
Problem Setup

Without the sparsity assumption onx
j

, we are solving a feasibility problem forx
j

and w,
8
><

>:

f
j

= x
j

⇤ w + !
j

X 2 RN ! L

w = Bh B 2 RL! K , B =


I

K

0

�

The problem suffers from scaling, shift and other ambiguities.
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Fundamental Ill-Posedness – Shift Ambiguity

x w x ⇤ w

x(t + .1) w(t � .1) x ⇤ w
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l1 Regularization

With the l1 regularization to promote sparsity

min
x,w

!
2

kf � x ⇤ wk2 + kxk1 + " kwk

Global minimum is trivial: x ⇠ # [Benichoux, Vincent and Gribonval 2013]
Local minima may or may not be good

However, if w is known, then l1 regularization can be used to resolve sparse well separated
spikes [Claerbout and Muir 1973], [Santosa and Symes 1986], [Donoho 1992], [Dossal and
Mallat 2005]

11 / 42
Wednesday, 28 October, 15



l1/l2 Regularization

Replace the l1 norm with a l1/l2 penalty

min
x,w2span(B)

!
2

kf � x ⇤ wk2 +
kxk1

kxk2
+ " kwk

Or the denoising version

min
x,w

log
kxk1

kxk2

subject to kf � x ⇤ wk2  #

w = Bh.
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Solving the optimization problem

Original problem is non-convex non-differentiable

min

xj ,w

!

j

log

‖x
j

‖1

‖x
j

‖2

subject to

"
‖f

j

− x
j

∗ w + x
j

∗ f
j

‖2 ≤ ! , j = 1, .., n

w = Bh.

Split x into positive and negative parts: x = x
p

− x
m

, x
p

≥ 0, x
m

≥ 0 so that |x| = x
p

+ x
m

min

xj,±,w

!

j

log

1T

(x
j,+ + x

j,�)

‖x
j,+ − x

j,�‖2

subject to

#
$%

$&

‖f
j

− (x
j,+ − x

j,�) ∗ w + (x
j,+ − x

j,�) ∗ f
j

‖2 ≤ ! , j = 1, .., n

w = Bh

xT
j,+xj,� = 0.

The problem now is differentiable with Lipschitz continuous gradient.
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Method of Multipliers

min

x
F (x) s.t. hi (x) 2 Ci

Assume Ci is convex and F , hi are differentiable with Lipschitz continuous gradient.

Find a saddle point of the augmented Lagrangian

L (x, p) = F (x) +
∑

i

1

2! i
kD

δiCi(pi + ! i hi (x))k2 �
1

2! i
kpi k2

where D
δiCi(p) = p � Π

δiCi(p) (distance from p to ! i Ci )

by iterating
xk+1

= argmin

x
L (x, pk

)

pk+1
i = D

δiCi(p
k
i + ! i hi (xk+1

))

In practice, approximate xk+1 with a quasi-Newton method such as LBFGS.
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Lifted Blind Deconvolution

w = Bh, f = x ⇤ w � f ⇤ x ! f = A
f

(hxT , x) for linearA.

Change variable from




h
x

p

x
m



 to Z =





h
x

p

x
m

1





[
hT xT

p

xT

m

1
]

and the optimization problem

becomes

min
Z

F (Z)

subject to A
j

(Z) = y
j

, j = 1, ..., n
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Random Initial Guess

Initial h Initial x
p

Initial x
m
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Recovered Wavelet for n = 5, r = 1, SNR = 13.5

w |ŵ|

(included k�H k2F to promote impulsive wavelet)
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Recovered Wavelet for n = 50, r = 1 , SNR = 13.5

w | öw|
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Recovered Sparse Signal for n = 50, r = 1, SNR = 13.5
x1 f1
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Feedback system: Recovered Sparse Signal for n = 5 , r = 1 ,
SNR = 20.8

x1 f1

31 / 42
Wednesday, 28 October, 15



Feedback system: Recovered Wavelet for n = 5, r = 1,
SNR = 9.82

w |ŵ|

(included k! Hk2
F

to promote impulsive wavelet)
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Feedback system: Recovered Sparse Signal for n = 5, r = 1,
SNR = 9.82

x1 f1
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Feedback system: Recovered Sparse Signal for n = 50, r = 1 ,
SNR = 14.2

x1 f1
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Feedback system: Recovered Sparse Signal for n = 1, r = 1,
SNR = 50

x̂1

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

time

 

 
true
estimated

data

0 0.5 1 1.5 2 2.5 3
−0.08

−0.06

−0.04

−0.02

0

0.02

0.04

0.06

0.08

0.1

0.12

t

37 / 42
Wednesday, 28 October, 15





Feedback system: Recovered Sparse Signal for n = 1, r = 3,
SNR = 50
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Related References

[Cosse, Shank, and Demanet, 2015] (used lifting technique for FWI)

[Long, Solna, and Xin, 2013] (used full lifting to solve l1/l 2).

[Repetti, Pham, and Duval, 2015] (another l1/l 2 based solver for blind deconvolution)
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Conclusions and Future Work

Method of Multipliers implementation of a lifted l1/l2 sparsity constraint can solve EPSI
and standard 1D blind deconvolution problems
Works with a random initial guess
With more measurements, results improve and data can be noisier

Future Work:

implementation of the algorithm on 2D model.
Incorporate into multilevel EPSI algorithm at the coarsest level, where the EPSI
deconvolution problems are smaller but more di! cult
Show EPSI model with l1/l2 removes shift ambiguity for sparse signals
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