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Motivation

Land	  data	  set	  with	  surface	  sources	  and	  surface	  &	  well	  receivers

Constant	  density	  acoustic	  inversion
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Motivation

Land	  data	  set	  with	  surface	  sources	  and	  surface	  &	  well	  receivers

Constant	  density	  acoustic	  inversion	  (2D	  slice)

Fore	  challenging	  problems,	  some	  regularization	  is	  required
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A few regularization strategies

Objective	  function:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (differentiable,	  time	  or	  frequency)

Tikhonov	  /	  quadratic:	  

Gradient	  filtering:

Constrained	  formulation:	  
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mk+1 = mk � �Frmf(m)

�(m) = f(m) +
↵
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A few regularization strategies

Tikhonov	  /	  quadratic:	  

Potential	  problems:
• squared	  norm	  is	  not	  an	  exact	  penalty
• difficult/costly	  to	  determine	  penalty-‐parameters
• potentially	  ill-‐conditioned	  Hessian
• may	  not	  be	  obvious	  which	  constrained	  problem	  is	  solved	  for	  a	  
given	  penalty	  parameter
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A few regularization strategies

exact versus non-exact penalty

Toy problem:

Quadratic-penalty:

2-norm penalty:
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Figure	  explaination

A few regularization strategies
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A few regularization strategies

Gradient	  filtering:

If	  the	  gradient	  filter	  	  	  	  	  	  is	  the	  inverse	  Hessian,	  this	  is	  just	  Newton’s	  method	  

Potential	  problems:
• filtered	  gradient	  is	  not	  a	  gradient	  of	  the	  objective	  anymore
• no	  obvious	  generalization	  to	  include	  multiple	  filters
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mk+1 = mk � �Frmf(m)

F

[A.J.	  Brenders	  &	  R.G.	  Pratt,	  2007]	  



A few regularization strategies

Constrained	  formulation:

“find	  a	  model	  which	  satisfies	  all	  pieces	  of	  prior	  info	  simultaneously”

• constraints	  can	  be	  satisfied	  at	  every	  iteration
• feasible	  part	  of	  the	  objective	  function	  is	  unmodified
• works	  with	  gradient/quasi-‐Newton/Newton-‐type	  methods
• can	  define	  more	  than	  two	  constraint-‐sets

• no	  weights	  or	  other	  parameters	  required,	  just	  define	  the	  sets
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min
m

f(m) s.t. m 2 C1
\
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Prior information as convex sets

Projection	  (Euclidean,	  minimum-‐distance	  projection):

Important	  property:
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PC(m) = argmin
x

kx�mk2 s.t. x 2 C1
\

C2

PC(m) = PC(PC(m))



Prior information as convex sets

example	  1:	  (spatially	  varying)	  bound	  constraints:

can	  include	  reference	  models	  as:

Projector:	  (element-‐wise)
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C1 ⌘ {m | bl  m  bu}

bl = mref � �m

PC1(m) = median{bl,m,bu}



Prior information as convex sets

example	  2:	  minimum	  smoothness	  of	  the	  model:

“the	  2D	  spatial	  Fourier-‐transform	  of	  the	  mirror-‐extended	  model	  is	  
contained	  within	  an	  ellipse”
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C2 ⌘ {m | E⇤F ⇤(I � S)FEm = 0}

E 2 R4N⇥N
Mirror-extention

m 2 RN
medium parameters

F 2 CN⇥N
DFT matrix

S 2 RN⇥N
Selection matrix (diagonal), ’filter coe�cients’



Prior information as convex sets

example	  2:	  minimum	  smoothness	  of	  the	  model:

1.2D	  mirror	  extension	  of	  the	  model	  (to	  avoid	  periodic	  boundaries)

2.2D	  DFT
3.Remove	  coefficients	  outside	  ellipse	  (highest	  spatial	  frequencies)

4.2D	  inverse	  DFT

ellipse	  takes	  directional	  varying	  smoothness	  (geology)	  into	  account
13

C2 ⌘ {m | E⇤F ⇤(I � S)FEm = 0}



Prior information as convex sets

example	  2:	  minimum	  smoothness	  of	  the	  model:

• Choose	  initial	  ellipse	  based	  on	  the	  lowest	  frequency	  band	  and	  the	  
smoothness	  of	  the	  start	  model.

