
University	  of	  British	  Columbia
SLIM

Curt	  Da	  Silva	  &	  Bas	  Peters

Recent improvements to the 2/3—D imaging & 
inversion algorithms in the SLIM software 
release

Released to public domain under Creative Commons license type BY (https://creativecommons.org/licenses/by/4.0).
Copyright (c) 2018 SINBAD consortium - SLIM group @ The University of British Columbia.



2

2D	  Code



Why?

Old	  code
• a	  lot	  of	  setup	  code	  duplicated	  across	  functions

• only	  thing	  that	  changed	  was	  the	  actual	  PDE-‐dependent	  quantities	  

• parallelization	  +	  computation	  tied	  together
• hard	  to	  debug
• can’t	  easily	  extend	  to	  parallelizing	  over	  sources/sources	  +	  frequencies

3



Why?

Old	  code
• lots	  of	  manual	  tweaking	  to	  set	  up	  objective	  functions,	  GN	  Hessian

• needless	  recomputation	  of	  wavefields

• lots	  of	  the	  same	  functionality	  being	  duplicated	  across	  functions
• hard	  to	  maintain	  +	  integrate	  code	  changes	  over	  time
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Old code structure

Helm2D.m	  -‐	  generates	  Helmholtz	  matrix

F.m	  -‐	  forward	  modeling	  kernel

DF.m	  -‐	  Jacobian	  +	  Jacobian	  adjoint	  of	  F.m
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F.m - original
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% comp. grid
ot = model.o-model.nb.*model.d;
dt = model.d;
nt = model.n+2*model.nb;
[zt,xt] = odn2grid(ot,dt,nt);

% data size
nsrc   = size(Q,2);
nrec   = length(model.zrec)*length(model.xrec);
nfreq  = length(model.freq);

% define wavelet
w = exp(1i*2*pi*model.freq*model.t0);
if model.f0
    % Ricker wavelet with peak-frequency model.f0
    w = (model.freq).^2.*exp(-(model.freq/model.f0).^2).*w;
end

% mapping from source/receiver/physical grid to comp. grid
Pr = opKron(opLInterp1D(xt,model.xrec),opLInterp1D(zt,model.zrec));
Ps = opKron(opLInterp1D(xt,model.xsrc),opLInterp1D(zt,model.zsrc));
Px = opKron(opExtension(model.n(2),model.nb(2)),opExtension(model.n(1),model.nb(1)));

% model parameter: slowness [s/m] on computational grid.
nu = 1e-3*Px*sqrt(m);

% distribute frequencies according to standard distribution
freq = distributed(model.freq);
w    = distributed(w);

% check source matrix input
if (size(Q,3)==1)&&(isdistributed(Q))
    Q = gather(Q);
end

spmd
    codistr  = codistributor1d(2,[],[nsrc*nrec,nfreq]);
    freqloc  = getLocalPart(freq);
    wloc     = getLocalPart(w);
    nfreqloc = length(freqloc);
    Dloc     = zeros(nrec*nsrc,nfreqloc);
    if size(Q,3)==1
        for k = 1:nfreqloc
            Hk  = Helm2D(2*pi*freqloc(k)*nu,ot,dt,nt,model.nb);
            Uk  = Hk\(wloc(k)*(Ps'*Q)); 
            Dloc(:,k) = vec(Pr*Uk); 
        end
    else
        Qloc = getLocalPart(Q);
        for k = 1:nfreqloc
            Hk  = Helm2D(2*pi*freqloc(k)*nu,ot,dt,nt,model.nb);
            Uk  = Hk\(wloc(k)*(Ps'*Qloc(:,:,k))); 
            Dloc(:,k) = vec(Pr*Uk); 
        end
    end
    D = codistributed.build(Dloc,codistr,'noCommunication'); 
end

% vectorize output, gather if needed
D = vec(D);

% construct pSPOT operator
J = oppDF(m,Q,model);

% comp. grid
ot = model.o-model.nb.*model.d;
dt = model.d;
nt = model.n+2*model.nb;
[zt,xt] = odn2grid(ot,dt,nt);

% data size
nsrc   = size(Q,2);
nrec   = length(model.zrec)*length(model.xrec);
nfreq  = length(model.freq);

% define wavelet
w = exp(1i*2*pi*model.freq*model.t0);
if model.f0
    % Ricker wavelet with peak-frequency model.f0
    w = (model.freq).^2.*exp(-(model.freq/model.f0).^2).*w;
end

% mapping from source/receiver/physical grid to comp. grid
Pr = opKron(opLInterp1D(xt,model.xrec),opLInterp1D(zt,model.zrec));
Ps = opKron(opLInterp1D(xt,model.xsrc),opLInterp1D(zt,model.zsrc));
Px = opKron(opExtension(model.n(2),model.nb(2)),opExtension(model.n(1),model.nb(1)));

