
Tsitsiklis, 1996; Bertsekas, 1997; Friedlander and Schmidt, 2011):

sk = −



 1
|Bk|

�

i∈Bk

∇φi[mk]



 . (17)

We construct the batch for the next iteration by adding elements to the current batch.
Thus we can directly use the results discussed above to control the error in the gradient.
In particular, if we choose batching strategy such that

E{||ek||
2
2} = O(ck), (18)

Friedlander and Schmidt (2011) show that the hybrid method has a linear convergence rate.
In figure 1 (b) we plot the theoretical convergence rates for the conventional, stochastic and
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hybrid approach as a function of the cumulative cost. The hybrid method seems to combine
the best of both conventional and stochastic methods as it exhibits fast convergence initially
and does not drop down to the sublinear rate of the stochastic method in the end. Some
experiments with this method are also reported by van Leeuwen et al. (2011b).

Example

To illustrate the advertised behaviour of the above outlined optimization strategies we con-
sider a stylized example based on the Marmousi model. The true and initial model are
depicted in figure 3. The data are generated for 151 equispaced sources, 301 equispaced
receivers and 6 frequencies between 5 and 25 Hz (irregularly sampled).
The error between the actual and sampled gradient for the initial model for different strate-
gies is depicted in figure 4 (a). The error exhibits the predicted behaviour (cf. figure 1 (a)).
The stochastic method is implemented as a steepest-descent method with constant steplength.
The steplength is chosen manually by trial and error and we use either unit vectors or
Gaussian weights for the encoding. Our implementation of the Hybrid method is based on
L-BFGS with an Armijo line-search. The search direction at iteration k is of the form:

sk = −Yk



 1
|Bk|

�

i∈Bk

∇φi[mk]



 , (19)

where the ‘L-BFGS inverse Hessian’, Yk, is estimated from past gradients and model-
updates. Eventhough the misfit is changing from one iteration to the next, Yk is estimated
from only a limited number (four, in this case) of past iterations so we may argue that it
still provides a reasonable estimate of the inverse of the Hessian. As a reference, we also
apply L-BFGS to the full misfit.
The convergence in terms of the model is depicted in figure 4 (b). The convergence in terms
of the misfit is depicted in figure 4 (c). We calculated these full misfits just for the purpose
of making these plots since the full misfit is not calculated at every iteration in either the
stochastic or hybrid approach. These plots show that both the batching approach and the
stochastic-gradient descent out-perform the full approach. Surprisingly, the SGD approach
does nearly as well as the batching approach, in this case. We have to remember, however,
that we picked the optimal steplength by trial and error. The batching approach allows for
a linesearch, and is hence preferable in practice. Also, these results show that the encoding
strategy makes little difference. Representative model reconstructions, each with roughly
the same reconstruction error, for each method are depicted in figure 5. The L-BFGS ap-
proach needed 100 iterations, while the both the SGD and batching approach needed only
50 iterations to reach this error level.

CONCLUSIONS

• We can use random unit vectors for source encoding and apply ideas from stochastic
optimization to marine data. The numerical example indicates that unit-vector en-
coding can be as efficient as simultaneous source encoding for FWI. The underlying
assumption is that all terms in the misfit contribute equally.
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• The batching strategy is a more efficient way to approximate the misfit with a small
number of terms because it does not rely on Monte Carlo sampling to reduce the error.
Moreover, the batching strategy allows for preconditioning and line-search strategies,
whereas the SGD approach does not.

• The incremental gradient and Hybrid approaches can be applied in many more settings
such as ray-based traveltime fitting and online processing of data.
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Figure 1: (a) Asymptotic behaviour of the error between the approximate and true gradient:
worst-case batching (blue), average batching (green), source encoding (red). (b) Asymptotic
convergence rate for different optimization strategies: conventional (green), stochastic (blue)
and hybrid (red).
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Figure 2: Covariance matrix: K−1 �K
i=1 wiwi

T for random Gaussian vectors (top) and
random unit vectors (bottom) for K = {1, 10, 100} (left to right)
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Figure 3: Background model (a) and reflectivity (b) used for example.
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Figure 4: (a) Gradient error for batching strategy with natural order (blue) and random
order (green) and source encoding (red). The latter two are averages over 5 different realiza-
tions. This behaviour confirms the predicted behaviour of the error depicted in figure 1 (a).
(b) model error and (c) misfit for L-BFGS (green), Hybrid (red) with unit-vector (solid) and
Gaussian (dash) encoding, and SGD (blue) with unit-vector (solid) and Gaussian (dash)
encoding.
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Figure 5: reconstructions for (a) L-BFGS (approx. 100 evaluations), (b) Hybrid (approx.
50 evaluations) and (c) SGD (approx. 50 evaluations)
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