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Motivation
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Hessian
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Bayesian theory
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[E. Haber, 2014]

Bayesian theory

Bayesian inference:

Ppost (m) X Plike (m dabs)pprior (m)

}
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Prior information
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Prior information
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Bayesian theory

Prior information
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Bayesian theory

Gaussian distribution assumption:
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Bayesian theory

Posterior distribution of FWI:
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Bayesian and WRI

Posterior distribution of WRI:

Ppost (M) X

exp (—Hpu(m) —dopel2: = A2|A(m)u(m) — qf% 1 — [Jm — mpie |4

noise pde

Likelihood Prior

—1/2 —1/2
)\ZPde/ A o )\Zpde/ q
y—1/2p 2—1/2(101DS

noise noise

where,
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WRI vs FWI

Larger # of degrees of freedom

[van Leeuwen, T and Herrmann, FJ, 2013]

“more convex”




Bayesian and WRI

Mean and covariance of the model:

5(m) = [ mpposc(m)dm

Cov(m) = [ (E(m) - m)*ppoe (m)dm
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Quantify the uncertainty

Goal : Quantify the uncertainty based on the posterior distribution Ppost (1)

Solution:
¢ |ntegrate the posterior distribution
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Solution:
¢ |ntegrate the posterior distribution |Huge computational cost!!!
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Quantify the uncertainty

Goal : Quantify the uncertainty based on the posterior distribution Ppost (1)

Solution:
¢ |ntegrate the posterior distribution

e McMC method to sample the posterior distribution
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[D. Higdon, et al, 2010]

McMC method

Metropolis-Hasting Method:

- st (M) At sample my
Draw sample y from the proposal

distribution 7% (m)

Tpost (¥ ), (M)

Tpost (1 ) Tk (Y )
set My 1 =Yy

if min(1, ) > «a

else
regenerate y

end
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[D. Higdon, et al, 2010]

McMC method
Random Walk: 7 (m) «~ N (my, oI)

mo Tpost (M)
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[M. Girolami and B. Calderhead, 2011]

McMC method

Langevin McMC method: 7x(m) «~ N (my — Lgy, L)

(&

=
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[M. Girolami and B. Calderhead, 2011]

McMC method
Langevin McMC method: 7, (m) «~ N (my — Lgg, L)

Mo Tpost (m) o Il
(<]
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[M. Girolami and B. Calderhead, 2011]

McMC method
Langevin McMC method: 7, (m) «~ N (my — Lgg, L)
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[James Martin et al, 2012]

McMC method

Newton Type McMC: 7Tk( “A N(mk — k gk, lel)

(125 Tpost (m o INg
o

=
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[James Martin et al, 2012]

McMC method
Newton Type McMC: ﬁk(m) A N(mk — lelgk, szl)
Mo 7-‘-100875(111) ¢ Ml
° y
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McMC method
Newton Type McMC: ﬁk(m) A N(mk — lelgk, szl)
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[James Martin et al, 2012]

McMC method

Newton Type McMC: ﬁk(m) A N(mk — lelgk, szl)

M2 Tpost (1M) e Iy
° Yy

Computational cost:

1) Low rank approximation of
the Hessian.

2) Number of PDE solvers ~
Number of samples.
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Quantify the uncertainty

Goal : Quantify the uncertainty based on the posterior distribution Ppost (1)

Solution:
¢ |ntegrate the posterior distribution

e McMC method to sample the posterior distribution

» Advantage: the true uncertainty can be quantified
» Disadvantage: huge computational cost
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Quantify the uncertainty

Goal : Quantify the uncertainty based on the posterior distribution Ppost (1)

Solution:
¢ |ntegrate the posterior distribution

e McMC method to sample the posterior distribution
» Advantage: the true uncertainty can be quantified
» Disadvantage: huge computational cost

e Use an approximate distribution to quantify the uncertainty
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ednesda

WRI vs FWI

Larger # of degrees of freedom

[van Leeuwen, T and Herrmann, FJ, 2013]

“more convex”




Quadratic approximation

f(m) ~ f(mpap) + gT(m — myAp)
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Hessian of WRI

Misfit function of WRI:

f(m,u(m)) = [Pu—d|* + A*[[A(m)u — q|*

Hessian of WRI:

04f 0*f 0*f = 0°f

Om2 Omoudu2 Oudm

1

H =
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Hessian of WRI

2 2 201 A2

H — 0"t o*t o7t 0"t Dense and not positive-definite

om? JOmodoudu? Judm
where,
aZf T 2 AT
53 = PTP+A?ATA
0%ft ., 0Au. ' 0Au
ﬁmz_)\(é’m)<8m)
0%f , OAT(Au — q) o« 7, 0Au
goom " " om ):)\A((?m)
02 f , OAT(Au— q) , OAu '
omon N T am ) TN G A
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Hessian of WRI

2 2 201 A2
H — 0"t o*t o7t 0"t Dense and not positive-definite
Oom? Omoduodu? Judm
where,
azf T 2 AT
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0%ft ., 0Au. ' 0Au
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Hessian of WRI

2 2 2¢ 1 n2

H — 0"t o*t o7t 0"t Dense and not positive-definite
Oom? Omoduodu? Judm

where,

azf T 2 AT

53 = PP+ A?ATA

0%ft ., 0Au. ' 0Au

6’m2_)\ (6’m) (8m)
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Positive-definite approximation of Hessian