% model parameter: slowness [s/m] on computational grid.
nu = 1e-3*Px*sqrt(m);

% distribute frequencies according to standard distribution
freq = distributed(model.freq);
w    = distributed(w);

% check source matrix input
if (size(Q,3)==1)&&(isdistributed(Q))
    Q = gather(Q);
end

Setup	  code
-‐	  duplicated	  in	  DF.m



F.m - original
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% comp. grid
ot = model.o-model.nb.*model.d;
dt = model.d;
nt = model.n+2*model.nb;
[zt,xt] = odn2grid(ot,dt,nt);

% data size
nsrc   = size(Q,2);
nrec   = length(model.zrec)*length(model.xrec);
nfreq  = length(model.freq);

% define wavelet
w = exp(1i*2*pi*model.freq*model.t0);
if model.f0
    % Ricker wavelet with peak-frequency model.f0
    w = (model.freq).^2.*exp(-(model.freq/model.f0).^2).*w;
end

% mapping from source/receiver/physical grid to comp. grid
Pr = opKron(opLInterp1D(xt,model.xrec),opLInterp1D(zt,model.zrec));
Ps = opKron(opLInterp1D(xt,model.xsrc),opLInterp1D(zt,model.zsrc));
Px = opKron(opExtension(model.n(2),model.nb(2)),opExtension(model.n(1),model.nb(1)));

% model parameter: slowness [s/m] on computational grid.
nu = 1e-3*Px*sqrt(m);

% distribute frequencies according to standard distribution
freq = distributed(model.freq);
w    = distributed(w);

% check source matrix input
if (size(Q,3)==1)&&(isdistributed(Q))
    Q = gather(Q);
end

spmd
    codistr  = codistributor1d(2,[],[nsrc*nrec,nfreq]);
    freqloc  = getLocalPart(freq);
    wloc     = getLocalPart(w);
    nfreqloc = length(freqloc);
    Dloc     = zeros(nrec*nsrc,nfreqloc);
    if size(Q,3)==1
        for k = 1:nfreqloc
            Hk  = Helm2D(2*pi*freqloc(k)*nu,ot,dt,nt,model.nb);
            Uk  = Hk\(wloc(k)*(Ps'*Q)); 
            Dloc(:,k) = vec(Pr*Uk); 
        end
    else
        Qloc = getLocalPart(Q);
        for k = 1:nfreqloc
            Hk  = Helm2D(2*pi*freqloc(k)*nu,ot,dt,nt,model.nb);
            Uk  = Hk\(wloc(k)*(Ps'*Qloc(:,:,k))); 
            Dloc(:,k) = vec(Pr*Uk); 
        end
    end
    D = codistributed.build(Dloc,codistr,'noCommunication'); 
end

% vectorize output, gather if needed
D = vec(D);

% construct pSPOT operator
J = oppDF(m,Q,model);

% comp. grid
ot = model.o-model.nb.*model.d;
dt = model.d;
nt = model.n+2*model.nb;
[zt,xt] = odn2grid(ot,dt,nt);

% data size
nsrc   = size(Q,2);
nrec   = length(model.zrec)*length(model.xrec);
nfreq  = length(model.freq);

% define wavelet
w = exp(1i*2*pi*model.freq*model.t0);
if model.f0
    % Ricker wavelet with peak-frequency model.f0
    w = (model.freq).^2.*exp(-(model.freq/model.f0).^2).*w;
end

% mapping from source/receiver/physical grid to comp. grid
Pr = opKron(opLInterp1D(xt,model.xrec),opLInterp1D(zt,model.zrec));
Ps = opKron(opLInterp1D(xt,model.xsrc),opLInterp1D(zt,model.zsrc));
Px = opKron(opExtension(model.n(2),model.nb(2)),opExtension(model.n(1),model.nb(1)));

% model parameter: slowness [s/m] on computational grid.
nu = 1e-3*Px*sqrt(m);

% distribute frequencies according to standard distribution
freq = distributed(model.freq);
w    = distributed(w);

% check source matrix input
if (size(Q,3)==1)&&(isdistributed(Q))
    Q = gather(Q);
end

Complicated	  formula	  -‐	  do	  once	  +	  never	  again
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  -‐	  inhibits	  readability



F.m - first update
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% comp. grid
ot = model.o-model.nb.*model.d;
dt = model.d;
nt = model.n+2*model.nb;
[zt,xt] = odn2grid(ot,dt,nt);

% data size
nsrc   = size(Q,2);
nrec   = length(model.zrec)*length(model.xrec);
nfreq  = length(model.freq);

% define wavelet
w = fwi_wavelet(model.freq,model.t0,model.f0);

