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Motivation
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Gauss-‐Newton	  Hessian	  of	  FWI

Motivation
[R.	  Gerhard	  Pratt,	  Changsoo	  Shin	  and	  G.J.	  Hicks,	  1998]

[van	  Leeuwen,	  T	  and	  Herrmann,	  F	  J	  ,	  2013]
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Hessian	  of	  WRI
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Goal

• Set	  up	  a	  reasonable	  distribution	  for	  the	  model	  given	  observed	  data.	  

• Derive	  efficient	  method	  to	  calculate/estimate	  the	  distribution.

• Generate	  different	  statistical	  parameters	  of	  the	  model	  to	  quantify	  
the	  uncertainty.
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Deterministic FWI vs WRI

Full-‐Waveform	  Inversion	  (FWI):

Wave-‐field	  	  Reconstruction	  Inversion	  (WRI):

[van	  Leeuwen,	  T	  and	  Herrmann,	  F	  J	  ,	  2013]
[J.	  Virieux	  and	  S.	  Operto,	  2009	  ]
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Statistical FWI vs WRI

FWI:

WRI:
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[Tarantola,	  1982]	  
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WRI vs FWI
[van	  Leeuwen,	  T	  and	  Herrmann,	  F	  J	  ,	  2013]
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Simple test
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Receiver

Data
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FWI data with initial model
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WRI data with initial model
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WRI data with initial model
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WRI data with initial model
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WRI data with initial model
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WRI data with initial model
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Posterior Distribution of WRI

Marginal	  distribution	  of	  m:

where
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Posterior Distribution of WRI

Posterior	  distribution	  w/	  variable	  projection:

where
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	  Joint	  Distribution
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Marginal	  Distribution	  
vs	  Var-‐Prj	  Distribution

	  Joint	  Distribution
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Quantify the uncertainty

Goal	  :	  Quantify	  the	  Uncertainty	  based	  on	  the	  posterior	  distribution
Solution:

• Integrate	  the	  posterior	  distribution.

20
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Quantify the uncertainty

Goal	  :	  Quantify	  the	  Uncertainty	  based	  on	  the	  posterior	  distribution
Solution:

• Integrate	  the	  posterior	  distribution.

20

Huge	  computational	  cost!!!
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Quantify the uncertainty

Goal	  :	  Quantify	  the	  Uncertainty	  based	  on	  the	  posterior	  distribution
Solution:

• Integrate	  the	  posterior	  distribution.

• Use	  McMC	  method	  to	  sample	  the	  posterior	  distribution.	  
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McMC method
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	  [James	  Martin	  et	  al,	  2012]

22
Wednesday, December 10, 14



McMC method
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McMC method
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McMC method
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McMC method

0

m2

m1

⇡
post

(m)

Newton	  Type	  McMC:

⇡̃k(m)

⇡̃k(m) v N (mk �H�1
k gk,H

�1
k )

mk

y

	  [James	  Martin	  et	  al,	  2012]

22
Wednesday, December 10, 14



McMC method
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	  [James	  Martin	  et	  al,	  2012]
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Computational cost:
1. Low-rank approximation of 

the Hessian.
2. Number of PDE solvers ~ 

Number of samples.

Wednesday, December 10, 14



Quantify the uncertainty

Goal	  :	  Quantify	  the	  Uncertainty	  based	  on	  the	  posterior	  distribution
Solution:

• Integrate	  the	  posterior	  distribution.

• McMC	  method	  to	  sample	  the	  posterior	  distribution.
‣ Advantage:	  the	  true	  uncertainty	  can	  be	  quantified.
‣ Disadvantage:	  Huge	  computational	  cost.
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Quantify the uncertainty

Goal	  :	  Quantify	  the	  Uncertainty	  based	  on	  the	  posterior	  distribution
Solution:

• Integrate	  the	  posterior	  distribution.

• McMC	  method	  to	  sample	  the	  posterior	  distribution.
‣ Advantage:	  the	  true	  uncertainty	  can	  be	  quantified.
‣ Disadvantage:	  Huge	  computational	  cost.

