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Motivation

Forward map F'(m):

A(m)u =, d = Pu — wavefields

L\

source  projection operator
A + w’m

O\

frequency  squared-slowness
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Inverse problem
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Statistical inverse problem




Motivation

Statistical inverse problem 200
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[A. Tarantola and B. Valette, 1982]
[J. Kaipio and E. Somersalo, 2004]

Bayesian inference

Prior probability density function (PDF):

m — Pprior (M)

Likelihood PDF: given data d

m — pige(djm)

Posterior PDF (Bayes’ rule):

Prost (M|d) X plike(d|m) pprior (M)
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Bayes w/ strong PDE constraints
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[A. Tarantola and B. Valette, 1982]

Bayes w/ strong PDE constraints

Posterior PDF w/ strong PDE constraints:

Challenges:
¢ high-dimensional model space and data space
® non-linear and expensive model-to-data map
® no closed form solution
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Bayes w/ strong PDE constraints
McMC type methods:

® Metropolis-Hasting method

- draw samples with a proposal PDF
e Langevin method

- construct the proposal PDF with a preconditioning matrix
e Newton type McMC method

- construct the proposal PDF with local Hessian matrix

mo

J. Kaipio and E. Somersalo, 2004]
A. M. Stuart et al., 2004]

J. Martin et al., 2012]
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Accurate proposal PDF

Low computational cost




J. Kaipio and E. Somersalo, 2004]
Bayes w/ strong PDE constraints e
MC MC 'I'ype me'l'hod S R. G. Pratt, 1999]

® Metropolis-Hasting method
- draw samples with a proposal PDF
e Langevin method
- construct the proposal PDF with a preconditioning matrix
e Newton type McMC method
- construct the proposal PDF with local Hessian matrix
- Hessian matrix and GN Hessian are dense and require additional PDE solves
e.g. Gauss-Newton Hessian of — log pjike (d\m) :

Hcn(m) = wdiag(conj(u))A(m)” 'P'E_ . PA(m) 'diag(u)

noise

additional PDE solves
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‘M. Fisher et al, 2004]

T. van Leeuwen and F. J. Herrmann, 2013]

PDE consirained optimization problems i nicewenanar.. semmann, 005

Original problem:
1
min §||Pu —d|
s.t. A(m)u=q

Adjoint-state method - strong consitraint:
1
min - [PA~*(m)q — d||’
m 2

Penalty method - weak constraint:

1 A° 2
Elg?\Pu—dH | 5 |A(m)u —q]
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Extend the search space

Larger # of degrees of freedom

[T. van Leeuwen and F. J. Herrmann, 2013]

[T. van Leeuwen and F. J. Herrmann, 2015]

“more convex”

less local minima




15

Extend the search space

Introduce auxiliary variable:

Ppost (1, m|d) x p(d|u, m)p(u, m)
p(u, m) = p(ujm)pprior (M)

Strong PDE constraints:

1
p(dfum) o exp (-~ [Pu -~ d,

p(ulm) = 5(A (m)u - q)

)
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Extend the search space

Weaken PDE constraints:

p(ulm) = 6(A (m)u — q)
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Bayes w/ weak PDE consiraints

Joint posterior PDF:
Ppost (1, m|d)
)\2

> | A(m)u —qf

IlOlSG

X exp (——HPu d|3.-

This is a bi-Gaussian PDF!!
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Bayes w/ weak PDE consiraints

Joint posterior PDF:

Ppost(uv m|d)

1 \?
xcexp (5B d. - % IR
linear operatorg/

e For fixed m




____________Conditional PDF
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For fixed m:

with

u

H,

[T. van Leeuwen and F. J. Herrmann, 2013]

u~N(uH;"

= H
—p'

P'XE

—1
noise

d+A*A " (m)q)

> L P+ M\A'(m)A(m)

noise
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Bayes w/ weak PDE constraints

Joint posterior PDF:

Ppost(uv m|d)

1 \? 1
xexp (—gIPu—df, % RG] al - fm -
)

w>diag(m)u + Au

® For fixed m l linearin m

e For fixed
e w?diag(u)m + Au




____________Conditional PDF

[T. van Leeuwen and F. J. Herrmann, 2013]

For fixed u:
m ~ N (o, H,')
with

m=H_! ()\Qdeiag (Conj(u)) (g — Au) + E;rliormprior)

Im

H,, = A\ w*diag(conj(u))diag(u) + X

prior

Diagonal matrix
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Gibbs sampling

u
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Gibbs sampling
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Bayes w/ weak PDE consiraints

Gibbs sampling:
1. start with mg
2. fOr k= 1 . nsmp

3.

N o ;A

.end

compute u(myg) and H, (mj,)
draw uy from_/\/'(ﬁ(mk), H;l(mk))

compute m(uy) and H,, (uy)
draw 1My 1 from N(m(uk), H;ll(uk))

Main computational cost
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Compuvutiational cost

Drawing u;, ~ N (u(my), H, ' (my)):

u

Step | Hu(mk) — RTR O(ngrid
Step2  [W(my) = RR™T (PTR/2d + \AT (my)q)| O(n,
Step 3 uy, = u(my) + R e, e ~ N(0,1) O(n14

Cost per each source = solving one PDE
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Weak constraint v.s. Strong consiraint

Weak consiraint w/ Gibbs sampling method

e joint bi-Gaussian distribution

e sparse Hessian matrix

e constructing Hessian matrix does not require additional PDE solves

e draw samples in a straight-forward manner from the Gaussian conditional distributions

Strong constraint w/ M-H type method

* NO special structure

e dense Hessian matrix

e constructing Hessian matrix requires additional PDE solves

e draw samples from certain proposal distribution with accept-reject criteria
e constructing the proposal distribution may require more PDE solves
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Numerical example - fransmission case

Model size: 1000m x 1000m
Grid size: 20m x 20m
Frequency: [2, 6, 10, 14] Hz
Number of sources: 51
Number of receivers: 51
Number of samplers: 1e6




Z[m]

Numerical example - fransmission case
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Z [m]

Posterior mean and STD
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95% Confidence interval
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95% Confidence interval
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Model size: 1500m x 3000m
Grid size: 30m x 30m
Frequency: [2, 4, 6, 8] Hz
Number of sources: 21
Number of receivers: 101
Number of samplers: 5e5



Numerical example - reflection case
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Posterior mean and STD
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Distribution
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Conclusion

Posterior distribution for weak PDE constraints inverse problems:

* joint distribution with respect to the model parameters and
wavefields

e conditional distributions — Gaussian distributions with sparse
covariance matrices

¢ Gibbs sampling method — sample model parameters and wavefields
from the corresponding conditional distributions alternatively

e Computational cost —one PDE solve per each source per each
Iteration
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