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Part 1- single-parameter WRI
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Goals

• Evaluate	
  FWI	
  &	
  WRI	
  in	
  case	
  of	
  a	
  poor	
  start	
  model	
  &	
  missing	
  low-­‐frequencies.
• Test	
  whether	
  WRI	
  still	
  works	
  when	
  (“mildly”)	
  wrong	
  physics	
  is	
  used.
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Example – BG Compass model

• Low	
  frequencies	
  missing,	
  24	
  frequency	
  batches	
  (15	
  iterations	
  each)	
  
{5	
  6}	
  ,{6	
  7},...	
  ,{28	
  29}	
  Hertz.	
  Each	
  interval	
  contains	
  5	
  frequencies.

• 103	
  sources/receivers	
  w/	
  55m	
  sample	
  interval	
  
• Inaccurate	
  initial	
  model
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Model estimate at every iteration

Tuesday, December 9, 14



Model estimate at every iteration
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Cross sections
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Relative model errors
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Objective function value
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Data fit
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• WRI	
  does	
  not	
  work	
  with	
  
physical	
  wavefields

• WRI	
  uses	
  the	
  ‘data-­‐augmented’	
  
wavefield

• for	
  	
  	
  	
  small	
  enough,	
  the	
  initial	
  
field	
  will	
  match	
  the	
  data	
  
closely.

�
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Example – BG Compass model 
no inverse crime

• Generate	
  ‘observed’	
  data	
  using	
  a	
  compressibility	
  and	
  buoyancy	
  model.
• Invert	
  for	
  compressibility,	
  fixed	
  and	
  inaccurate	
  buoyancy.
• Obtain	
  velocity	
  model	
  from	
  inverted	
  compressibility	
  and	
  fixed	
  
inaccurate	
  buoyancy.

• Low	
  frequencies	
  missing,	
  15	
  frequency	
  batches	
  (15	
  iterations	
  each)	
  
{5	
  6}	
  ,{6	
  7},...	
  ,{19	
  20}	
  Hertz.	
  Each	
  interval	
  contains	
  5	
  frequencies.

Tuesday, December 9, 14



Fields in initial model, 5Hz

• Wavefield	
  in	
  true	
  model	
  (blue).
• Wavefield	
  in	
  true	
  compressibility	
  model	
  
with	
  fixed	
  and	
  inaccurate	
  buoyancy	
  
model	
  (red).

• Perfect	
  model	
  estimation	
  still	
  results	
  in	
  
nonzero	
  data	
  fit.
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True velocity

True velocity model
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Initial velocity

Initial velocity model
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Buoyancy for modeling ‘observed data’

Buoyancy model for modeling
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Fixed buoyancy for inversion

Buoyancy model for inversion (fixed)
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Final velocity estimate using WRI

Result velocity WRI (derived), h=100
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True velocity

True velocity model
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Initial velocity

Initial velocity model
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Cycle 1
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Cycle 2

Tuesday, December 9, 14



Result velocity WRI (derived), h=1000000000
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Result velocity WRI (derived), h=1000000000
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Final velocity estimate using WRI

Result velocity WRI (derived), h=100
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True velocity

True velocity model
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Initial velocity

Initial velocity model
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1st update

Result velocity WRI (derived), h=1000000000
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1st update

Result velocity WRI (derived), h=100
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Conclusions - single-parameter WRI

WRI	
  can	
  outperform	
  FWI	
  when	
  starting	
  models	
  are	
  inaccurate.
WRI	
  still	
  works	
  when	
  mildly	
  wrong	
  physics	
  is	
  use–i.e.,	
  no	
  inverse	
  
crime.
Fitting	
  data	
  at	
  the	
  start	
  seems	
  key.
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Software

Single	
  parameter	
  WRI	
  and	
  the	
  first	
  example	
  are	
  in	
  the	
  SLIM	
  software	
  release.

34
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Part  2 - Multi-parameter WRI
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Multi-parameter PDE-constrained optimization

Main	
  issues	
  with	
  multi-­‐parameter	
  inverse	
  problems:
• non	
  uniqueness
• parameter	
  scaling
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Multi-parameter PDE-constrained optimization

Cross-­‐well	
  toy	
  example
Update	
  parameters	
  simultaneously	
  using	
  a	
  quasi-­‐Newton	
  
method.
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Multi-parameter PDE-constrained optimization

Data	
  fit	
  >	
  99%

Proposed	
  solutions	
  include:	
  
• find	
  ‘best’	
  parameterization
• sequential/alternating	
  inversion
• regularization
• manual	
  scaling	
  of	
  gradients

Problems:
• sensitive	
  to	
  parameter	
  choices
• manual	
  fine-­‐tuning
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Multi-parameter PDE-constrained optimization

Observation:
• Hessians	
  naturally	
  provide	
  information	
  on	
  ‘scaling’	
  and	
  
‘coupling’.

Using	
  Hessians	
  was	
  also	
  proposed	
  by	
  Lavoué	
  et	
  al.	
  2014.