• Adapt	  to	  different	  frequency	  bands	  by	  stretching	  the	  ellipse	  based	  on	  a	  
formula	  like:

Projector:
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C2 ⌘ {m | E⇤F ⇤(I � S)FEm = 0}

PC2(m) = E⇤F ⇤SFEm

d
f
max

v
min



Algorithmic development

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  convex	  if	  	  	  	  	  	  	  and	  	  	  	  	  	  	  are	  convex

We	  would	  like	  the	  model	  to	  be	  in	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  at	  every	  iteration

One	  possibility:
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\
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Algorithmic development

Can	  use	  forward-‐backward	  splitting	  /	  proximal-‐gradient	  algorithms.
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min
m

f(m) s.t. m 2 C1
\

C2

min
m

f(m) + ◆C1(m) + ◆C2(m) not	  differentiable



Algorithmic development

Project	  onto	  an	  intersection	  of	  convex	  sets:
• sometimes	  known	  analytically
• otherwise	  compute	  numerically;	  Dykstra’s	  algorithm	  is	  used	  in	  this	  work	  
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min
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Dykstra splitting
Toy	  example:
find	  projection	  onto	  intersection	  of	  a	  circle	  and	  a	  square
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Algorithm 1 Dykstra.
x0 = m, p0 = 0, q0 = 0
For k = 0,1, . . .

yk = PC1(xk + pk)
pk+1 = xk + pk � yk
xk+1 = PC2(yk +qk)
qk+1 = yk +qk � xk+1

End

each set separately. This is a cheap and simple algorithm and therefore allows to find projections onto
complicated intersections of sets. The algorithm is given by #alg1.

A toy exmaple of the trajectory the iterates follow is shown in figure 1 .
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Figure 1: The trajectory of Dykstra’s algorithm for a toy example with constraints y � 2 and x2 + y2  3.
Iterates 5, 6 and 7 coinside, the algorithm converged to the point closest to point number 1 and satisfying
both constraints. Note that the projection onto convex sets (POCS) algorithm would converge at point
number 3 and is clearly unsuitable for this type of projection problem.

While the gradient-projection algorithm is a solid approach, it can also be relatively slowly converging.
A potentially much faster algorithm is the class of quasi-Newton methods, which iteratively try to
approximate the Hessian by using just gradient and function value information. However, in general it
is not possible to just project quasi-Newton steps onto a convex set, just as in the gradient-projection
algorithm. The use of second-order information may cause a projected step to point in the opposite
direction and in general does not solve problem 5, but converges to a solution which does not correspond
to the problem. There are slighly more complicated algorithms which properly implement a projected
quasi-Newton algorithm. We select the projected-quasi-Newton (PQN) algorithm by Schmidt et al. (2009).
This algorithm finds a search direction which is in the intersection of the convex sets using the spectral
projected gradient algorithm (SPG) as a subproblem of an L-BFGS-like algorithm. This algorithm need
the objective function value, f (m) , its gradient and an algorithm to solve the projection problem 6. This
algorithm has very similar computational cost as the standard LBFGS algorithm, because the projections
are cheap to compute. See Schmidt et al. (2009) for some examples of strong emperical performance of
PQN versus projected-gradient for some non-geophysical examples.

The final algorithm is given by.

77th EAGE Conference & Exhibition 2015
IFEMA Madrid, Spain, 1–4 June 2015

Feasible	  set
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Dykstra splitting
Toy	  example:
find	  projection	  onto	  intersection	  of	  a	  circle	  and	  a	  square
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Algorithm 1 Dykstra.
x0 = m, p0 = 0, q0 = 0
For k = 0,1, . . .
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pk+1 = xk + pk � yk
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Figure 1: The trajectory of Dykstra’s algorithm for a toy example with constraints y � 2 and x2 + y2  3.
Iterates 5, 6 and 7 coinside, the algorithm converged to the point closest to point number 1 and satisfying
both constraints. Note that the projection onto convex sets (POCS) algorithm would converge at point
number 3 and is clearly unsuitable for this type of projection problem.