% mapping from source/receiver/physical grid to comp. grid
Pr = opKron(opLInterp1D(xt,model.xrec),opLInterp1D(zt,model.zrec));
Ps = opKron(opLInterp1D(xt,model.xsrc),opLInterp1D(zt,model.zsrc));
Px = opKron(opExtension(model.n(2),model.nb(2)),opExtension(model.n(1),model.nb(1)));

% model parameter: slowness [s/m] on computational grid.
nu = 1e-3*Px*sqrt(m);

% distribute frequencies according to standard distribution
freq = distributed(model.freq);
w    = distributed(w);

% check source matrix input
if (size(Q,3)==1)&&(isdistributed(Q))
    Q = gather(Q);
end

spmd
    codistr  = codistributor1d(2,[],[nsrc*nrec,nfreq]);
    freqloc  = getLocalPart(freq);
    wloc     = getLocalPart(w);
    nfreqloc = length(freqloc);
    Dloc     = zeros(nrec*nsrc,nfreqloc);
    if size(Q,3)==1
        for k = 1:nfreqloc
            Hk  = Helm2D(2*pi*freqloc(k)*nu,ot,dt,nt,model.nb);
            Uk  = Hk\(wloc(k)*(Ps'*Q)); 
            Dloc(:,k) = vec(Pr*Uk); 
        end
    else
        Qloc = getLocalPart(Q);
        for k = 1:nfreqloc
            Hk  = Helm2D(2*pi*freqloc(k)*nu,ot,dt,nt,model.nb);
            Uk  = Hk\(wloc(k)*(Ps'*Qloc(:,:,k))); 
            Dloc(:,k) = vec(Pr*Uk); 
        end
    end
    D = codistributed.build(Dloc,codistr,'noCommunication'); 
end

% vectorize output, gather if needed
D = vec(D);

% construct pSPOT operator
J = oppDF(m,Q,model);

% comp. grid
ot = model.o-model.nb.*model.d;
dt = model.d;
nt = model.n+2*model.nb;
[zt,xt] = odn2grid(ot,dt,nt);

% data size
nsrc   = size(Q,2);
nrec   = length(model.zrec)*length(model.xrec);
nfreq  = length(model.freq);

w = fwi_wavelet(model.freq,model.t0,model.f0);

% mapping from source/receiver/physical grid to comp. grid
Pr = opKron(opLInterp1D(xt,model.xrec),opLInterp1D(zt,model.zrec));
Ps = opKron(opLInterp1D(xt,model.xsrc),opLInterp1D(zt,model.zsrc));
Px = opKron(opExtension(model.n(2),model.nb(2)),opExtension(model.n(1),model.nb(1)));

% model parameter: slowness [s/m] on computational grid.
nu = 1e-3*Px*sqrt(m);

% distribute frequencies according to standard distribution
freq = distributed(model.freq);
w    = distributed(w);

% check source matrix input
if (size(Q,3)==1)&&(isdistributed(Q))
    Q = gather(Q);
end

Complicated	  formula	  -‐	  make	  it	  a	  separate	  function



DF.m - original
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if flag==1
    % solve Helmholtz for each frequency in parallel
    spmd
        codistr   = codistributor1d(2,codistributor1d.unsetPartition,[nsrc*nrec,nfreq]);
        freqloc   = getLocalPart(freq);
        wloc      = getLocalPart(w);
        nfreqloc  = length(freqloc);
        outputloc = zeros(nsrc*nrec,nfreqloc);
        
        if size(Q,3) == 1
            for k = 1: nfreqloc
                [Hk, dHk] = Helm2D(2*pi*freqloc(k)*nu,ot,dt,nt,model.nb);
                U0k       = Hk\(wloc(k)*(Ps'*Q));
                Sk        = -(2*pi*freqloc(k))*(dnu*(dHk*(U0k.*repmat(Px*input,1,nsrc))));
                U1k       = Hk\Sk;
                outputloc(:,k) = vec(Pr*U1k);
            end
        else
            Qloc = getLocalPart(Q);
            for k = 1: nfreqloc
                [Hk, dHk] = Helm2D(2*pi*freqloc(k)*nu,ot,dt,nt,model.nb);
                U0k       = Hk\(wloc(k)*(Ps'*Qloc(:,:,k)));
                Sk        = -(2*pi*freqloc(k))*(dnu*(dHk*(U0k.*repmat(Px*input,1,nsrc))));
                U1k       = Hk\Sk;
                outputloc(:,k) = vec(Pr*U1k);
            end
        end
        output = codistributed.build(outputloc,codistr,'noCommunication'); 
    end
    output = vec(output);

else
    spmd
        freqloc   = getLocalPart(freq);
        wloc      = getLocalPart(w);
        nfreqloc  = length(freqloc);
        outputloc = zeros(prod(model.n),1);
        inputloc  = getLocalPart(input);
        
