Friday, October 6, 2017

Zhilong Fang™* and Felix J. Herrmann*
*Seismic Laboratory for Imaging and Modeling (SLIM), University of British Columbia

2017/10/04

SLM@

University of British Columbia



https://www.slim.eos.ubc.ca/sinbad2017fall#pde-free-gauss-newton-hessian-for-wavefield-reconstruction-inversion
https://www.slim.eos.ubc.ca/sinbad2017fall#pde-free-gauss-newton-hessian-for-wavefield-reconstruction-inversion
https://www.slim.eos.ubc.ca/sinbad2017fall#pde-free-gauss-newton-hessian-for-wavefield-reconstruction-inversion
https://www.slim.eos.ubc.ca/sinbad2017fall#pde-free-gauss-newton-hessian-for-wavefield-reconstruction-inversion

Motivation

Forward problem

X X X X X=X X X X X X
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Motivation

Forward map F'(m):

A(m)u =, d = Pu — wavefields

L\

source  projection operator
A + w’m

O\

frequency  squared-slowness




Motivation

Inverse problem




Motivation

Objective:
, 1
min f(m) = _ || F(m) - d|}




Motivation

Objective:
, 1
min f(m) = _ || F(m) - d|}

First order method w/ gradient g(mg ):

my, 1 = my — ag(myg)
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Motivation

Objective:
, 1
min f(m) = _ || F(m) - d|}

First order method w/ gradient g(mg ):
My = Mg — Oég(mk)

Second order method w/ Hessian H(my, ):

1

my,1 = mg — aH(myg) g(my)




Motivation




Motivation

Challenges associated w/ Hessian:
® Storagecost— Mg X Ny

e Computational cost —4 PDE solves per each shot and frequency to
compute one matrix-vector product
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Motivation

Challenges associated w/ Hessian:
® Storagecost— Mg X Ny

e Computational cost —4 PDE solves per each shot and frequency to
compute one matrix-vector product

Goal:

¢ Fast method to compute the matrix-vector product with the
Hessian
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[Tarantola, 1984]
[J. Virieux and S. Operto, 2009 ]

Full-waveform inversion (FWI)

PDE-constrained optimization problem:

subject to A; ;(m)u;; = q;

where N =ng X ny
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[Tarantola, 1984]
[J. Virieux and S. Operto, 2009 ]

FWI
Reduced/adjoint-state method:
1 ns Tf }
min —— Z Z |PA; ;(m) 1q7,,z —d; g ;
1=1 [=1

with the gradient given by

Zzu@l 6’m’ Vi,

z—ll—
u; | = Ai,l(m)_ Q.1 .
T T 2 PDE solves are required !
vii=—A;; (mP r;

r;; = PA;;(m) 'q;; —d;;
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'van Leeuwen, T and Herrmann, FJ, 2013]
Peters, B, Herrmann, FJ and van Leeuwen, T, 2014]

‘Golub, G H and Pereyra, V, 2003]

Wavefield-reconstruction inversion (WRI)

Penalty method:
mm — Z Z | Pu;; — —I— )\QHAi,l(m)ui,l —
1=1 [=1

Eliminating u w/ variable projection:
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[van Leeuwen, T and Herrmann, FJ, 2013]

[Golub, G and Pereyra, V, 2003]

WRI

Corresponds to solving the following augmented system:

AA; — Q.1
(e = (&)

with the gradient 1 augmented system solves is required !
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[van Leeuwen, T and Herrmann, FJ, 2013]

W RI Vs FWI [Peters, B, Herrmann, FJ and van Leeuwen, T, 2014]
o

16 Il
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True & initial model
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FWI vs WRI
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Gauss-Newton Hessian of WRI

GN Hessian:
| e T ) 1 o ) )

Hox = > Y GLALPT(IH v PA A PT)'PA; /G,

i=1 1=1 .

n% n,ng diagona
where
OA,;
Gi,l — om u;

Friday, October 6, 2017




Gauss-Newton Hessian of WRI

GN Hessian:
1 & 1
Hox = > Y GLALPT(IH v PA A PT)'PA; /G,
1—=1 [=1

S M,

)
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N, M f
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N, M f

M, ;

)

Computational cost:
ne* (ng + ny)
Storage cost:

ngkng* (Ng + ny)
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GN Hessian of WRI

Diagonal part of the Hessian:

where
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GN Hessian of WRI

Diagonal part of the Hessian:

hii=Bii(5,7) *Bii(:7)
LT rrrrrrrrrrryd
7 e
BZZ




Dimensional reduction

Full objective:
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Dimensional reduction

