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Motivation

FWI WRI
Strongly nonlinear “bilinear”
Dense Gauss-Newton Sparse Gauss-Newion
Hessian Hessian




[R. Gerhard Pratt, Changsoo Shin and G.J. Hicks, 1998]

[van Leeuwen, T and Herrmann, FJ, 2013]

Motivation

Gauss-Newton Hessian of FWI Hessian of WRI
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Goal

e Set up a reasonable distribution for the model given observed data.
e Derive efficient method to calculate/estimate the distribution.

e Generate different statistical parameters of the model to quantify
the uncertainty.
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[van Leeuwen, T and Herrmann, FJ , 2013
[J. Virieux and S. Operto, 2009 ]
[Tarantola, 1984]

Deterministic FWI vs WRI

Full-Waveform Inversion (FWI):

min [PA(m) ' q — dobs 3

Wave-field Reconstruction Inversion (WRI):

mlfll HPu — dobsH% + )\QHA(m)u — q”%

)




[Tarantola, 1982]

Statistical FWI vs WRI

FWI:
ppot () ox exp —||PA(m) ~'q — b1~ [|m — miprior 3
Likelihood Prior
WRI:
Ppost (M, 1) o exp(—||/Pu — dobSHQZ—l, Vs Likelihood
“N[Am)u —ald — fm - mp )
Prior




[van Leeuwen, T and Herrmann, FJ, 2013]

WRI vs FWI

Larger # of degrees of freedom “more convex”




Simple test

True Model km/s Initial Model km/s
0 0]
100 100
€ 200 £ 200} -
= =
) )
A 300 A 300 8 > 5
400 400
500 2 500 2
0 500 1000 1500 2000 0 500 1000 1500 2000
Lateral [m] Lateral [m]

9

Wednesday, December 10, 14

- =



Data
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FWI data with initial model
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WRI data with initial model

A = 1le0
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WRI data with initial model

A= lel
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WRI data with initial model
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A= le2
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WRI data with initial model
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WRI data with initial model
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Posterior Distribution of WRI

Marginal distribution of m:

ppost(m) X /ppost(mv u)du

— (27T)Npu/2|2u‘1/2 exp(— || Pu(m) — dobSH;—l

XA (m)T(m) — al% )~ [m — My - )
where
_ (A=A AS g\
o= argmin| ( 5 12p ) " (z/d |

S| =det(VATETA+PISE P

pde noise
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Posterior Distribution of WRI

Posterior distribution w/ variable projection:

,Opost(m) ~ pPOSt(m7 ﬁ(m))

o exp (—[Pu(m) — b3 — X[ Am)u(m) — gl — [m - mpol

noise pde

where

B o (AZT2A AS V2
u = arg min | ( w12 ) u — (21%121 |
obs

noise noise
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Marginal Distribution

Joint Distribution

vs Var-Prj Distribution
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Quantify the uncertainty

Goal : Quantify the Uncertainty based on the posterior distribution Ppost (1)

Solution:
¢ |ntegrate the posterior distribution.
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Quantify the uncertainty

Goal : Quantify the Uncertainty based on the posterior distribution Ppost (1)

Solution:
¢ |ntegrate the posterior distribution. |Huge computational cost!!!
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Quantify the uncertainty

Goal : Quantify the Uncertainty based on the posterior distribution Ppost (1)

Solution:
¢ |ntegrate the posterior distribution.

¢ Use McMC method to sample the posterior distribution.

21




[James Martin et al, 2012]

McMC method
Newton Type McMC: 7 (m) «~ N (mj — lelgk, szl)

mo Tpost (1M)
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[James Martin et al, 2012]

McMC method

Newton Type McMC: 7Tk( “A N(mk — k gk, lel)

(125 Tpost (m o INg
o

=
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[James Martin et al, 2012]

McMC method

Newton Type McMC: 7Tk( “A N(mk — k gk, lel)

(125 Tpost (m o INg
o

=
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[James Martin et al, 2012]

McMC method
Newton Type McMC: ﬁk(m) A N(mk — lelgk, szl)
Mo 7-‘-100875(111) ¢ Ml
° y
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[James Martin et al, 2012]

McMC method
Newton Type McMC: ﬁk(m) A N(mk — lelgk, szl)
Mo 7-‘-100875(111) ¢ Ml
° y
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[James Martin et al, 2012]

McMC method

Newton Type McMC: ﬁk(m) A N(mk — lelgk, szl)

mo Tpost (1M) e Il
° Yy

Computational cost:

1. Low-rank approximation of
the Hessian.

2. Number of PDE solvers ~
Number of samples.
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Quantify the uncertainty

Goal : Quantify the Uncertainty based on the posterior distribution Ppost (1)

Solution:
¢ |ntegrate the posterior distribution.

e McMC method to sample the posterior distribution.

» Advantage: the true uncertainty can be quantified.
» Disadvantage: Huge computational cost.
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Quantify the uncertainty

Goal : Quantify the Uncertainty based on the posterior distribution Ppost (1)

Solution:
¢ |ntegrate the posterior distribution.