        if size(Q,3)==1
            for k = 1:nfreqloc
                inputloc  = reshape(inputloc,[nsrc*nrec,nfreqloc]);
                [Hk, dHk] = Helm2D(2*pi*freqloc(k)*nu,ot,dt,nt,model.nb);
                U0k       = Hk\(wloc(k)*(Ps'*Q));
                Sk        = -Pr'*reshape(inputloc(:,k),[nrec nsrc]);
                V0k       = Hk'\Sk;
                r         = (2*pi*freqloc(k))*real(sum(conj(U0k).*(dHk'*(dnu'*V0k)),2)); 
                outputloc = outputloc + Px'*r;
            end
        else
            Qloc = getLocalPart(Q);
            for k = 1:nfreqloc
                inputloc  = reshape(inputloc,[nsrc*nrec,nfreqloc]);
                [Hk, dHk] = Helm2D(2*pi*freqloc(k)*nu,ot,dt,nt,model.nb);
                U0k       = Hk\(wloc(k)*(Ps'*Qloc(:,:,k)));
                Sk        = -Pr'*reshape(inputloc(:,k),[nrec nsrc]);
                V0k       = Hk'\Sk;
                r         = (2*pi*freqloc(k))*real(sum(conj(U0k).*(dHk'*(dnu'*V0k)),2)); 
                outputloc = outputloc + Px'*r;
            end
        end
        output = pSPOT.utils.global_sum(outputloc);
    end
    output = output{1};
end

    % solve Helmholtz for each frequency in parallel
    spmd
        codistr   = codistributor1d(2,codistributor1d.unsetPartition,[nsrc*nrec,nfreq]);
        freqloc   = getLocalPart(freq);
        wloc      = getLocalPart(w);
        nfreqloc  = length(freqloc);
        outputloc = zeros(nsrc*nrec,nfreqloc);
        
        if size(Q,3) == 1
            for k = 1: nfreqloc
                [Hk, dHk] = Helm2D(2*pi*freqloc(k)*nu,ot,dt,nt,model.nb);
                U0k       = Hk\(wloc(k)*(Ps'*Q));
                Sk        = -(2*pi*freqloc(k))*(dnu*(dHk*(U0k.*repmat(Px*input,1,nsrc))));
                U1k       = Hk\Sk;
                outputloc(:,k) = vec(Pr*U1k);
            end
        else
            Qloc = getLocalPart(Q);
            for k = 1: nfreqloc
                [Hk, dHk] = Helm2D(2*pi*freqloc(k)*nu,ot,dt,nt,model.nb);
                U0k       = Hk\(wloc(k)*(Ps'*Qloc(:,:,k)));
                Sk        = -(2*pi*freqloc(k))*(dnu*(dHk*(U0k.*repmat(Px*input,1,nsrc))));
                U1k       = Hk\Sk;
                outputloc(:,k) = vec(Pr*U1k);
            end
        end
        output = codistributed.build(outputloc,codistr,'noCommunication'); 
    end
    output = vec(output);

Doing	  basically	  the	  same	  thing,	  complicated	  formula



DF.m - first update
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if flag==1
    input = Px*input;
    % solve Helmholtz for each frequency in parallel
    spmd
        codistr   = codistributor1d(2,codistributor1d.unsetPartition,[nsrc*nrec,nfreq]);
        freqloc   = getLocalPart(freq);
        wloc      = getLocalPart(w);
        nfreqloc  = length(freqloc);
        outputloc = zeros(nsrc*nrec,nfreqloc);
        if size(Q,3)>1
            Qloc = getLocalPart(Q);
        end
        
        for k=1:nfreqloc
            fm = f(m,freqloc(k));
            dfdm = df(m,freqloc(k)) .* input;
            
            % Hk = A * diag( (B*fm).^2 ) + const
            [Hk, A,B] = Helm2D(fm,ot,dt,nt,model.nb);
            
            % Derivative of mapping, fm -> Hk(fm)
            dHk = opMatrix(A)*opDiag((2*B*fm) .* (B*dfdm));            
            
            if size(Q,3)==1
                U0k = Hk\(wloc(k)*(Ps'*Q));
            else               
                U0k = Hk\(wloc(k)*(Ps'*Qloc(:,:,k)));
            end
            
            % DU[dm] = H[m]\( -dH(m)[dm] * U(m) )            
            Sk = -dHk * U0k;
            
