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Outline

O An alternative solver (DC-WRI) for WRI when A is small.

Q Accelerating and Denoising the (DC)-WRI using principal source encoding.

@ Conclusion and future direction.
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Wavefield Reconstruction Inversion

WRI in matrix form

i = arg min | PoU — Doys |7 + N[ A(m)U — Q|3

Jm,U)

We assume
o : locations of receivers.

o each source corresponds to the same set of receivers.
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Solving WRI by Alternative Projection

We alternatively update m and U

T
. AA Q
Upy1 =argmin J(mg,U) = ,
k1 = argmin Jmg, U) = p DobJ
quadratic in U
8J(m, Uk+1)
Mk41 = Mk = ’Ya—m\m:mk-

o As A — oo WRI converge to FWI.

o As A\ =0, becomes ill conditioned.

Po
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Taking the limit

Consider the following two penalties

riny = arg min || Poll = Dops 7 + A A(m)U = Q|-

titg = arg min o | PoU — Dops [§ + [A(m)U — Q|-
We assert

lim 7y = lim 7h,.
A—0 a—00
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An Alternative Method

As o — 0o, WRI reduces to

m = arg mir(} |A(m)U = Q|lp = J(m,U)
s.t. PoU = Dy,

We expect
U)\ — U.

Tﬁx—)fﬁ.
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The Alternative Minimization for the New Formulation

When applying the alternative minimization, we found an explicit form of Uy, 1 as a minimizer
of J(my,U).

Uky1 = PéC(A(mk)Pf;C)T(Q - A(mk)PﬁDobS) + PéDobs

a'](ma Uk-i—l)

Migy1 = Mg — 7 om |m:mk'

Pqe restricts the wavefield to non-receiver locations.
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DC-WRI

In WRI we need to invert

AA

<+ a data augmented operator
Pq

and now we need to invert
A(my,)Phe < a data constrained operator

We call the new method Data-Constrained Wavefield Reconstruction Inversion (DC-WRI).
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Wavefield in DC-WRI
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Wavefield in WRI with A = 107°

real part of data

—20

o 10 20 30 40 50
receivers

7 direction

\ i

1500 2000 2500 3000 3500
x direction

WRI extensions



Wavefield in WRI with \ = 10°
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Wavefield in FWI
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Comparison of condition numbers

10 T T T T

——condition number for DC-WRI
9 —— condition number for WRI

condition number
>
T
n
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Noisy data?

Source offset: 20m, Frequency: 5-7Hz: SNR=9.5(dB) 8-20 Hz: SNR=25 dB

Using all the sources

z direction

500 1500 2000 2500 3000 3500
x direction

True model

z direction

0 500 1000 3000 3500

1500 2000 2500
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Source encoding

Source encoding techniques:

o randomly picking the sources: [(¢n,,...qn,] < m =

b _[

o Gaussian encoding: QN «+ =

o Encoding using singular vectors QV}, | © =

Vi is orthogonal, deterministic, model dependent.
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Source encoding

What is a reasonable V7
o m is closely related to the accuracy of reconstructions of U;
o we want to reconstruct the wavefields for only a subset of "sources";

o Low rank approximation (or PCA)

U=wsVT = WSVl

0 Q- U, QVy & UV, =Wl |the principal component of U |.
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Source encoding

What is a reasonable V7
o m is closely related to the accuracy of reconstructions of U.
o Reconstruct the wavefields for all the sources vs. those for a subset of sources.

o The best subset? Low rank approximation (or PCA)

U=wsvT = Wz, vF

o Q- U, QVy > UV = Wiy <+ ‘the principal component of U |.
—~~

encoded source
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Normalized singular values of U for f =3,5,7,9
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Source encoding with noise

What if we have noise?
o the principle directions of D, have the largest SNR when the noise is i.i.d.
o the principle direcitons are obtained through Dyys = WEVT ~ WkikaT

o Q<+ U, QPVka > UkaVk <+ | projecting V. onto directions with high SNR |.
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Normalized singular values of D, for f =3,5,7.9
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Sketched SVD

Sketched SVD - [Gilbert, Anna C., Jae Young Park, and Michael B. Wakin].

