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Motivation
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What is the modified Gauss-Newton?

FWI	
  objective

gradient	
  (action	
  of	
  Jacobian	
  adjoint	
  or	
  RTM	
  operator)

Gauss-­‐Newton	
  update

the	
  modified	
  Gauss-­‐Newton	
  update

3

{
RTM

�(m) :=
1

2
kD�PrH(m)�1

Qk2F
�D

r�(m) := JT�D = conj

✓
@H

@m
(H�1Q)

◆
�

�
(HT

)

�1
(PT

r �D)

�

�m := argmin
�m

k�D� J�mk2F
Gauss-­‐Newton
analytic	
  solution:

{{

Gauss-­‐Newton	
  Hessian
of	
  FWI	
  objective

RTM

�m = (JTJ)�1JT�D

�m := S

T argmin
x

k�D� JS

T
xk2F s.t. kxk1  ⌧
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The modified Gauss-Newton algorithm

4

Algorithm 1: the modified Gauss-Newton method for FWI

Result: Output estimate for the model m
m  � m0; k  � 0; ✏ ; // initial model

while 1
2kD�PrH(m)

�1
Qk2F � ✏ do

�mk := ST argmin
x

k�D� JSTxk2F s.t. kxk1  ⌧k

mk+1  �mk + ↵k�mk ; // update with linesearch

k  � k + 1;
end
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Figure	
  explaination

Inversion results
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Observation & question

• modified	
  Gauss-­‐Newton	
  only	
  promotes	
  sparsity	
  on	
  individual	
  	
  
updates

• modified	
  Gauss-­‐Newton	
  does	
  NOT	
  change	
  the	
  FWI	
  objective	
  
function

why	
  the	
  sum	
  of	
  all	
  modified	
  Gauss-­‐Newton	
  updates	
  is	
  sparse?

6
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Least-squares optimization problem

unconstrained	
  objective	
  function

Gauss-­‐Newton	
  update

the	
  modified	
  Gauss-­‐Newton	
  update

7

�m = S

H
argmin

�x
k�d� J[mk]S

H�xk22 subject to k�xk`1  ⌧

min
m

�(m) :=

⇢
1

2
kd�F [m]k22

�

�m = argmin
�m

k�d� J[mk]�mk2

lasso	
  problem
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Least-squares optimization with sparse constraint

objective	
  function	
  with	
  sparse	
  constraint

Gauss-­‐Newton	
  update

8

min

x

�(x) :=

⇢
1

2

kd�F [S

H
x]k22

�
subject to kx� x0k`1  ⌧

�m = S

H
argmin

�x
k�d�rF [mk]S

H�xk22 subject to k�x+ xk � x0k`1  ⌧
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GN	
  with	
  unconstrained	
  objective

Convex problem with unique solution

9
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with	
  right	
  constraint

GN with sparse constrained objective function

10
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  wrong	
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min
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�(x) :=
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kd�F [S

H
x]k22

�
subject to kx� x0k`1  ⌧
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The modified Gauss-Newton

11
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Linear example with multiple solutions 
(underdetermined)
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GN with sparse constrained objective function

13
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the modified Gauss-Newton
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Pareto	
  reference

How to choose sparsity level for the modified GN

15
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Fig. 6.1. Corrupted and interpolated images for problem seismic. Graph (c) shows the Pareto
curve and the solution path taken by SPGL1.

ever, as might be expected of an interior-point method based on a conjugate-gradient
linear solver, it can require many matrix-vector products.

It may be progressively more difficult to solve (QPλ) as λ → 0 because the reg-
ularizing effect from the one-norm term tends to become negligible, and there is less
control over the norm of the solution. In contrast, the (LSτ ) formulation is guaranteed
to maintain a bounded solution norm for all values of τ .

6.4. Sampling the Pareto curve. In situations where little is known about
the noise level σ, it may be useful to visualize the Pareto curve in order to understand
the trade-offs between the norms of the residual and the solution. In this section
we aim to obtain good approximations to the Pareto curve for cases in which it is
prohibitively expensive to compute it in its entirety.