While the gradient-projection algorithm is a solid approach, it can also be relatively slowly converging.
A potentially much faster algorithm is the class of quasi-Newton methods, which iteratively try to
approximate the Hessian by using just gradient and function value information. However, in general it
is not possible to just project quasi-Newton steps onto a convex set, just as in the gradient-projection
algorithm. The use of second-order information may cause a projected step to point in the opposite
direction and in general does not solve problem 5, but converges to a solution which does not correspond
to the problem. There are slighly more complicated algorithms which properly implement a projected
quasi-Newton algorithm. We select the projected-quasi-Newton (PQN) algorithm by Schmidt et al. (2009).
This algorithm finds a search direction which is in the intersection of the convex sets using the spectral
projected gradient algorithm (SPG) as a subproblem of an L-BFGS-like algorithm. This algorithm need
the objective function value, f (m) , its gradient and an algorithm to solve the projection problem 6. This
algorithm has very similar computational cost as the standard LBFGS algorithm, because the projections
are cheap to compute. See Schmidt et al. (2009) for some examples of strong emperical performance of
PQN versus projected-gradient for some non-geophysical examples.

The final algorithm is given by.

77th EAGE Conference & Exhibition 2015
IFEMA Madrid, Spain, 1–4 June 2015

only	  need	  projection	  onto	  each	  set	  separately
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Dykstra splitting
Toy	  example:
find	  projection	  onto	  intersection	  of	  a	  circle	  and	  a	  square
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Algorithm 1 Dykstra.
x0 = m, p0 = 0, q0 = 0
For k = 0,1, . . .
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End

each set separately. This is a cheap and simple algorithm and therefore allows to find projections onto
complicated intersections of sets. The algorithm is given by #alg1.
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Figure 1: The trajectory of Dykstra’s algorithm for a toy example with constraints y � 2 and x2 + y2  3.
Iterates 5, 6 and 7 coinside, the algorithm converged to the point closest to point number 1 and satisfying
both constraints. Note that the projection onto convex sets (POCS) algorithm would converge at point
number 3 and is clearly unsuitable for this type of projection problem.

While the gradient-projection algorithm is a solid approach, it can also be relatively slowly converging.
A potentially much faster algorithm is the class of quasi-Newton methods, which iteratively try to
approximate the Hessian by using just gradient and function value information. However, in general it
is not possible to just project quasi-Newton steps onto a convex set, just as in the gradient-projection
algorithm. The use of second-order information may cause a projected step to point in the opposite
direction and in general does not solve problem 5, but converges to a solution which does not correspond
to the problem. There are slighly more complicated algorithms which properly implement a projected
quasi-Newton algorithm. We select the projected-quasi-Newton (PQN) algorithm by Schmidt et al. (2009).
This algorithm finds a search direction which is in the intersection of the convex sets using the spectral
projected gradient algorithm (SPG) as a subproblem of an L-BFGS-like algorithm. This algorithm need
the objective function value, f (m) , its gradient and an algorithm to solve the projection problem 6. This
algorithm has very similar computational cost as the standard LBFGS algorithm, because the projections
are cheap to compute. See Schmidt et al. (2009) for some examples of strong emperical performance of
PQN versus projected-gradient for some non-geophysical examples.

The final algorithm is given by.
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Dykstra splitting
Toy	  example:
find	  projection	  onto	  intersection	  of	  a	  circle	  and	  a	  square
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start

converged

POCS	  would	  converge	  here,
feasible	  point,	  not	  the	  projection	  onto



Dykstra splitting

Projection-‐onto-‐convex-‐sets	  (POCS)	  solves	  the	  convex	  feasibility	  problem:	  

Dykstra’s	  algorithm	  solves:

with	  indicator	  function:

22

min
x

◆C1(x) + ◆C2(x) +
1

2
kx� yk2

◆C(x) =

(
0 if x 2 C,
+1 if x /2 C.
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Dykstra splitting

Projection-‐onto-‐convex-‐sets	  (POCS)	  solves	  the	  convex	  feasibility	  problem:	  

Dykstra’s	  algorithm	  solves:

is	  equivalent	  to:
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min
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◆C1(x) + ◆C2(x) +
1

2
kx� yk2
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Dykstra splitting
Projection-‐onto-‐convex-‐sets	  (POCS):

Dykstra’s	  algorithm	  solves:

is	  equivalent	  to:
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◆C1(x) + ◆C2(x) +
1

