
Windowing vs signal model
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Matrix vs Tensor methods

a"(&+71C%

minimize
X2Rn1⇥n2⇥n3⇥n4

1

2
‖A(X) − B‖2

2 + λ
4∑

i=1

‖X(i) ‖⇤
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Kreimer, Stanton, Sacchi. ÒTensor completion based on nuclear norm minimization for 5D 
seismic data reconstruction.Ó Geophysics, 2013

Y i = X (i), i = 1 , . . . , 4

minimize
X,Y1,...,Y4

1

2
kA(X) � Bk22 + !

4X

i=1

kYik⇤

such that Yi = X(i)
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Upcoming paper: SVD-free 4D seismic data 
reconstruction
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Multidimensional interpolation
with Hierarchical Tucker 

Successful	
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Hierarchical Tucker format
X � n1 ⇥ n2 ⇥ n3 ⇥ n4 (%"'+&
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Example
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{ 1, 2, 3, 4, 5}

{ 1, 2, 3} { 4, 5}
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= tr

= t

= t2= t1

Fig. 3.1 A dimension tree of { 1, 2, 3, 4, 5} .

3 The hierarchical Tucker decomposition

In this section, we define the set of HT tensors of fixed rank using the HT de-
composition and the hierarchical rank. Much of this and related concepts were
already introduced in [24,22,23] but we establish in addition some new relations
on the parametrization of this set. In order to better facilitate the derivation of the
smooth manifold structure in the next section, we have adopted a slightly di↵erent
presentation compared to [24,22].

3.1 The hierarchical Tucker format

Definition 3.1 Given the order d, a dimension tree T is a non-trivial, rooted
binary tree whose nodes t can be labeled (and hence identified) by elements of the
power set P({1, 2, . . . , d}) such that

(i) the root has the label tr = {1, 2, . . . , d}; and,
(ii) every node t 2 T , which is not a leaf, has two sons t1 and t2 that form an

ordered partition of t, that is,

t1 [ t2 = t and µ < ! for all µ 2 t1, ! 2 t2. (3.1)

The set of leafs is denoted by L. An example of a dimension tree for tr =
{1, 2, 3, 4, 5} is depicted in Figure 3.1.

The idea of the HT format is to recursively factorize subspaces of Rn1⇥n2⇥···⇥n
d

into tensor products of lower-dimensional spaces according to the index splittings
in the tree T . If X is contained in such subspaces that allow for preferably low-
dimensional factorizations, then X can be e�ciently stored based on the next
definition. Given dimensions n1, n2, . . . , nd, called spatial dimensions, and a node
t ✓ {1, 2, . . . , d}, we define the dimension of t as nt =

!
µ2t nµ.

Definition 3.2 Let T be a dimension tree and k = (kt)t2T a set of positive
integers with kt

r

= 1. The hierarchical Tucker (HT) format for tensors X 2
Rn1,n2,...,n

d is defined as follows.

(i) To each node t 2 T , we associate a matrix Ut 2 Rn
t

⇥k
t .

(ii) For the root tr, we define Ut
r

= vec(X).

U123 B123 U45 B45

B12345

U1 U23 B23 U4 U5
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Seismic Hierarchical Tucker
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Seismic Hierarchical Tucker
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Multidimensional interpolation
with Hierarchical Tucker 

Successful	
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Matrix Completion
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Sampling
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Interpolation with noise
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Optimization program
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Synthetic BG Group data
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Noise
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7.34 Hz - 50% missing receivers - low noise
Common source gather
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7.34 Hz - 50% missing receivers - low noise
Common source gather
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7.34 Hz - 50% missing receivers - high noise
Common source gather
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7.34 Hz - 50% missing receivers - high noise
Common source gather
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7.34 Hz - Denoising
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Conclusion
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