Approximated Hessian:

1

0*f O*f 0*f — O*f
Oom? Omoduodu? Judm
~ NGTG - MGTAWNVATA+P'P)TAYG
1 1

_ )\ZGT(EA_TPT(I - 12 PA 'A-TPYHPAHG

H=

) .
n.. NN diagonal
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Positive-definite approximation of Hessian

Approximated Hessian:

1
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W

Computational cost:
ne* (ng + ny)
storage cost:

ngkng* (Ng + ny)
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Positive-definite approximation of Hessian

Evaluate the Hessian with three different models:
e True model
e Model from inversion
e |nitial model

0 500 1000 1500 2000 0 500 1000 1500 2000 0 500 1000 1500
Lateral [m] Lateral [m] Lateral [m]
M M- Mo
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Positive-definite approximation of Hessian

Evaluate the Hessian with three different model:
e True model
e Model from inversion
e |nitial model

Evaluate the Hessian with three different A choices:

e \ = 1e0
e \ = 1e3
e \ = 1e0
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Quadratic approximation
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Quadratic approximation with approximated
Hessian at mt
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Quadratic approximation with approximated

Obijective function

34

Hessian af mn
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Quadratic approximation with approximated
Hessian at mo
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1
H= G (AP I+ PAT'AT'P)"'PATHG
—B'B

Diagonal part of the Hessian:
hii = B(:,4)" * B(:, 1)
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Quadratic approximation with diagonal part of
approximated Hessian at mi
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Quadratic approximation with diagonal part of
approximated Hessian at mn

x10° A= ‘!eO

Obijective function

N
O +
N

Q

ednesday, 28 October, 15

Obijective function

o
N

O
w

O
N

A=1e3
—ft
——fqd | |
/
0
Q

Obijective function

0.5

o
N

O
w

O
N

O
—h

A =1eb
—ft
—fqd | -
0
Q




Obijective function

Quadratic approximation with diagonal part of
approximated Hessian at mo
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Positive-definite approximation of Hessian

The application of the approximated Hessian and its diagonal part:

e |nvert the MAP point with Newton type method (PDE free and
matrix free)

e Quantify the uncertainty of the inversion result (standard
deviation)
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Workflow

— uncertainty quantification

Solve the Compute the

deterministic VVRI problem Hessian at the MAP Quantify the uncertainty of

to obtain the MAP estimate and generate the the model.
estimate. Gaussian distribution.

41
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Numerical experiment (Full acquisition)

km/s
3.5

Model size: 500m x 2000m
Source spacing: 80m
Receiver spacing: 20m
Fixed spread 2km
Frequency : 10-31 Hz
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(a) True model Standard deviation of data noise: 0.1
Standard deviation of pde: 0.1
Standard deviation of model: 1
lambda: |
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(b) Initial model
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Numerical experiment (Full acquisition)
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Posterior distribution vs Prior distribution

Distribution at x =500m, z = 50m
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Confidence intervals (90%)
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Confidence intervals

100 random realizations of data:
d; = F(m;) + €, ¢; ~ N(0,0°T)

Inversion results correspond to these data:

di%mi
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Confidence intervals (90%)
— Inversion results of 100 random realizations
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Numerical experiment (Partial acquisition)

km/s
3.5

Model size: 500m x 2000m
Source spacing: 80m
Receiver spacing: 20m
Fixed spread 2km
Frequency : 10-31 Hz
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Numerical experiment (Partial acquisition)
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Full acquisition
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Partial acquisition
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2.5
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55 (b) Initial model

Model size: 2000m x 4500m
Source spacing: 50m
Receiver spacing: 10m
Fixed spread 4.5km
Frequency : 5~31 Hz

Standard deviation of data noise: 0.5
Standard deviation of pde: 0.5
Standard deviation of model: 1
lambda: |
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dnesda

Posterior distribution
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Posterior distribution vs Prior distribution

Distribution at x = 2500m, z = 200m Distribution at x =2500m, z = 1000m Distribution at x =2500m, z = 1800m
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Confidence intervals (90%)
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Confidence intervals (90%)
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Confidence intervals (90%)
— Inversion results of 100 random realizations
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Confidence intervals (90%) .
— Inversion results of 1000 random realizations

Depth [m]

62

0

200

400

600

800

1000

1200

1400

1600

1800

2000

x =1000m

Velocity [km/s]

(a)

Depth [m]

o)

200

400

600

800

1000

1200

1400

1600

1800

2000

X =2500m

2

Velocity [km/s]

(b)

Depth [m]

200

400

600

800

1000

1200

1400

1600

1800

2000

X =4000m

2

Velocity [km/s]

(c)

Wednesday, 28 October, 15




Confidence intervals (90%)
— Inversion results of 1000 random realizations
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Conclusion

1. A positive-definite approximated Hessian of WRI is proposed
e Matrix free
e Easy to obtain the diagonal part

2. The quadratic function with the approximated Hessian is a good
approximate of the original WRI misfit function

3. The results of inverting noisy data still lie in the confidence intervals
e This gives us confidence in our confidence intervals
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Future work

1. Apply the positive-definite approximated Hessian to the
deterministic WRI.

2. Consider the density into the workflow and quantify the
uncertainty of density.

3. Add the uncertainty quantification workflow into the soft-
release of SINBAD.
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