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Motivation: least-squares migration

Consider
min ||x||4
X
S.t.
N s
*
E |Ji[mg, q;|C*x — bsl|o < o
1=1

e X jsthe vector of Curvelet coefficients,
e J; isthe Born modelling operator,
e 1M  isthe background model for the velocity,
e b; isthe vectorized reflection of the i-th shot,
e C” isthe transpose of the curvelet transform,
e O sthe tolerance for noise.
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X
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i=1 c
[}
0)
)]
e X jsthe vector of Curvelet coefficients,
e J; isthe Born modelling operator,
e 1M  isthe background model for the velocity,
e b; isthe vectorized reflection of the i-th shot,
e C” isthe transpose of the curvelet transform, 0 1 5
e O sthe tolerance for noise.

Solution by LB:

4 5
Distance (km)

Thursday, October 5, 2017




Motivation: least-squares migration

We consider the following optimization problem: Stochastic optimization problems:

min ||x||; a )
X

1. li-minimization problem (consistent)

s.t. |
min ||x||; s.t. Ax =10

Jim,qu*X—bi SO’
> 13:lmo.a I .", . p

-

X s the vector of Curvelet coefficients, 2. BPDN prOblem (inCOnSiSte nt)

J; isthe Born modelling operator,

Mg is the background model for the velocity,
b; isthe vectorized reflection of the i-th shot,
C™ isthe transpose of the curvelet transform,
O s the tolerance for noise. k

~

min|x|i st Az bl <o

J
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Theory (for compressive sensing problems)
3 4 O

1. {1-minimization problem (consistent) 2. BPDN problem (inconsistent)

min ||x| s.t. Az = min ||x|[; s.t. |Az —bl|]2 <o
X

\_ J _ )
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Theory (for compressive sensing problems)

o R
q. l1-minimization problem (consistent) g BPDN problem (inconsistent) A
min ||x]| s.t. Ax =b min ||x|[; s.t. |Az —bl]2 <o
\_ S \_ )

® Donoho, D. L. (2006), “For most large
underdetermined systems of linear

equations the minimal ¢1-norm

solution is also the sparsest solution.”
Comm. Pure Appl. Math., 59: 797-829.
doi:10.1002/cpa.20132
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Theory (for compressive sensing problems)

q. [1-minimization problem (consistent) EBPDN oroblem  (inconsistent) A
min x| s.t. Axr = b min x| s.t. Az —bl|]2 < 0o
\_ J u )
® Donoho, D. L. (2006), “For most large ® “Atomic Decomposition by Basis
underdetermined systems of linear Pursuit” Scott Shaobing Chen, David L.
equations the minimal Z1-norm Donoho, and Michael A. Saunders, SIAM

solution is also the sparsest solution.” Review 2001 43:1, 129-159

Comm. Pure Appl. Math., 59: 797-829.

doi:10.1002/cpa.20132 ® Candes, E. J., Romberg, J. K. and Tao, T.

(2006), “Stable signal recovery from
incomplete and inaccurate
measurements.” Comm. Pure Appl. Math.,
59:1207-1223.
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Toy problem

A € RQOOOOX 1000 = RZOOOO

Noisy data vector

| | €T & RlOOO

AEREEEEEEEN

ENNEEEEEEA Sparse vector
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Subsampling

\ A )_( — ]_3 Ar(k) X = b'r(k)
BPDN problem - > Ew
min|[x|li st [[Az—bll; <o i :
\— J
LSRTM problem H > FiE ;

min |x|[1  st. > {0, ) C"x = bls < o n. < ng

\_ _J
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Subsampling
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Well condition matrix, noise free data
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Il condition matrix, noise free data

relative model error
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Least-squares migration problem

LB method LSRTM using LB
k41 — Xk — tkAZ(AkLEk — bk)
Lr4+1 = SA(Zk+1)7
where

S)\(Z]{) — max(|zk| — )\, O)Sign(zk)

Depth (km)

and

|Agzr — bil|3

t;. =
C AT (Agak — br)|3

Distance (km)
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Dealing w/ noisy data

6 | I

— Exact solution

* 1B
5 (— 1 —
4 -




Dealing w/ noisy data

LB method

k41
Lk4+1

where

and

S)\(Z]{) — max(|zk| — )\, O)Sign(zk)

lk

Ll — tkAZ(Akxk — bk)
S)\(Zk-l—l)?

