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Motivation
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Challenges	
  in	
  FWI:	
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• High	
  frequency	
  data	
  introduces	
  
abundant	
  local	
  minima.

• Field	
  data	
  lacks	
  
• low	
  frequencies
• or	
  low	
  frequencies	
  are	
  noisy

Our	
  goal:

use	
  mid-­‐band	
  data	
  to	
  extrapolate	
  towards	
  low	
  
frequencies	
  



Convolutional model

Near	
  offset	
  trace

Assume:	
  

	
  No	
  assumptions	
  on	
  the	
  wavelet
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Source

Reflectivity	
  seriesTrace d(t) = w(t) ⇤ r(t)
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Workflow
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Workflow

6

Observed	
  data

+ =

Ideal	
  time	
  trace

Spectrum

Low	
  frequency	
  
contamination



Workflow
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Workflow
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Workflow
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Workflow
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Two approaches for deconvolution
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• MUltiple	
  SIgnal	
  Classification	
  (MUSIC)	
  	
  
• needs	
  only	
  2s+1	
  measurements	
  
• needs	
  prior	
  information	
  on	
  the	
  number	
  of	
  events
• has	
  some	
  stability	
  w.r.t.	
  noise	
  

• L1	
  minimization	
  (Linear	
  Programming)	
  
• has	
  greater	
  stability
• fits	
  data	
  exactly
• needs	
  constraint	
  on	
  minimal	
  distance	
  between	
  spikes	
  



TV norm minimization: a stabilized version of L1minimization 
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L1 minimization 
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min

r
krk1

subject to F⌦(w ⇤ r) = F⌦d

d: data
w: wavelet
r: reflectivity series
F⌦: bandpass filter
⌦ = [fL, fH ]: pass bands

user 
defined



Prior art 

• L1	
  based	
  deconvolution	
  first	
  appeared	
  in	
  geophysics	
  literature	
  in	
  

1970s	
  [1,2]

• Compressed	
  Sensing	
  provided	
  theoretical	
  support	
  for	
  randomly	
  

selected	
  Fourier	
  coefficients	
  [3]

• Candes	
  et	
  al.	
  established	
  a	
  super-­‐resolution	
  theory	
  assuming	
  high	
  

frequency	
  is	
  missing	
  [4]

• Dossal	
  et	
  al.	
  introduced	
  the	
  minimal	
  scale	
  condition	
  [5]
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Theoretical foundation for low-frequency 
extrapolation  
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Theorem [RW,2016] G(t) t  [0,1] can be exactly recovered by L1 
minimization if the spikes are separated by 3.5 wavelengths* and the 
available bandwidth is greater than 60Hz.  If noise exists, then the error 
in the estimate of G(t) is proportional to the energy of the noise.

*wavelength : �c =
1

fH � fL

2



Theoretical foundation for low-frequency 
extrapolation  
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*From	
  numerical	
  experiments:	
  1.5	
  	
  wavelength	
  is	
  sufficient

Theorem [RW,2016] G(t) t  [0,1] can be exactly recovered by L1 
minimization if the spikes are separated by 3.5 wavelengths* and the 
available bandwidth is greater than 60Hz.  If noise exists, then the error 
in the estimate of G(t) is proportional to the energy of the noise.

2

*wavelength : �c =
1

fH � fL



When the minimal distance condition is not satisfied …

20



21

Reconstructions are affected

Left:	
  L1	
  reconstruction	
  of	
  reflectivity	
  series

using	
  frequencies	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  {10,...,40}Hz	
  

Deconvolution	
  result	
  is	
  independent	
  of	
  

wavelet	
  choice
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Error is proportional to distance to 
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⌦
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It	
  can	
  be	
  shown	
  that

⌦• As	
  distance	
  from	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  error

• extrapolation	
  towards	
  low	
  
frequencies	
  is	
  more	
  stable	
  than	
  
towards	
  high	
  frequencies
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Difficulties in extrapolation

• FWI	
  requires	
  high	
  accuracy	
  in	
  both	
  phase	
  and	
  amplitude	
  of	
  low	
  frequency	
  

data

• wavelet	
  estimation	
  is	
  not	
  accurate

• existence	
  of	
  dispersion	
  

• 2D	
  modeling:	
  reflectivity	
  series	
  do	
  not	
  contain	
  perfect	
  spikes