            U1k = Hk\Sk;
            outputloc(:,k) = vec(Pr*U1k);
        end
             
        output = codistributed.build(outputloc,codistr,'noCommunication'); 
    end
    output = vec(output);

else
    

    % solve Helmholtz for each frequency in parallel
    spmd
        codistr   = codistributor1d(2,codistributor1d.unsetPartition,[nsrc*nrec,nfreq]);
        freqloc   = getLocalPart(freq);
        wloc      = getLocalPart(w);
        nfreqloc  = length(freqloc);
        outputloc = zeros(nsrc*nrec,nfreqloc);
        
       if size(Q,3)>1
            Qloc = getLocalPart(Q);
        end
        
        for k=1:nfreqloc
            fm = f(m,freqloc(k));
            dfdm = df(m,freqloc(k)) .* input;
            
            % Hk = A * diag( (B*fm).^2 ) + const
            [Hk, A,B] = Helm2D(fm,ot,dt,nt,model.nb);
            
            % Derivative of mapping, fm -> Hk(fm)
            dHk = opMatrix(A)*opDiag((2*B*fm) .* (B*dfdm));            
            
            if size(Q,3)==1
                U0k = Hk\(wloc(k)*(Ps'*Q));
            else               
                U0k = Hk\(wloc(k)*(Ps'*Qloc(:,:,k)));
            end
            
            % DU[dm] = H[m]\( -dH(m)[dm] * U(m) )            
            Sk = -dHk * U0k;
            
            U1k = Hk\Sk;
            outputloc(:,k) = vec(Pr*U1k);
        end
        output = codistributed.build(outputloc,codistr,'noCommunication'); 
    end
    output = vec(output);

-‐	  if	  else	  branches	  for	  different	  cases
-‐	  matches	  the	  analytical	  formulas	  much	  closer
-‐	  still	  repeated	  code	  between	  F.m,	  DF.m
-‐	  even	  more	  repetition	  for	  Hessian	  functions



Objective function - old way
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function [f,g,h,w,f_aux] = misfit_red(m,Q,D,model,params)

[Dt,Jt] = F(m,Q,model);

D  = reshape(D, [nrec*nsrc,nfreq]);
Dt = reshape(Dt,[nrec*nsrc,nfreq]);

dR = D - Dt;

f = 0.5*norm(dR,‘fro’)^2;

if nargout > 1        
    g = Jt'*vec(dR);
end

end

1	  forward	  PDE	  solve

1	  forward	  PDE	  re-‐solve,	  1	  adjoint	  PDE	  solve



Old code
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Main	  components
• common	  setup	  code	  

• helmholtz	  solving	  environment
• model	  extension	  for	  PML,	  conversion	  from	  s^2/km^2	  -‐>	  s/m
• etc

• common	  computational	  code
• forward	  wavefield	  solve
• other	  wavefield	  solves,	  depending	  on	  what	  we	  need	  (forward	  
modeling,	  forward	  jacobian,	  adjoint	  jacobian,	  hessian,	  gauss-‐newton	  
hessian,	  LS	  objective)



New code
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If	  you	  have	  a	  lot	  of	  duplication	  -‐>	  consolidation

PDEfunc.m
• general	  function	  for	  computing	  various	  quantities	  depending	  on	  
Helmholtz	  solutions	  for	  FWI
• forward	  model,	  migration,	  demigration,	  hessian,	  gauss-‐newton	  
hessian,	  least	  squares	  objective	  +	  gradient

• options	  for	  solving	  PDEs	  iteratively,	  with	  LU,	  backslash



New code
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If	  you	  have	  a	  lot	  of	  duplication	  -‐>	  consolidation

PDEfunc.m
• additive	  function	  over	  sources	  +	  receivers

• serial	  function	  intended	  to	  be	  run	  on	  each	  Matlab	  worker



Example - F.m, new code
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if exist('params','var')==0, params = []; end
 
J = oppDF(m,Q,model,params);
 
freq = distributed(model.freq);
nsrc = length(model.xsrc); nrec = length(model.xrec); nfreq = length(model.freq);
 
spmd,
    [fStart,fEnd] = globalIndices(freq,2);
    model_loc = model;
    model_loc.freq = model_loc.freq(fStart:fEnd);
    Dloc = PDEfunc('forw_model',m,Q, [],[], model_loc, params);
    codist_f = getCodistributor(freq);
    codist = codistributor1d(2,codist_f.Partition,[nsrc*nrec,nfreq]);
    D = codistributed.build(Dloc,codist);
end

D = vec(D);



New code

16

For	  WRI
varargout = PDEfunc_wri( func, m, Q, dm, D, model, params);

AddiVonal	  required	  opVons:
params.lambda - WRI lambda parameter

Check	  the	  documentaVon	  for	  more	  details



Code organization
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PDEfunc	  -‐	  main	  setup,	  driver	  code

F.m	  -‐	  forward	  modeling oppDF.m	  	  -‐	  migration/demigration oppH.m	  -‐	  Hessian
oppHGN.m	  -‐	  GN	  Hessian