2
kx� yk2

min
x

1

2
kx� yk2 s.t. x 2 C1

\
C2

find x 2 C1
\

C2 find	  any	  point	  in	  the	  intersection,	  
may	  be	  the	  closest	  point
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Algorithmic development

Projected-‐gradient:	  
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min
m

f(m) s.t. m 2 C1
\

C2

mk+1 = PC(mk � �rmf(mk))



Algorithmic development

Projected-‐gradient:	  

Can	  this	  simply	  be	  accelerated	  using	  Hessian	  approximation	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ?
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min
m

f(m) s.t. m 2 C1
\

C2

mk+1 = PC(mk � �rmf(mk))

mk+1 = PC(mk � �B(mk)
�1rmf(mk))

B(mk)



Algorithmic development

Projected-‐gradient:	  

Can	  this	  simply	  be	  accelerated	  using	  Hessian	  approximation	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ?

Generally	  not,	  when	  using	  the	  Euclidean	  projection	  and	  general	  
27
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Projected	  gradient	  algorithm

‘Brute	  force’	  projected	  Newton	  (incorrect)

min
x

x

⇤
Ax� x

⇤
b s.t. x2 � 0
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Projected	  gradient	  algorithm

‘Brute	  force’	  projected	  Newton	  (incorrect)

min
x

x

⇤
Ax� x

⇤
b s.t. x2 � 0

Feasible	  set
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Projected	  gradient	  algorithm‘Brute	  force’	  projected	  Newton	  (incorrect)

min
x

x

⇤
Ax� x

⇤
b s.t. x2 � 0

Unconstrained	  minimizer

Solution	  of	  constrained	  problemConverged	  to	  some	  point....



Algorithmic development

Projected-‐gradient:	  

Projected	  Quasi-‐Newton
• solves	  quadratic	  sub-‐problem	  with	  constraints	  using	  the	  spectral	  projected-‐
gradient	  algorithm	  (inexactly)

• L-‐BFGS	  Hessian

Projected	  Newton-‐type:
• solves	  quadratic	  sub-‐problem	  with	  constraints
• efficient	  if	  approximate	  Hessian	  is	  ‘easy	  to	  invert’

31

mk+1 = PC(mk � �rmf(mk))

[M.	  Schmidt	  et.	  al.,	  2009]



Algorithmic development

Projected	  Newton-‐type:
• solves	  quadratic	  sub-‐problem	  with	  constraints:

• efficient	  if	  approximate	  Hessian	  is	  ‘easy	  to	  invert’	  (factored	  Hessian,	  sparse	  &	  
well	  conditioned,	  diagonal)

Multiple	  algorithms	  can	  solve	  the	  constrained	  sub-‐problem

We	  use	  Alternating	  Direction	  Method	  of	  Multipliers	  (ADMM)
32

mk+1 = min
m2C1

T
C2

Q(m)

Q(m) = f(mk) + (m�mk)
⇤rmf(mk) + (m�mk)

⇤Bk(m�mk)



Algorithmic development

Projected	  Newton-‐type:
• solves	  quadratic	  sub-‐problem	  with	  constraints:

• can	  be	  reformulated	  as:

33

mk+1 = min
m2C1

T
C2

Q(m)

yk = B�1
k rmf(mk)

mk+1 = min
m2C1

T
C2

1

2
kyk �mk2Bk

[M.	  Schmidt	  et.	  al.,	  2011]

(unconstrained	  Newton-‐step)

(projection	  w.r.t.	  metric	  induced
	  by	  the	  approximate	  Hessian)



Workflow summary

1.Define	  convex	  feasible	  sets,	  possibly	  velocity	  &	  frequency	  dependent

2.Set	  up	  Dykstra’s	  algorithm	  for	  projection	  onto	  intersections	  of	  sets

3.Set	  up	  an	  algorithm	  to	  solve	  the	  quadratic	  sub-‐problem	  with	  constraints	  
(ADMM)

4.Solve	  waveform	  inversion	  problem	  using	  the	  a	  Projected	  Newton-‐type	  
algorithm
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Algorithm

Projected	  quasi-‐Newton	  (PQN)	  version:	  

