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Motivation 

Which	
  one	
  is	
  better?
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Bayesian theory

Deterministic	
  inverse	
  problem:

Statistical	
  inverse	
  problem	
  with	
  Bayesian	
  theory:

⇡
post

(m) := ⇡(m|d
obs

) / ⇡
prior

(m)⇡(d
obs

|m)

where m is the model parameter, and d
obs

is the observed data

	
  (James	
  Martin	
  et	
  al,	
  2012)
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Bayesian theory
Assume:
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Sampling the posterior pdf

How	
  to	
  obtain	
  the	
  posterior	
  probability	
  density	
  function?

Compute	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  by	
  discretization?

0

m2

m1

⇡
post

(m) N = Nsub sample ⇤Npara

Npara >> 106

N >> 108
Nsub sample >> 102

# of PDE solvers >> N ⇤Ns

Ns >> 102



Markov	
  chain	
  Monte	
  Carlo	
  method	
  ?	
  

Approximate the pdf

How	
  to	
  obtain	
  the	
  posterior	
  probability	
  density	
  function?

Metropolis	
  -­‐	
  Hasting	
  method

if min(1,
⇡
post

(y)⇡̃
y

(m
k

)

⇡
post

(m
k

)⇡̃
k

(y)
) > ↵

else
regenerate y

end

set mk+1 = y

At sample mk

Draw sample y from the proposal distribution ⇡̃k(m)



Approximate the pdf

How	
  to	
  obtain	
  the	
  posterior	
  probability	
  density	
  function?

Stochastic	
  Newton	
  MCMC	
  ?

	
  (James	
  Martin	
  et	
  al,	
  2012)
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Approximate the pdf

0

m2

m1

⇡
post

(m)

	
  (James	
  Martin	
  et	
  al,	
  2012)

⇡̃k(m) v N (mk �H�1
k gk,H

�1
k )



Approximate the pdf

Challenges:

Low	
  -­‐	
  rank	
  approximation	
  may	
  not	
  be	
  correct.

The	
  computational	
  cost	
  of	
  estimating	
  Hessian	
  is	
  huge.

The	
  computational	
  cost	
  of	
  calculating	
  the	
  posterior	
  distribution	
  
probability	
  density	
  function	
  is	
  huge.

Computational Cost s O(Nsample ⇤Ns)



BFGS Hessian

At	
  the	
  stage	
  k:	
  approximated	
  Hessian	
  	
  	
  	
  	
  	
  	
  	
  and	
  gradient	
  	
  	
  	
  	
  	
  ,
Update	
  	
  	
  	
  	
  	
  	
  	
  by	
  adding	
  two	
  rank	
  one	
  matries:

where	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  should	
  satisfy
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l-BFGS Hessian with pseudo GN Hessian as a 
starter

Limited	
  memory	
  BFGS	
  Hessian:

Choice	
  of	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  :	
  	
  pseudo	
  GN	
  Hessian	
  

{si}k�M+1ik

{yi}k�M+1ik

B(k)
0

Bk

B�1
k

B(k)
0

	
  (Choi,	
  Y,	
  et	
  al,	
  2012)



Randomized source subsampling

To	
  speed	
  up	
  the	
  computation	
  of	
  posterior	
  pdf:

Randomized	
  source	
  subsampling:

	
  (Farbod	
  Roosta-­‐Khorasani	
  et	
  al,	
  2013;	
  Eldad	
  et	
  al,	
  2012;	
  	
  Michael	
  P.	
  Friedlander	
  et	
  al,	
  2013,	
  van	
  Leeuwen	
  et	
  al,	
  2013)
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Randomized source subsampling

Computational	
  Cost:	
  

Subset	
  misfit	
  vs	
  Full	
  misfit
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O(Ns) ! O(Nrs), Nrs << Ns



Randomized source subsampling

Computational	
  Cost:	
  O(Ns) ! O(Nrs)
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Numerical Experiments

Camambert	
  model

True Model
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Standard Deviation

X [m]

Z 
[m

]

 

 

10 20 30 40 50 60

10

15

20

25

30

35

40

45

50

55

60

km/s

0.05

0.1

0.15

Nrs = 5

Standard	
  Deviation

Final	
  Model
Confidence	
  
Interval

True	
  Model

Final	
  Model
Confidence	
  
Interval

True	
  Model

Confidence	
  
Interval

↵ = 0.9

1.5 2 2.5 3

0

50

100

150

200

250

300

350

400

450

500
Velocity [km/s]

D
ep

th
 [m

]

x = 240m

 

 
Confidence Interval
V True
V Final



Standard Deviation
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Numerical Experiments

BG	
  model
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Final Model
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Standard	
  deviation
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Conclusions

• Using	
  the	
  L-­‐BFGS	
  Hessian,	
  we	
  reduce	
  the	
  computational	
  cost	
  of	
  
estimating	
  the	
  Hessian.

• Using	
   the	
   randomized	
   source	
   sub-­‐sampling	
   method,	
   we	
  	
  
decrease	
  the	
  computational	
  cost	
  of	
  the	
  McMC.



Future Work

• Use	
  penalty	
  method	
  frame	
  work	
  to	
  reset	
  up	
  the	
  probability	
  distribution	
  
function.

• Use	
  different	
  sampling	
  method	
  to	
  analyze	
  the	
  posterior	
  distribution.

• Uncertainty	
  quantification	
  for	
  3D	
  FWI.
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