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Motivation

• speed	
  and	
  accuracy
• preprocessing	
  on	
  the	
  time	
  axis	
  (muting,	
  windowing,	
  
AGC,	
  etc)

•mathematic	
  principles	
  (adjoint	
  test,	
  gradient	
  test,	
  
etc)

• easy	
  to	
  read	
  and	
  update
• “memory	
  free”	
  (using	
  backward	
  modeling	
  for	
  
background	
  wavefield)

•Matlab	
  (easy	
  for	
  sponsors	
  to	
  use,	
  test	
  and	
  modify)
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Wave equation in time domain
continuous	
  form

linear	
  algebra	
  form

3

@

2
f(x, y, z, t)

@

2
x

2
+

@

2
f(x, y, z, t)

@y

2
+

@

2
f(x, y, z, t)

@z

2
� 1

v

2

@

2
f(x, y, z, t)

@t

2
= q(s

x

, s

y

, s

z

, t)

Au = q
A : time domain forward modeling matrix

u : vectorized wave field of all time steps and modeling grids

q : source
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One time step of continuous form
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One time step of continuous form
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One time step of linear algebra form

5
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One time step of linear algebra form
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Time-stepping method for wave equation

one	
  time	
  step

all	
  time	
  steps

A1 A2

A1like
Gaussian	
  
elimination
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Domain decomposition
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Comparison with iWAVE

constant velocity model 
(2000m/s), size of which is 
501x501
1000 time samples with 2s 
length.
with free surface.

iWave is a C++ framework for 
wave simulation from Rice 
University [William Symes 2011]

Elapsed	
  time	
  is	
  38	
  seconds. Elapsed	
  time	
  is	
  42	
  seconds.
8
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Trace to trace

9
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di : one observed shot record

Pr : receiver restriction operator

m : model slowness

Jacobian of FWI objective and its adjoint

FWI	
  objective	
  function

gradient	
  of	
  FWI	
  objective	
  (action	
  of	
  Jacobian	
  adjoint	
  or	
  RTM	
  
operator)

Born	
  modeling	
  (action	
  of	
  Jacobian	
  or	
  Born	
  modeling	
  operator)
{
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di : one observed shot record

Pr : receiver restriction operator

m : model slowness

Jacobian of FWI objective and its adjoint
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Importance of adjoint test

least-­‐squares	
  migration

analytic	
  solution

11
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RTM
{

Gauss-­‐Newton	
  Hessian
of	
  FWI	
  objective
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(maybe)	
  Figure	
  2	
  titleFigure	
  1	
  title
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perfectly	
  pass	
  adjoint	
  test

almost	
  pass	
  adjoint	
  test

4-­‐25	
  Hz	
  with	
  0.5	
  Hz	
  spacing
50	
  LSQR	
  iterations

Tristan	
  van	
  Leeuwen	
  2012
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Gradient of FWI objective (RTM)

forward	
  modeling
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Gradient of FWI objective (RTM)

forward	
  modeling adjoint	
  modeling
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Gradient of FWI objective (RTM)

forward	
  modeling adjoint	
  modeling
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Gradient of FWI objective (RTM)

backward	
  modeling adjoint	
  modeling
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Backward modeling with checkpoints

one	
  time	
  step	
  of	
  forward	
  modeling

one	
  time	
  step	
  of	
  backward	
  modeling

solve	
  the	
  EXACT	
  forward	
  wave	
  equation	
  

save	
  the	
  wavefield	
  at	
  the	
  last	
  two	
  time	
  steps17
Yder	
  Massonand,	
  etc;	
  2013
Eric	
  Dussaud,	
  etc;	
  2008
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backward	
  modeling

forward	
  modeling

Numerical experiment

This example uses Marmousi 
velocity model, the size of 
which is 319x921, 3000 time 
samples with 3s length.
with free surface.

Video time is the actuarial 
modeling time + plotting time
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backward	
  modeling	
  shot	
  recordforward	
  modeling	
  shot	
  record
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forward	
  modeling	
  shot	
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(maybe)	
  Figure	
  2	
  titleFigure	
  1	
  title

backward	
  modeling	
  shot	
  recordforward	
  modeling	
  shot	
  record difference

 

 

0 2000 4000 6000 8000 10000

0

2

4

6

8

10

12

14

16

18

20 −1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1x 10−3

 

 

0 2000 4000 6000 8000 10000

0

2

4

6

8

10

12

14

16

18

20 −1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1x 10−15

 

 

0 2000 4000 6000 8000 10000

0

2

4

6

8

10

12

14

16

18

20 −1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1x 10−3

22
Wednesday, December 10, 14



 

 

200 400 600 800

0

0.1

0.2

0.3

0.4

0.5

−0.5

0

0.5

x 10−14forward	
  &	
  backward	
  modeling

Numerical experiment

This example uses constant 
velocity model (2000m/s), the 
size of which is 101x101. 