At	  every	  iteration	  of	  PQN:
• solve	  PDE’s
• solve	  quadratic	  problem	  with	  constraints	  using	  SPG
• at	  every	  iteration	  of	  SPG:

• solve	  projection	  problem	  onto	  an	  intersection	  of	  convex	  sets	  using	  Dykstra’s	  algorithm
• at	  every	  iteration	  of	  Dykstra’s	  algorithm:

• compute	  projections	  on	  each	  set	  separately
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Algorithm

Projected	  Newton-‐type	  version:	  

At	  every	  iteration	  of	  projected	  Newton-‐type:
• solve	  PDE’s
• Solve	  quadratic	  problem	  with	  constraints	  using	  ADMM
• at	  every	  iteration	  of	  ADMM:

• invert	  Hessian	  (possibly	  iteratively)
• solve	  projection	  problem	  onto	  an	  intersection	  of	  convex	  sets	  using	  Dykstra’s	  algorithm
• at	  every	  iteration	  of	  Dykstra’s	  algorithm:

• compute	  projections	  on	  each	  set	  separately

36



True velocity model
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Example 1 - FWI with a lot of noise

• Sources	  and	  receivers	  at	  top	  &	  bottom	  of	  the	  domain

• 10	  Hz	  data

• 	  

• used	  bound	  constraints	  and	  minimum	  smoothness	  constraints

acts	  as	  an	  image-‐domain	  noise	  filter	  in	  this	  case
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Example 2 - FWI on a real land dataset

Land	  data	  set	  with	  surface	  sources	  and	  surface	  &	  well	  receivers

Constant	  density	  acoustic	  inversion	  (2D	  slice)
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Example 2 - FWI on a real land dataset

• Bound	  constraints

• Minimum	  smoothness	  constraints
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Example 3 - WRI Chevron blind-test elastic data set, work 
by Zhilong Fang
Acoustic constant density inversion 
(result in progress, March 2015)
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Without	  minimum	  smoothness	  constraint



Using	  minimum	  smoothness	  constraint

Example 3 - WRI
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Related geophysical work

• [A.	  Baumstein,	  2013]	  .	  This	  work	  attempts	  to	  find	  the	  projection	  onto	  an	  
intersection	  using	  POCS,	  for	  different	  constraints.	  Includes	  preconditioner	  in	  
the	  Projected-‐gradient	  algorithm.	  May	  not	  converge.

• [E.	  Esser	  et.	  al.,	  2014;	  2015]	  (UBC	  Tech	  report;	  this	  EAGE).	  Similar	  philosophy/ideas	  
&	  problem	  formulation,	  different	  constraints	  and	  algorithms.

• [B.	  Peters,	  B.	  R.	  Smithyman	  &	  F.J.	  Herrmann,	  2015]	  (UBC	  Tech	  report)	  projected	  quasi-‐
Newton	  based	  version	  of	  this	  presentation.

• [B.	  R.	  Smithyman,	  B.	  Peters	  &	  F.J.	  Herrmann,	  2015]	  (this	  EAGE).	  About	  the	  land	  dataset,	  
uses	  projected	  quasi-‐Newton.	  

• [S.	  Becker	  et.	  al.,	  2015].	  (this	  EAGE)	  Also	  uses	  projected	  quasi-‐Newton,	  for	  
projections	  onto	  a	  single	  set.	  (similar)

• [B.	  Peters,	  Z.	  Fang,	  B.	  R.	  Smithyman	  &	  F.J.	  Herrmann,	  2015]	  (submitted	  to	  SEG	  2015	  
conference).	  About	  the	  Chevron	  blind-‐test	  dataset	  (2014).	  Projected	  
Newton-‐type	  using	  ADMM.
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Summary & conclusions

• Can	  combine	  different	  regularization	  approaches	  as:

• Developed	  flexible	  and	  extendable	  framework	  for	  including	  
constraints	  for	  any	  differentiable	  objective.

• Works	  with	  various	  optimization	  algorithms.

• Requires	  no	  extra	  PDE-‐solves.

• Easy	  to	  use,	  prior	  information	  translates	  into	  constraints	  directly,	  
without	  penalty	  parameters.
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Outlook

• Add	  more	  constraint	  sets	  with	  their	  projectors	  (suggestions?)

• Will	  be	  available	  in	  the	  SLIM	  software.
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