Benefits of new code
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Single	  function	  where	  heavy	  computation	  is	  done
• any	  future	  optimizations	  to	  PDE	  solves	  propagate	  to	  entire	  code	  base

Separation	  of	  computation,	  parallelization
• can	  split	  up	  data	  in	  arbitrary	  ways	  without	  affecting	  the	  result,	  easier	  to	  
test	  +	  show	  correctness



Benefits of new code
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Now	  we	  have
• Gauss-‐Newton	  Hessian	  for	  FWI	  with	  no	  unnecessary	  PDE	  solves
• Full	  Hessian	  for	  FWI
• Gauss-‐Newton,	  Full	  Hessian	  for	  WRI
• All	  tested	  with	  correct	  Taylor	  error,	  adjoint	  test	  behaviour,	  so	  you	  
know	  that	  they’re	  actually	  correct



New code

You	  don’t	  have	  to	  interact	  directly	  with	  PDEfunc,	  PDEfunc_wri
• F.m,	  oppDF.m,	  oppH.m,	  oppHGN.m	  just	  implement	  the	  
parallelization	  over	  frequencies,	  use	  PDEfunc	  as	  their	  main	  driving	  
code

Instead,	  there	  is	  the	  misfit_setup.m	  function	  for	  generating	  least-‐
squares	  FWI,	  WRI	  objectives

20



Code organization
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PDEfunc	  -‐	  main	  setup,	  driver	  code

F.m	  -‐	  forward	  modeling oppDF.m	  	  -‐	  migration/demigration oppH.m	  -‐	  Hessian
oppHGN.m	  -‐	  GN	  Hessian

misfit_setup.m



New code example - easy frequency continuation
   Parallel over frequencies (default)

22

params.wri = false;               %FWI objective
%params.dist_mode = ‘freq’;       %distribute over frequencies
freq_batch = {1:2,3:4,5:6,7:8};
mk = m0;

for j=1:length(freq_batch)
    params.freq_index = freq_batch{j}; %frequency selection
    obj_fwi = misfit_setup(Q,Dobs,model,params);
    mk = minFunc(obj_fwi,mk,opts);
end



New code example - easy frequency continuation
   Parallel over sources
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params.wri = false;               %FWI objective
params.dist_mode = ‘src’;         %distribute over sources
freq_batch = {1:2,3:4,5:6,7:8};
mk = m0;

for j=1:length(freq_batch)
    params.freq_index = freq_batch{j};
    obj_fwi = misfit_setup(Q,Dobs,model,params);
    mk = minFunc(obj_fwi,mk,opts);
end



New code example - easy frequency continuation
   Parallel over sources + frequencies
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params.wri = false;               %FWI objective
params.dist_mode = ‘srcfreq’;     %distribute over sources + 
                                   frequencies
freq_batch = {1:2,3:4,5:6,7:8};
mk = m0;

for j=1:length(freq_batch)
    params.freq_index = freq_batch{j};
    obj_fwi = misfit_setup(Q,Dobs,model,params);
    mk = minFunc(obj_fwi,mk,opts);
end



New code example - easy frequency continuation
   Parallel over frequencies

25

params.wri = true;               %WRI objective
params.lambda = 10;              %WRI penalty parameter
%params.hessian = ‘sparse’;      %sparse hessian for WRI, 
                                 default
freq_batch = {1:2,3:4,5:6,7:8};
mk = m0;

for j=1:length(freq_batch)
    params.freq_index = freq_batch{j};
    obj_wri = misfit_setup(Q,Dobs,model,params);
    mk = minFunc(obj_wri,mk,opts);
end



New code example - easy frequency continuation
   Parallel over frequencies

26

params.wri = true;               %WRI objective
params.lambda = 10;              %WRI penalty parameter
params.hessian = ‘gn’;           %GN Hessian for WRI
freq_batch = {1:2,3:4,5:6,7:8};
mk = m0;

for j=1:length(freq_batch)
    params.freq_index = freq_batch{j};
    obj_wri = misfit_setup(Q,Dobs,model,params);
    mk = minFunc(obj_wri,mk,opts);
end
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New	  code	  is	  
• modular	  and	  maintainable

• parallelization,	  computation	  separated
• easier	  to	  test,	  also	  passes	  tests

• easy	  to	  set	  up	  objectives	  +	  hessians	  for	  FWI/WRI
• no	  unnecessary	  PDE	  solves
• choice	  of	  modes	  of	  distributing	  data,	  not	  just	  over	  frequencies

• found	  in	  /tools/algorithms/
• /2DFreqModeling	  -‐	  FWI
• /WRI	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  -‐	  WRI
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3D	  Code
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3D Modeling and Inversion