Adjoint-­‐state	
  based	
  FWI	
  leads	
  to	
  dense	
  Hessians.
Problems:

• cannot	
  store	
  dense	
  Hessian
• matrix-­‐vector	
  product	
  cost	
  extra	
  PDE	
  solves
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Goals 

•multi-­‐parameter	
  WRI

• Obtain	
  an	
  approximation	
  of	
  the	
  Hessian	
  without	
  solving	
  extra	
  PDE’s.
• Approximation	
  must	
  be	
  sparse	
  and	
  available	
  in	
  memory	
  explicitly.
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Goals 

•multi-­‐parameter	
  WRI

• Obtain	
  an	
  approximation	
  of	
  the	
  Hessian	
  without	
  solving	
  extra	
  PDE’s.
• Approximation	
  must	
  be	
  sparse	
  and	
  available	
  in	
  memory	
  explicitly.

This	
  is	
  possible	
  w/	
  WRI!
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estimated compressibility
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Approximate	
  reduced	
  Hessian	
  sparsity	
  
pattern

Derivation	
  similar	
  to	
  single	
  parameter	
  WRI	
  
Hessian	
  approximation
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r2

,�� 0
0 r2

b,b��
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=
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A reduced-space algorithm

examples below is given by

H̃ =

✓
—2

k,k fl 0
0 —2

b,bfl

◆
=

✓
G⇤

k Gk 0
0 G⇤

bGb

◆
. (13)

We summarize the important properties of this Hessian ap-
proximation which we will refer to as a sparse Gauss-Newton
approximation: 1) positive-definiteness, 2) Hermitian and 3)
sparse. These properties make the Gauss-Newton step

pgn =

✓
G⇤

k Gk 0
0 G⇤

bGb

◆�1✓—bf̄l
—k f̄l

◆
(14)

cheap to compute. The block structure enables parallel solution
of both nonzero blocks. The content of these blocks depends of
the specific parameterization and discretization used. Here we
follow the disretize-then-optimize approach and discretize such
that Gk is a diagonal matrix. Inverting G⇤

k Gk is then trivial.
The buoyancy in the Helmholtz equation (eq.1) is connected
to differential operators and that is why the partial derivative
w.r.t the buoyancy (Gb) will contain a differential operator. The
block G⇤

bGb cannot be trivially inverted, but it is just one extra
PDE-solve on top of all the linear systems that have to be solved
each iteration (eq. 4) to obtain the fields. Note that this block
is also symmetric positive definite and suitable for efficient
iterative solvers and preconditioners. Therefore this sparse
approximate reduced Hessian approach does not consume a lot
of storage, does not take any significant computations to form
and the solution of the Gauss-Newton system (eq.14) gives rise
to a minor contribution to the total computational cost of the
Gauss-Newton waveform inversion algorithm. Below is the
final algorithm in a nutshell.
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Figure 1: True models for example 1.

NUMERICAL EXPERIMENTS

Example 1: A motivational example

We can naively use just the gradient in the L-BFGS method.
The result is shown in figure 2 where the true models are shown
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Figure 2: Inverted compressibility and buoyancy for exam-
ple 1. The velocity computed from the inverted parameters is
also shown. The optimization algorithm was a naive L-BFGS
implementation.

Algorithm 1 Waveform inversion with a sparse Hessian ap-
proximation.

while Not converged do

1. ū = argminu

����

✓
lA(b,k)

P

◆
u�

✓
lq
d

◆����
2

// Solve

2. Gk ,Gb,—bf̄l ,—k f̄l // Form

3. pgn = H̃�1g // Solve

4. find steplength a // Linesearch

5. m = m+apgn // update model

end

in figure 1. The initial guess was a smoothed version of the true
models. The results show that the buoyancy is not updated very
much. Nearly all of the updates is in the compressibility model.
The velocity derived from the compressibility and buoyancy is
actually reasonable.

Example 2: Heuristics about the effect of the sparse Hes-
sian approximation

To analyse the effect of our proposed Hessian approximation,
we construct a model with a point scatterer. It consists of both
a compressibility and buoyancy perturbation. The background
model is homogeneous. We look at the gradient of the objective
w.r.t both the buoyancy and compressibility and compare it to
the corresponding Gauss-Newton directions to visually illus-
trate the effect of the Hessian approximation. The sources and
receivers are located at the top of the domain. We see that the
Gauss-Newton direction improves the focussing of the buoy-
ancy direction, but it does not do much for the compressibility.

Example 3: Application to waveform inversion

In this waveform inversion example we try to invert just pres-
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estimated compressibility
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Summary & Conclusions - multi-parameter

WRI	
  provides	
  access	
  to	
  a	
  reduced	
  Hessian	
  approximation	
  which	
  is:
• sparse
• easy	
  to	
  invert
• scales	
  different	
  parameter	
  classes	
  based	
  on	
  the	
  
optimization,	
  data	
  and	
  PDE	
  itself

Can	
  extend	
  to	
  more	
  than	
  two	
  parameters.
Different	
  optimization	
  strategies	
  may	
  not	
  remove	
  non	
  
uniqueness.
No	
  theoretical	
  guarantees	
  yet.
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Current & future work

Apply	
  single-­‐	
  and	
  multi-­‐parameter	
  WRI	
  to	
  real	
  data.
(talk	
  on	
  Wednesday)

3D	
  WRI	
  using	
  iterative	
  solvers
(another	
  talk	
  on	
  Wednesday)
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