• existence	
  of	
  very	
  close	
  spikes	
  at	
  crossing	
  of	
  events

24

}



The L1 minimization w/  TV-norm stabilizer 

Conflicting	
  events	
  generate	
  very	
  close	
  spikes	
  

L1	
  minimization	
  has	
  trouble	
  in	
  the	
  pointed	
  region	
  

Goal:	
  utilize	
  spatial	
  correlations
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Spatial similarity between adjacent traces
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Define	
  spatial	
  similarity	
  by	
  

	
  

	
  	
  	
  	
  	
  has	
  no	
  spatial	
  similarity	
  when	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

	
  	
  
Left:	
  visually	
  continuous	
  but	
  has	
  no	
  spatial	
  similarity

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

S(R) =

m�1P
j=1

(kRjk22 + kRj+1k22)

m�1P
j=1

kRj �Rj+1k22

S(R)  1R



Increase spatial similarity by filtering
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Rm = f ⇤R, where f = (1, ..., 1, 0, ..., 0)

S(Rm) � S(R)

F⌦(Rm) = F⌦(R) ⇤ F⌦(f) = d ⇤ F⌦(f)



TV norm minimization for Rm

NESTA	
  is	
  used	
  to	
  solve	
  the	
  following	
  optimization	
  problem

where

28

Rm,est = argmin

Rm

kRmk↵,�TV ,

subject to Rm(!) = R(!)ˆf(!) = ˆd⌦(!)ˆf(!),! 2 ⌦,

kRmk↵,�TV :=
X

i,j

kr↵,�Rm(i, j))k`1

r↵,�Rm(i, j) =


↵(Rm(i, j)�Rm(i, j + 1))
�(Rm(i, j)�Rm(i+ 1, j))

�
.



Synthetic data - Non-inversion crime
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• IWAVE	
  generated	
  data	
  
• inversion	
  using	
  time	
  harmonics
• 3	
  frequency	
  sweeps,	
  40	
  l-­‐BFGS-­‐
iterations	
  for	
  each	
  batch	
  

• 20Hz	
  Ricker	
  wavelet
• source	
  spacing	
  :	
  	
  	
  	
  0.2km	
  
• receiver	
  spacing	
  :	
  20m
• maximum	
  offset	
  :	
  2km
• model	
  size	
  :	
  	
  3.2	
  	
  	
  	
  	
  	
  	
  6km
• 	
  	
  	
  	
  	
  	
  	
  =	
  {5,...,15}Hz
• mute	
  direct	
  waves
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Synthetic data - Non-inversion crime
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⌦ 	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Inversion	
  with	
  extrapolation
• extrapolation	
  from	
  {5,...,15}Hz	
  to	
  
{1,...5}Hz

• frequency	
  continuation	
  with	
  batches	
  
[1,1.25]Hz,[1.5,1.75]Hz,....[4.5,4.75]Hz

• 	
  frequency	
  continuation	
  with	
  batches	
  
[5,5.25]Hz,[5.5,5.75]Hz,	
  [6,6.25]Hz....
[15,15.25]Hz	
  

• perform	
  the	
  previous	
  step	
  two	
  more	
  
sweeps

=	
  {5,...,15}Hz

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Direct	
  inversion	
  
• 	
  frequency	
  continuation	
  with	
  
batches	
  [5,5.25]Hz,[5.5,5.75]Hz,	
  
[6,6.25]Hz....[15,15.25]Hz	
  

• perform	
  the	
  previous	
  step	
  two	
  more	
  
sweeps



31

The effect of filtering
Shot Record Shot Record (filtered)
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Deconvolution result using 5-15Hz data
Green’s function inverted by L1 Green’s function (Gm) inverted by TV
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Deconvolution result from 5-15Hz data
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Deconvolution result from 5-15Hz data
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Deconvolution result from 5-15Hz data
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Deconvolution result from 5-15Hz data
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Deconvolution result from 5-15Hz data
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True data 4Hz Extrapolated data 4Hz
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Initial guess 
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Recovery of FWI 

1-15Hz true data direct inversion with 5-15Hz data
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Inversion result via FWI 
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1-15Hz true data 5-15Hz data with extrapolation
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Stability test
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Inversion result via FWI 
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1-15Hz data
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Lq norm minimization: to overcome the minimal distance 
barrier 
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Discrete setting
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DFT	
  	
  matrix

{F⌦

Signal: x 2 RN

Wavelet: w 2 RN

Bands in use: ⌦ = {m1, ...,m2}
Data: y = F

⇤
⌦F⌦(w ⇤ x) 2 CN

|{z}
discrete filter



The Lq norm  
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kxkq = (xq
1 + x

q
2 + · · ·xq

n)
1/q
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Lq objective 
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0 < q < 1
min

r
krkq

subject to F⌦(w ⇤ r) = F⌦d

Lq	
  norm	
  minimization	
  	
  	
  

d: data
w: wavelet

r: reflectivity series

F⌦: DFT matrix restricted to ⌦ = [m1,m2]