Ak — bil[3
[ A% (Aezr — bi)||3

>

LB method w/ L2 ball projection

-

k41 — Xk — tkAgﬂg (Akflj‘k — bk)
Lk+1 — SA(Zk+1),
where

Sx(zr) = max(|zx| — A, 0)sign(zg)

and b — HAka:k — ka%
| AL (Arzr — bi)l[3

Note:

II,(z) = max{1 i

el ™

the projectiononto [,-norm ball

~
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Dealing w/ noisy data

6 | I
w— Exact solution

* LB

O L2 ball projection
5 (— 1 —
3 —
2 —_
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Dealing w/ noisy data

LB method LB method w/ weighted increment

: | r N
Zk+1 = Rk — tkAg(Akflj‘k — bk) k41 — Rk — Tk ©® Ag(AkZIZ‘k — bk)
The1 = Sa(Zr41), Tht1 = Sa(Zrt1),
where where

Sx(zx) = max(|zx| — A, 0)sign(zg) Sx(zx) = max(|zx| — A, 0)sign(zg)

" o 3 sign([AT )i)]
sign([AY (A z: — b))
£, — HAkzk — ka% 7-]2 . = J I ]
" TAT (Axk — k)3 .
with Az — bl

- ||AT (Agzr — bi)])3

Thursday, October 5, 2017



Dealing w/ noisy data

6 | I

— Exact solution

& Weighted Increment |

st 1

* LB
‘ O L2 ball projection




Dealing w/ noisy data

LB method LB method w/ weighted increment

0.03 0.03

10.02 10.02

0.01 0.01

Depth (km)
Q
Depth (km)

-0.01 -0.01

-0.02 -0.02

-0.03
0 1 2 3 4 5 6 7 8 0 1 2 3 2l 5 6 14 8

Distance (km) Distance (km)

-0.03

Thursday, October 5, 2017



Intuition: gradient entry for weighted increments

(for consistent problems)

(A} (Agzr — br)]i3e (A (Apzs — bi)]1a7
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Largest entry of the exact solution =z~ One of the small entries of the exact solution z~*
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Intuition: gradient entry for weighted increments

(for consistent problems)

(A} (Agzr — br)]i3e (A (Apzs — bi)]1a7
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Intuition: gradient eniry for weighted increments

(for inconsistent problem)

(A3 (Arxr — bi)]136 (A (Arxr — bi)]1ar
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Intuition: Behaviour of the new weighted increment

(A, (Apzr — br)] 136
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Intuition: Behaviour of the new weighted increment

(A, (Apzr — br)] 136
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Intuition: Behaviour of the new weighted increment

(AL (A — bi)]1a7 Weighted increment
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Intuition: Behaviour of the entries of the solution

2 (136) Consistent problem Inconsistent problem

N
21 : 20 I _l
Or / - Or _
0 50 100 150 200 250 0 50 100 150 200 250
Number of Iteration Number of lteration

Zk(147)
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Intuition: Behaviour of the entries of the solution

2 (136) Consistent problem Inconsistent problem

(w/ weighted increment)
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Effect on the LSRTM problem

LB
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Effect on the LSRTM problem

LB LB w/ weighted increment
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Effect on the LSRTM problem
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Effect on the LSRTM problem

LB LB w/ weighted increment
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Effect on the LSRTM problem

LB LB w/ weighted increment
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Effect on large problems

Problem a

05

PrOblem 3" A c R10000000X2040739
w— LB

——— LB wi weighted increment | _ Problem b: A € R?OOOOOOOX204O739

045

04 r

035

® The vector x corresponds to a known vector of

curvelet coefficients
o Ak c R5OOOOO><204O739

Relative model error
S o
(5 W

=
h

® The signal to noise ratio for the data in both problems
is the same.

o
a
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o
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Effect on large problems

Problem b

N, | | PrOblem 3 A c R10000000X2040739

045 | :g""e‘?““’m“‘* ] PrOblem b: A c R7OOOOOOOX204O739

ou |
O ® The vector z corresponds to a known vector of
2 curvelet coefficients
2025 ® Ak c R5OOOOOX204O739
B ® The signal to noise ratio for the data in both problems

o is the same.

o

o | _ .
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Latest result

Remarks:
» The projection help us avoid overfitting the noise
» The weighted increment help us avoid cycling of the solution




Latest result

Remarks:
» The projection help us avoid overfitting the noise
» The weighted increment help us avoid cycling of the solution

Question: What if we combine projection and weighted increment?




Latest result
LB method w/ L2 ball projection

LB method and weighted increment
2 A a -
— 2 — 7 © AT, (Apzy, — b
s = o AT (Apzs — by ;IZ L= g]i\(z/:kl? o (Agzy — by)
Trh+1 = Sxa(Zr+1); o o
where where
S (21) = max(|2] — A, O)sign(z1) Pl = el = A stz
and 2 sign([A] (A;z; —bj)]i)
Ti — tk =
bty = | Awzi = bill; Note'k k
HAZ(AkCE'k — bk)”% H. (x) — maX{l o }(g;)
Y |2

the projectiononto [,-norm ball
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Latest result

—LB
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L2 prosechon + We ed ame
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Latest result
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’ s \Wetghted increment
w2 projection + Weighted increment
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