NEW	  27	  point	  stencil	  Helmholtz	  implementation

NEW	  linear	  system	  solvers

NEW	  multigrid-‐based	  preconditioner

All	  work	  by	  Rafael	  Lago



3D Modeling and Inversion

NEW	  27	  point	  stencil	  Helmholtz	  implementation

in	  /tools/algorithms/3DFreqModeling

• as	  little	  as	  4	  points	  per	  wave-‐length	  needed	  to	  stably	  invert	  the	  
Helmholtz	  equation

• compared	  to	  ~10	  points	  per	  wave-‐length	  of	  the	  standard	  7	  point	  
stencil

30



3D Modeling and Inversion

NEW	  linear	  system	  solvers

/tools/solvers/Krylov

• CGMN	  -‐	  CG	  preconditioned	  w/	  double	  Kaczmarz	  sweeps
• CRMN	  -‐	  CR	  preconditioned	  w/	  double	  Kaczmarz	  sweeps
• FGMRES	  -‐	  flexible	  GMRES,	  for	  use	  with	  the	  new	  preconditioner

31
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Figure 2 Model error after each pass of FFWI for all
frequencies. One pass equals 242 PDE solves.

FFWI FFWI
with with Speedup

CGMN CRMN
4 Hz 23,403 19,846 18%
6 Hz 30,189 24,387 24%
8 Hz 34,724 26,265 32%
Total 88,316 70,498 25%

Table 1 Total number of iterations of
CGMN and CRMN during the inversion
for each frequency slice

Conclusion

We proposed an improvement for the known CGMN method, by replacing the traditional conjugate gra-
dients method by the conjugate residual method. The new proposed algorithm called CRMN presents
minimal residual properties and is able to compute an approximate solution satisfying the relative resid-
ual criterion for each PDE solve in about 25% fewer iterations than the traditional CGMN, at the expense
of one extra model vector storage. We observed that CGMN also allows a smaller true error in the pro-
posed experiments, but that in the context of inversion, this smaller error produces no benefit in the final
model approximation. Experiments using frugal FWI show that the speedup provided by CRMN is sub-
stantial, encouraging further investigation for larger problems, higher frequency, more realistic settings
(e.g. viscoelastic larger dataset) and massivelly parallel experiments.
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3D Modeling and Inversion

NEW	  multigrid-‐based	  preconditioner

in	  /tools/solvers/Multigrid

Extends	  previous	  work	  in	  [1]	  for	  a	  multigrid,	  shifted-‐Laplacian	  
approach	  for	  a	  7-‐point	  stencil	  to	  the	  27-‐point	  case

33

[1]	  Calandra,	  H.,	  Grafon,	  S.,	  Pinel,	  X.	  and	  Vasseur,	  X.	  [2013]	  An	  improved	  two-‐grid	  precondiVoner	  for	  the	  soluVon	  of	  three-‐
dimensional	  Helmholtz	  problems	  in	  heterogeneous	  media.
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[1]	  Calandra,	  H.,	  Grafon,	  S.,	  Pinel,	  X.	  and	  Vasseur,	  X.	  [2013]	  An	  improved	  two-‐grid	  precondiVoner	  for	  the	  soluVon	  of	  three-‐
dimensional	  Helmholtz	  problems	  in	  heterogeneous	  media.

scheme proposed by Calandra et al. (2013) therein called T2V , obtained after a careful Fourier analysis
performed for the Helmholtz and the complex shifted Laplacian operator discretized for the standard 7
points finite differences.

The T2V preconditioner consists of multigrid V-cycle applied on the Helmholtz operator, where the
coarse solver is chosen as two cycles of FGMRES(10) preconditioned by another multigrid V-cycle,
this time applied on the complex shifted Laplacian operator. One cycle of GMRES(10) preconditioned
by two iterations of Jacobi relaxation with w = 0.2 is used as coarse solver for the coarsest level. The
authors use trilinear interpolation and prolongation in all levels. All smoothing steps consist of two
iterations of Jacobi relaxation, with w being carefully chosen depending on which level of the hierarchy
the smoothing is being applied. Figure 1 shows a representation of the T2V preconditioner.

Figure 1 Illustration of the T2V preconditioner

Calandra et al. (2013) compare the T2V with other more elaborated combination of multigrid cycles
(including the F-cycle) but for their most realistic numerical experiment, the solution of the Helmholtz
equation for the SEG/EAGE salt dome model, the T2V shows the best performance.

In spite of its impressive performance, the preconditioner T2V is devised for a rather restrictive sce-
nario: the Helmholtz equation discretized with the standard 7 points finite differences stencil, with 10
points per wavelength. Changing any of these variables might change drastically the behaviour of the
preconditioner.