We test two approaches for interpolation through a small set of samples i =
1, . . . , k. In the first, we generate a uniform distribution of parameters λi = (i/k)∥ATb∥∞
and solve the corresponding problems (QPλi). In the second, we generate a uni-
form distribution of parameters σi = (i/k)∥b∥2 and solve the corresponding problems
(BPσi). We leverage the convexity and differentiability of the Pareto curve to approx-
imate it with piecewise cubic polynomials that match function and derivative values
at each end. When a nonconvex fit is detected, we switch to a quadratic interpolation

min
x
�A1x� b1�2 s.t �x�1 � �1

min
x
�A2x� b2�2 s.t �x�1 � �2

min
x
�A3x� b3�2 s.t �x�1 � �3

�m = S

H
argmin

�x
k�xk1

subject to k�d� JS

H�xk22  �
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Least-squares migration

• 10	
  random	
  frequencies
(20Hz-­‐50Hz)

• 17	
  randomly	
  selected	
  shots	
  out	
  of	
  350	
  shots
• LASSO	
  problems	
  determined	
  by	
  SPGL1

	
  	
  	
  	
  	
  	
  	
  	
  

16

�m = argmin
�m

k�u� J�mk22

See	
  “Efficient	
  least-­‐squares	
  imaging	
  with	
  sparsity	
  promotion	
  and	
  compressive	
  sensing”	
  

Tuesday, December 9, 14

https://www.slim.eos.ubc.ca/content/efficient-least-squares-imaging-sparsity-promotion-and-compressive-sensing
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The modified GN with L1 constraint

17
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The modified GN with L2 constraint

18
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Nonlinear problem with multiple solutions 

19

 

 

xinitialxtrue xinitialxtrue

−5 0 5

−5

−4

−3

−2

−1

0

1

2

3

4

5

10

20

30

40

50

60

70

80kd�mTATAmk22

A =


2
1

�

d = �4

GN	
  with	
  unconstrained	
  objective

m =


m1

m2

�

Tuesday, December 9, 14



GN with sparse constrained objective function
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with	
  right	
  constraintwith	
  wrong	
  constraintwith	
  wrong	
  constraint

⌧ > ⌧true⌧ < ⌧true ⌧ = ⌧true

min

x

�(x) :=

⇢
1

2

kd�F [S

H
x]k22

�
subject to kx� x0k`1  ⌧
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The modified Gauss-Newton

21
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Observations

• For	
  convex	
  problems	
  with	
  unique	
  solution,	
  the	
  modified	
  Gauss-­‐
Newton	
  method	
  will	
  find	
  the	
  solution	
  as	
  other	
  methods	
  with	
  
unconstrained	
  objective.	
  

• For	
  problems	
  with	
  multiple	
  solutions,	
  the	
  modified	
  Gauss-­‐Newton	
  
method	
  can	
  find	
  a	
  solution	
  with	
  sparse	
  perturbation	
  of	
  the	
  initial	
  
guess,	
  if	
  updates	
  share	
  the	
  same	
  support.

22
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The phase retrieval problem 

objective	
  function:

23

A : 400⇥ 512 matrix

d : 400⇥ 1 vector

x : 512⇥ 1 unknown vector
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truth
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�(x) :=

⇢
1

2
kd� diag(Ax)(Ax)k22

�
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true	
  result	
  and	
  initial	
  guess

Results

24
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GN w\ global constraint
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objective

Convergency
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red	
  is	
  the	
  position	
  of	
  sparse	
  support

Modified Gauss-Newton updates

26
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BG model example

BG	
  Compass	
  model
• 2	
  x	
  7	
  km
• 350	
  shot	
  positions,	
  700	
  fixed	
  receivers
• 3-­‐15Hz,	
  10	
  frequency	
  bands
• 5	
  GN	
  updates	
  for	
  each	
  band
• observed	
  data	
  is	
  from	
  time	
  domain	
  finite	
  difference

27
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Figure	
  explaination

Inversion results

28

lateral (m)

d
e

p
th

 (
m

)

 

 

0 1000 2000 3000 4000 5000 6000 7000

0

500

1000

1500

2000

2000

3000

4000

lateral (m)

d
e

p
th

 (
m

)

 

 

0 1000 2000 3000 4000 5000 6000 7000

0

500

1000

1500

2000

2000

3000

4000

the modified
Gauss-Newton 
method with 
L1 constraint

the modified
Gauss-Newton 
method with 
L2 constraint

Tuesday, December 9, 14



FWI	
  objective	
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Curvelet coefficients of updates
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Conclusion 

• 	
  introduce	
  sparsity	
  constraint	
  by	
  changing	
  the	
  objective	
  function	
  
does	
  not	
  necessarily	
  generating	
  the	
  solution	
  with	
  sparse	
  
perturbation	
  of	
  the	
  initial	
  guess

• the	
  modified	
  Gauss-­‐Newton	
  method	
  can	
  provides	
  us	
  the	
  solution	
  
with	
  sparse	
  perturbation,	
  if	
  all	
  updates	
  share	
  the	
  same	
  sparsity	
  
support

• the	
  modified	
  Gauss-­‐Newton	
  works	
  for	
  linear	
  problems	
  (seismic	
  
imaging)

• the	
  modified	
  Gauss-­‐Newton	
  works	
  for	
  FWI,	
  if	
  a	
  reasonable	
  initial	
  
model	
  is	
  provided
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