We use a very bad stability 
condition 

Video time is the actuarial 
modeling time + plotting time
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forward	
  &	
  backward	
  modeling

Numerical experiment

This example uses 2-layer 
velocity model, the size of 
which is 101x101x101. 

Video time is the actuarial 
modeling time + plotting time

backward	
  modelingforward	
  modeling difference24
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Gradient of FWI objective function

This example uses 2 layer 
velocity model, the size of 
which is 300x600, 1334 time 
samples with 4s length.

with freesurface.

Video time is the actuarial 
gradient computing time + 
plotting time
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Gradient of FWI objective function

This example uses 2 layer 
velocity model, the size of 
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Adjoint test

< J�m, �d >< �m,JT�d >< J�m, �d >=< �m,JT�d >

2D	
  one	
  layer 198.6919 198.6919 3.69E-13

2D Marmousii 2.48E+04 2.48E+04 2.01E-09

3D one layer 9.0273 9.0273 4.09E-14

27

The adjoint test will ensure that 
our implementation of the 
adjoint satisfies the formal 
definition of the adjoint

< J�m, �d >=< �m,JT�d >

Wednesday, December 10, 14



10−6 10−5 10−4 10−3 10−2 10−1 10010−12

10−10

10−8

10−6

10−4

10−2

100

102

104
gradient test

h

er
ro

r

 

 

\(m+hb dm)−\(m)
\(m+hb dm)−\(m)− h¢\(m)b m
h
h2

Gradient test
considering the Taylor 
approximation of FWI 
objective

�(m+ h�m) = �(m) + hr�(m)�m+O(h2)

28

lateral (m)

de
pt

h 
(m

)

 

 

50 100 150 200 250 300

50

100

150

200

2000

2500

3000

3500

m

�(m) =
1

2
kd�PrA(m)�1qk22

Wednesday, December 10, 14



Applications (Chevron 2014 benchmark)

• 1600	
  shots:	
  dS	
  =	
  25	
  m,	
  Source	
  depth	
  =	
  15	
  m
• 321	
  hydrophone	
  recs/shot:	
  dR	
  =	
  25	
  m,	
  Recevr	
  depth	
  =	
  15	
  m
• Max	
  offset	
  =	
  8000	
  m
• Record	
  time	
  =	
  8.0	
  s,	
  sample	
  rate	
  4	
  ms
• Vp	
  water	
  =	
  constant	
  =	
  1510	
  m/s
• With	
  free	
  surface	
  multiples	
  present	
  in	
  the	
  data
• Isotropic	
  Elastic

29
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Inversion settings

• Time	
  domain	
  approach	
  with	
  frequency	
  domain	
  FWI	
  precondition
• 3-­‐10	
  Hz	
  inversion
• 4	
  frequency	
  bands
• 4	
  GN	
  updates	
  for	
  each	
  frequency	
  band
• Each	
  GN	
  update	
  uses	
  5	
  LSQR	
  iterations

30
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Initial model

10m	
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FWI result

time	
  domain	
  result

lateral (m)

de
pt

h 
(m

)

 

 

0 0.5 1 1.5 2 2.5 3 3.5 4
x 104

0

1000

2000

3000

4000

5000

1500

2000

2500

3000

3500

4000

32
Wednesday, December 10, 14



frequency	
  domain	
  data	
  for	
  inversion

Data in frequency VS data in time

33
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Smoothed frequency domain result

use	
  this	
  as	
  a	
  initial	
  model	
  for	
  time	
  domain	
  FWI
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FWI in time domain

3-­‐10Hz	
  Gauss-­‐Newton	
  with	
  density	
  and	
  free	
  surface
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Figure	
  explaination
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Data comparison

background is 
the observed 
data. Same for 
the rest
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observed	
  shot	
  record
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Data comparison
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  from	
  initial	
  model
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Data comparison
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shot	
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  from	
  FWI	
  result
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Future plan

modeling
• TTI	
  
• elastic

imaging
• imaging	
  with	
  sparse	
  regularization	
  

FWI
• MGN	
  FWI

41

TTI	
  forward	
  modeling	
  and	
  backward	
  modeling

✏ = 0.2

� = 0.02

✓ = 0.3⇡
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