This work is driven by the need to use a more economical discretization scheme, such as the 27 points
parsimonious staggered-grid proposed by Operto et al. (2007). This discretization allows stable char-
acterization of the wave equation for as little as 4 points per wavelength, yielding considerably smaller
systems to be solved, bringing a key reduction in the memory requirements for solving the problem.
Observing that the T2V preconditioner seems to be not convergent for this discretization even at 6 points
per wavelength (see comparisons in the next section), we proposed a similar scheme which replaces
the smoothing steps and the coarsest solver by CGMN (cf. Björck (1996)) and CRMN (cf. Lago et al.
(2014)) respectively. Figure 2 shows a simplified scheme of the resulting preconditioner, which we call
N2V in this extended abstract.

In contrast with T2V , the parameters in the N2V preconditioner, namely the number of CGMN and
CRMN iterations, has been chosen empirically and are not considered by any means to be an optimal

77th EAGE Conference & Exhibition 2015
IFEMA Madrid, Spain, 1–4 June 2015

Preconditioner	  of	  [1]
Only	  works	  for	  7	  point	  stencil



3D Modeling and Inversion

35

New	  preconditioner
Works	  with	  27	  point	  stencil

Figure 2 Illustration of the N2V preconditioner

choice, meaning that a more careful analysis could improve the behaviour of this method, being this one
of the subjects of future research.

Numerical Experiments

As mentioned in the previous section, the aim of the N2V preconditioner is to obtain robustness with
respect to changes in the characteristics of the discrete operator, reducing memory requirements and
improving convergence when possible. We then compare the convergence curve of both T2V and N2V
in two scenarios. In the first, we solve the Helmholtz equation for the SEG/EAGE Overthrust velocity
model at 8 Hz using the standard 7 points finite difference discretization, with a discretization using
10 points per wave length. Both T2V and N2V are used as a preconditioner for FGMRES(10) and all
experiments are performed using MATLAB 2013a. We show the convergence curve in Figure 3, where
the horizontal axis shows the number of iterations of the outer FGMRES(10), that is, effectively how
many times the preconditioner was applied. Even though the major goal was to obtain robustness, in
this experiment we see that N2V converges in considerably less iterations than T2V . We would like to
remark that N2V requires more memory than T2V , because Jacobi relaxation can be done “in place”,
whereas CGMN requires the storage of 4 model vectors. The total storage for T2V is 24.5 GB and for
N2V is 29 GB.

In the second scenario, we maintain the SEG/EAGE Overthrust velocity model and the 8Hz frequency,
but we change the discretization scheme. In lieu of the standard 7 points stencil, we use the 27 points
stencil proposed by Operto et al. (2007) and 6 points per wavelength. This change alone is enough to
modify the properties of the Jacobi relaxation used in the T2V preconditioner and after 100 iterations
the method seem to have stagnated, see Figure 4. The N2V preconditioner however, although affected
by the change in the discrete operator, converged after 60 iterations. Using this discretization, the T2V
preconditioner uses 5.3 GB of memory while N2V uses 6.2 GB, which is much more economical than
the previous scenario. However, since T2V does not converge in this case, only the N2V may enjoy this
advantage of the reduced memory storage.
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Figure 3 Second numerical experiment, using 7
points stencil and 10 points per wavelength for
SEG/EAGE Overthrust at 8Hz

10 20 30 40 50 60 70 80

10
−4

10
−3

10
−2

10
−1

10
0

Number of Iterations

R
e
la

ti
v
e
 R

e
s
id

u
a
l 
N

o
rm

 

 

T2V

N2V

Figure 4 Second numerical experiment, using 27
points stencil and 6 points per wavelength for
SEG/EAGE Overthrust at 8Hz

Conclusion

We show preliminary results comparing the use of CGMN as smoother and CRMN as coarse solver
for multigrid preconditioning for the Helmholtz equation, replacing the use of other more traditional
technique. The goal is to obtain a more robust multigrid preconditioner, less sensitive to changes in the
discrete operator. In our numerical experiments using the SEG/EAGE Overthrust velocity model at 8Hz,
we observe that our proposed method N2V converges in 14 iterations, 9 less iterations than one of the
best reputed multigrid techniques for this problem when using a standard discretization scheme. When
using a more economical and compact 27 points scheme, T2V fails to converge whereas N2V converges
after 60 iterations.

As a future work we plan to further explore the smoothing properties of CGMN for the wave equation,
comparing its performance when using high order discretizations and more realistic physics, as well as
comparing the performance in terms of computational time when using an optimized implementation in
low level language.
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New	  27	  point	  stencil	  -‐	  less	  points	  per	  wavelength

New	  Krylov	  solvers	  -‐	  less	  iterations,	  smooth	  error	  decrease	  for	  
Frugal	  FWI

New	  Multigrid	  preconditioner	  -‐	  less	  iterations
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