Lq objective
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q  C

s log(N/(m2 �m1))

Lq	
  norm	
  minimization	
  	
  	
  

Exact	
  recovery	
  is	
  guaranteed	
  if	
  

The	
  algorithm	
  is	
  less	
  stable	
  as	
  q	
  gets	
  smaller	
  

0 < q < 1
min

r
krkq

subject to F⌦(w ⇤ r) = F⌦d



L1+Lq 
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0 < q < 1

Weighted	
  Lq	
  	
  

Theoretical	
  analysis	
  suggested	
  choice	
  	
  

Approximate	
  recovery	
  guaranteed	
  by	
  	
  

min

r
krk1 + �krkqq

subject to F⌦(w ⇤ r) = F⌦d

� 2

cq
kxk1
kxkqq

, Cq
kxk1
kxkqq

�

q  C

logN
and s  c(m2 �m1)



To	
  solve	
  

Write	
  it	
  as

RLS	
  iterates	
  as

49

Solver: Reweighted L1 

min

x

kxq�1 � xk1

subject to Ax = b

xk+1 =min

x

kx
k

q�1 � xk1

subject to Ax = b

min

x

kxkqq
subject to Ax = b
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Solver: Reweighted L1

xk+1 =min

x

kx
k

q�1 � xk1

subject to Ax = b

can	
  be	
  written	
  more	
  formally	
  as

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (RLS)
xk+1 =min

x

kak � xk1

subject to Ax = b

ak+1 =(|xk|+ ✏)q�1



RL1 for L1+Lq 
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Initialize weights: a0 = [1, ..., 1]

For k = 1, ...,K:

Define weight: ak = [ak(1), ...,ak(n)], ak(i) =
1

✏+ |rk�1(i)|1�q

Update rk: rk+1 = min

r
krk1 + �kak ⌦ rk1

subject to F⌦(w ⇤ r) = F⌦d

End



Why RL1 does not work for our case?
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Why RL1 does not work for our case?
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Why RL1 does not work for our case?
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Solution 
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The	
  true	
  support	
  is	
  within	
  1.5	
  wavelength	
  of	
  the	
  nonzeros	
  of	
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Modified Reweighted L1 
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For l = 1, ..., L:

size(Ni) =
1.5N

m1 �m2

1

l
, for i = 1, ..., N

For k = 1, ...,K:

Define weight: ak = [ak(1), ...,ak(n)], ak(i) =
1

✏+ min

j2Ni

|rk(j)|1�q

Update rk: rk+1 = min

r
krk1 + �kak � rk1

subject to F⌦(w ⇤ r) = F⌦d

End

End



Back to previous example
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Numerical test
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Numerical test
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Numerical test
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Synthetic data - Non-inversion crime
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• IWAVE	
  generated	
  data	
  
• inversion	
  using	
  time	
  harmonics
• 3	
  frequency	
  sweeps,	
  20	
  lbfgs-­‐iters	
  
for	
  each	
  batch	
  

• 20Hz	
  Ricker	
  wavelet
• source	
  spacing	
  :	
  	
  	
  	
  	
  	
  	
  	
  	
  0.2km	
  	
  	
  	
  	
  	
  	
  
• receiver	
  spacing	
  :	
  	
  	
  	
  	
  	
  20m
• maximum	
  offset	
  :	
  	
  	
  	
  	
  	
  1km
• model	
  size	
  :	
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Recovery of FWI 

         true model 5-15Hz data w/o extrapolation
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Recovery of FWI 

         true model 5-15Hz data Lq extrapolation q=0.1
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Recovery of FWI 

         true model 5-15Hz data TV extrapolation
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Conclusion
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• We	
  proposed	
  two	
  methods	
  for	
  frequency	
  down-­‐extrapolation

• Both	
  are	
  stable	
  with	
  respect	
  to	
  additive	
  noise	
  and	
  dispersion

• The	
  TV	
  norm	
  minimization	
  is	
  more	
  stable	
  

• The	
  Lq+L1	
  norm	
  minimization	
  is	
  better	
  at	
  resolving	
  close	
  by	
  spikes

• Incorporate	
  TV	
  regularizer	
  to	
  the	
  Lq	
  minimization

• Test	
  the	
  methods	
  on	
  real	
  data.

Future work
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