The right singular vectors of X is close to those of GX, where G is Gaussian with rows much
less than columns.

Theorem 1.

X is an n x d matrix with rank k. Let G be an a random Gaussian matrix with m < n. If
m > O(ke 2log(1/€) + log(1/6)), then with probably over 1 —§

clx|
d(X)’

IVx — Vaxll2 <e€

where Vx and Vigx are the first k right singular vectors of X and GX, d(X) = m7éax loi — oj].
i
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Summary of the algorithm

Input: D, mg, some k1, ke € Z k1 < ko Output: m.
Q set f = fmin;

find the SVD of D5 (nr x ns) and store XN/;@;

solve the first iteration of DC-WRI and get U,

apply sketched SVD on U and obtained Vj,;

construct the mixed sources by ¢ - P‘;k2 Vie, 5

© 00O0O

solve DC-WRI using the mixed sources ¢ - Py, Vi, and mixed data d - Py, Vg, for all
2 2
frequencies.
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Examples

Receiver and source offset: 50m Frequency: 4 HZ, no noise

Initial Guess

z direction

500 1500 2000 2500 3000 3500
x direction

True model

z direction

500 1000 1500 2000 2500 3000 3500
x direction
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z direction

500 1000 1500 2000 2500 3000 3500
x direction

Using all (77) the sources

z direction

500 1000 1500 2000 2500 3000 3500
x direction

Up: 6 principal sources from wavefield SVD. Down: all (77) sources.
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Using 10 sources by SVD of Wavefield

z direction

500 1000 1500 2000 2500 3000 3500
x direction

Using all (77) the sources

z direction

500 1000 1500 2000 2500 3000 3500
x direction

Up 10 principal sources from wavefield SVD. Down: all (77) sources.
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Using 15 sources by SVD of Wavefield

z direction

500 1000 1500 2000 2500 3000 3500
x direction

Using all (77) the sources

z direction

500 1000 1500 2000 2500 3000 3500
x direction

Up: 15 principal sources from wavefield SVD. Down: all (77) sources.
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Using 20 sources by SVD of Wavefield

z direction

1000 1500 2000 2500 3000 3500
x direction

Using all (77) the sources

z direction

500 1000 1500 2000 2500 3000 3500
x direction

Up: 15 principal sources from wavefield SVD. Down: all (77) sources.
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Using 20 sources by SVD of data

z direction

500 1000 1500 2000 2500 3000 3500
x direction

Using all (77) the sources

z direction

500 1000 1500 2000 2500 3000 3500
x direction

Up: 20 principal sources from SVD on the data. Down: all (77) sources.
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Source offset: 20m, Frequency: 5-7Hz: SNR=9.5(dB) 8-20 Hz: SNR=25 dB

Using all the sources

= THFERFARF IR

500

z direction

500 1500 2000 2500 3000 3500
x direction

True model

z direction

500 1500 2000 2500 3000 3500
x direction
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Source offset: 20m, Frequency: 5-7Hz: SNR=9.5(dB) 8-20 Hz: SNR=25 dB

Using 1/10 sources by SVD of Wavefield

z direction

500 1000 1500 2000 2500 3000 3500
x direction

True model

z direction

500 1000 1500 2000 2500 3000 3500
x direction
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Summary

We proposed
@ a method that overcomes the ill-conditioning problem of small parameter regime of WRI;

@ a new source encoding method that could accelerate and stabilize both the new approach
and WRI with any A.

Future direction:
o Testing cases with missing traces, data completion, or other non-OBS scenarios;

o Bringing the technique to time domain.
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Data Constrained WRI

Misfit:

J(m,u) = ||PaU — Dops|7: + N*[|[ A(m)U — Q||

Data Augmented System (WRI) Data Constrained System (DC-WRI)
.l.
arg min J(my,U) = Py Dobs] argmin J(mg,U) = (A(my) Pge) Dobs]
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Comparison of condition numbers
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