Simultaneous shots:

Q; = :(11,Z7QZ,Z7 ---»qns,l]
D; = :dl,l,dgl,... dns,l]
Q = QW = [dy .z, - sy, ]
ﬁl — DZW — d1 l,dg [y ooo H s,l]

W € RMsX"s
Simultaneous receivers:

P =WP, W ¢ R!Xnr
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Dimensional reduction

Full objective:

1 ns MNf
flum)=-=> ¥ |[Pu,
2N «

1=1 [=1
Stochastic objective:
_ 1 e
flu,m) = o~ > ) |[WPu;,
i=1 =1
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Dimensional reduction

Computational cost:
O(ns*x(ns+n.)) = Onys*(ns +n,))
Storage cost:

~

O(ns*xng*x(ng+mn,)) = O(ng*xng*x(ng + ny))
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BG model

2000
Lateral [m]

True model

3000
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km/s

Modeling information:
Model size: 2000m x 4500m
Source spacing: 50m
Receiver spacing: 10m
Fixed spread 4.5km
Frequency : 2~31 Hz
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Inversion setting

" 1. GN
m/S .
0 5 » 15 simultaneous shots and 76
45 simultaneous recelvers
500 4 » 15 iteratfions per each frequency band
< 1000 .
8 E » all shots and receivers
O

2.5 » 15 iterafions per each frequency band
2 3. Gradient-descent (GD)
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Initial model
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GD result
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|-BFGS result
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GN result
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Vertical profiles
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Model error and misfit
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Application to uncertainty
quantification




[A. Tarantola and B. Valette, 1982]
[J. Kaipio and E. Somersalo, 2004]

Bayesian inference

Prior probability density function (PDF):

m — Pprior (M)

Likelihood PDF: given datad

m — pige(djm)

Posterior PDF (Bayes’ rule):

Ppost(M|d) = prike(d|m) pprior (M)
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Bayesian inference

Mean value of the model:

(m) = / M Ppost (101)d1m,

Covariance matrix:

Cij = E(mimg) — E(m;)E(m;),

Marginal distribution:
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[Z. Fang et al, 2015]

Bayesian w/ WRI

Posterior PDF of WRI:
Ppost(m‘d) X Plike(d|m)/0prior(m)

.+ )\QHAi,lﬁz’,l — q;,]

R N
plike(d|m) o exp (2 >y (HPui,z —digllg1 2))

1=1 [=1

prior

)\Ai,l — )\qi,l
2_1/2P U; | = 2—1/2(17;7[ '

noise noise

1
pprior(m) X €Xp (_§Hm o mp”;—l )

where,
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Quadratic approximation of —log ppost (m)

— log ppost(m) — f(m)
~ f(m+) + =(m —m+) ' H(m — mx) := f(m)

52 f

where, H =

om?
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Approximate posterior PDF

(Gaussian approximation:

,Opost(m) ~ IOGaU.SS(m) — N(m*7 H_l)

where
H=H, + Hp,
82
= gIlI(lIQn)v fi(m) = -logpiike(d|m),
_ anp(m)

Hp om?2 ) fp (m) — 'logpprior (m) -

Friday, October 6, 2017




Approximate posterior PDF

- O waw ,
- -
-=" S
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Numerical Experiment
- Layer model

Depth of sources and receivers: 50 m
Number of sources and receivers: 61
Frequency: 5,6 and 7 Hz

Lambda: computed according to [1]
sigma: 10

15% Gaussian noise

0 500 1000 1500 2000 2500 3000
Lateral [m]

(a) True model
42

500

[1] [van Leeuwen, T and Herrmann, FJ, 2015]
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(b) Prior model
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Prior standard deviations
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Depth [m]
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Depth [m]
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Posterior standard deviations
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Differences between posterior and prior
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[1] [van Leeuwen, T and Herrmann, FJ , 2015]

BG Compass model

Depth of sources and receivers: 50
Number of sources and receivers: 91 / 451
Central frequency: 15 Hz

Frequency: 2-31 Hz

Lambda: computed according to [1]
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Posterior standard deviation
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Prior standard deviation
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Cross section comparison
— posterior vs prior
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Cross section comparison

- 95% confidence interval vs 10 realizations

52
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Conclusions

The proposed PDE-free GN Hessian operator can compute the matrix-
vector product without additional PDE solves.

With the same PDE solves, GN method with the proposed GN Hessian
operator can converge faster than gradient descent and I-BFGS methods.

The proposed GN Hessian operator can also benefit the quantification of
the uncertainty in the WRI inversion results.
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