• Use	  an	  approximated	  distribution	  to	  quantify	  the	  uncertainty.
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Quadratic approximation
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Gauss-‐Newton	  Hessian	  of	  FWI

Hessian of FWI

Gauss-Newton Hessian of FWI:

where

26

[R.	  Gerhard	  Pratt,	  Changsoo	  Shin	  and	  G.J.	  Hicks,	  1998]

G =
@A(m)u

@m

HGN = GTA�TPTPA�1G

Full Hessian of FWI:

dense

H = HGN +H2

Wednesday, December 10, 14



Hessian of WRI
[van	  Leeuwen,	  T	  and	  Herrmann,	  F	  J	  ,	  2013]
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Hessian of WRI:

H = �2(GTG�GT(I+ ��2A�TPTPA�1)�1G)
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Different random
directions dm

28

↵ ↵

↵ ↵

f(mt + ↵dm)

−0.1 −0.05 0 0.05 0.10

0.05

0.1

0.15

0.2

0.25

 

 

Quadratic Approximation
True Misfit

−0.1 −0.05 0 0.05 0.10

0.05

0.1

0.15

0.2

0.25

 

 

Quadratic Approximation
True Misfit

−0.1 −0.05 0 0.05 0.10

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

 

 

Quadratic Approximation
True Misfit

−0.1 −0.05 0 0.05 0.10

0.05

0.1

0.15

0.2

0.25

 

 

Quadratic Approximation
True Misfit

Wednesday, December 10, 14



Uncertainty Quantification

Goal	  :	  Quantify	  the	  Uncertainty	  based	  on	  the	  posterior	  distribution
Solution:

• Integrate	  the	  posterior	  distribution.

• McMC	  method	  to	  sample	  the	  posterior	  distribution.
‣ Advantage:	  the	  true	  uncertainty	  can	  be	  quantified.
‣ Disadvantage:	  Huge	  computational	  cost.

• Use	  an	  approximated	  distribution	  to	  quantify	  the	  uncertainty.
‣ Quantify	  the	  uncertainty	  by	  estimating	  the	  diagonal	  part	  of	  the	  inverse	  
of	  the	  Hessian

‣ Advantage:	  cheap

29
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Diagonal approximation vs True Hessian
– comparision diagonal part

Diagonal Approximation
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Diagonal approximation vs True Hessian
– comparison generation random perturbation

Diagonal Approximation

31
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Diagonal approximation vs True Hessian
– comparison generation random perturbation

Diagonal Approximation

32

True Hessian
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Diagonal Approximation vs True Hessian
– comparison generation random perturbation

Difference

33

Lateral [m]

D
ep

th
 [m

]

 

 

0 500 1000 1500 2000

0

100

200

300

400

500 −0.5

0

0.5

Wednesday, December 10, 14



Workflow

34

Solve the deterministic 
WRI problem to obtain the 

MAP point.

Compute the 
Hessian at the MAP point, 
and generate the Gaussian 

distribution.

Quantify the uncertainty of 
the model.
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Workflow

34

Solve the deterministic 
WRI problem to obtain the 

MAP point.

Compute the 
Hessian at the MAP point, 
and generate the Gaussian 

distribution.

Quantify the uncertainty of 
the model.
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Numerical experiment

Model size: 500m x 2000m
Source spacing: 80m
Receiver spacing: 20m 
Fixed spread 2km
Frequency : 10-30 Hz

Standard deviation of data noise: 0.5
Standard deviation of PDE: 0.5
lambda: 1
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Initial Model
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Simple Model

a). Maximum a posterior point

(b)
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b). The standard deviation
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MAP
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(a)

Posterior Distribution

(c)(b)
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Confidence Interval

(a) (b) (c)
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Initial Model
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BG Model
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a). Maximum a posterior point

b). The standard deviation

MAP

Lateral [m]

D
ep

th
 [m

]

 

 

0 1000 2000 3000 4000

0

500

1000

1500

2000

km/s

1.5
2
2.5
3
3.5
4
4.5

Standard Deviation

Lateral [m]

D
ep

th
 [m

]

 

 

0 1000 2000 3000 4000

0

500

1000

1500

2000

km/s

0.2

0.4

0.6

0.8

Wednesday, December 10, 14



MAP
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Posterior Distribution vs Prior Distribution

(a) (c)(b)
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Summary

1. 	  The	  negative	  logarithm	  of	  the	  posterior	  distribution	  of	  WRI	  can	  be	  
well	  approximated	  by	  a	  quadratic	  approximation	  at	  the	  MAP.

2. The	  diagonal	  Gauss-‐Newton	  Hessian	  can	  be	  used	  to	  approximate	  	  
the	  true	  Hessian	  to	  quantify	  the	  uncertainty.

3. Leads	   to	   a	   computationally	   feasible	   algorithm	   to	   conduct	  
Uncertainty	  Quantification.
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Future Work

1. Incorporate	  spatial	  structure	  of	  earth	  models	  in	  priors.

2. Study	  the	  effect	  of	  	  	  	  	  to	  the	  posterior	  distribution.

3.More	  thorough	  theoretical	  analysis	  of	  UQ	  for	  WRI.

4. Extension	  to	  3D.
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