¢ McMC method to sample the posterior distribution.
» Advantage: the true uncertainty can be quantified.
» Disadvantage: Huge computational cost.

e Use an approximated distribution to quantify the uncertainty.
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Quadratic approximation

f(m) = [Pu(m) — dobs[lg—1  + A7 [A(m)u(m) —qllg-: +[[m — mprio,

noise

~ f(mpap) + g (m — myap)
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[R. Gerhard Pratt, Changsoo Shin and G.J. Hicks, 1998]

Hessian of FWI

Full Hessian of FWI:

H = Hgn + Ho

Gauss-Newlton Hessian of FWI:
Hon = GTATPIPAIG
where

G OA(m)u

om

dense

Gauss-Newton Hessian of FWI

26
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Hessian of WRI

Hessian of WRI:

dnesday, December 10

[van Leeuwen, T and Herrmann, FJ, 2013]




f(m; + adm)

Different random
directions dm

28

0.25

0.2

0.15¢

0.1

0.05¢

0.2

0.181

0.16

0.14r

0.12r

0.1f

0.08r

0.061

0.041

0.021

- Quadratic Approximation
== True Misfit

N —-0.05 0 0.05 0.1

- Quadratic Approximation
== True Misfit
A -0.05 0 0.05 0.1

0.25

0.2

0.15¢

0.1

0.05¢

0.25

0.2r

0.15¢

0.1

0.05¢

- Quadratic Approximation
== True Misfit

1 —-0.05 0 0.05 0.1

== Quadratic Approximation
==True Misfit

1 —-0.05 0 0.05 0.1

Wednesday, December 10, 14



Uncertainty Quantification

Goal : Quantify the Uncertainty based on the posterior distribution Ppost (1)

Solution:
¢ |ntegrate the posterior distribution.

e McMC method to sample the posterior distribution.

» Advantage: the true uncertainty can be quantified.
» Disadvantage: Huge computational cost.

e Use an approximated distribution to quantify the uncertainty.

» Quantify the uncertainty by estimating the diagonal part of the inverse
of the Hessian

» Advantage: cheap
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Diagonal a%proximqﬁon vs True Hessian
- comparision diagonal part

Diagonal Approximation Diagonal part of the True Hessian
0 0
0.6
100} I 100 ; Io'6
— 05— - 10.5
£.200 0 £.200
= 0. = 0.4
® 300 > 300
s 0.3 a 0.3
400 0.2 400 05
500 500
0 500 1000 1500 2000 0 500 1000 1500 2000
Lateral [m] Lateral [m]

30

Wednesday, December 10, 14



Diagonal approximation vs True Hessian
- comparison generation random perturbation

Diagonal Approximation True Hessian
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Diagonal approximation vs True Hessian
- comparison generation random perturbation

Diagonal Approximation True Hessian
O el bt

.d*u -.
"1"‘” I J,H” .i

|r| I'I J||.J "'l'll |' 1
e

'.'ru, 'rl'[ a o I"‘H 3 fl,.*"*' 'I 115

| 1 LHI | L;r r{ Bl I*I;Il “rlﬁ *' I

0

||:I* |1r| ‘IL‘ ‘1|I|r fﬂk f4| t}lr* " II j1l¢1 Ir‘H

P 'rl'[ a 'H;'III o fl,.*"*' 'I 115
'-

Ll' IIJI

Eudii AT
J.Il,.‘illr‘m '|I1..I |rI r_ll .r‘ III:II-,r Sl ‘“,I' fu

mply I, 7 5 |
400 jl IIJI- ifl IT*JII L-Irlq H.*IL ‘Lllr ! HTI‘ L;\+I jIII LJI irl IT*JII L'Irlq H'*IL ‘Lllr ) HTI‘ l;\+l i{: +|'
T i I""'u} 1;""“ 2 "r 'r!ih""- by r""'klll' '.h'[' o H‘u} 1.""“ ) I1' 'r!ih'h- AL r-""mlll'
0 500 1 000 1500 2000 0 500 1 000 1500 2000

Lateral [m] Lateral [m]

day, December 10, 14




Diagonal Approximation vs True Hessian
- comparison generation random perturbation
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Workflow

Compute the
Hessian at the MAP point, Quantify the uncertainty of
and generate the Gaussian the model.
distribution.

Solve the deterministic
VVRI problem to obtain the
MAP point.

34
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Workflow

Compute the
Hessian at the MAP point, Quantify the uncertainty of
and generate the Gaussian the model.
distribution.

Solve the deterministic

VVRI problem to obtain the
MAP point.

1

No additional PDE
solves

34
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Numerical experiment
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Simple Model

MAP km/s

a). Maximum a posterior point
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Posterior Distribution
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Posterior Distribution
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Confidence Interval

39
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Confidence Interval
a = 0.95

Depth [m]

40

50

100

150

200

300

350

400

450

500

—\ True
—V Final
V Initial

@ 2th model
- © - 3th model

—»— 5th model

== 1th model [

—+—4th model ||

25 3 3.5
Velocity [km/s]

(a)

Depth [m]

50

100

150

200

300

350

400

450

500

X = 1000m

—\/ True
—V Final
V Initial

@ 2th model
- © - 3th model

—»— 5th model

=o= 1th model ]

—+—4th model (|

2.5 3 3.5
Velocity [km/s]

(b)

50

100

300

350

400

450

500

X =1700m

——V True
—\/ Final
V Initial
+=e= 1th model ]
@ 2th model
- © - 3th model
—+—4th model (|
—— 5th model

25 3 35
Velocity [km/s]

(c)

Wednesday, December 10, 14




BG Model

True Model
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Model size: 2000m x 4500m
Source spacing: 50m
Receiver spacing: 10m
Fixed spread 4.5km
Frequency : 5~31 Hz

Standard deviation of data noise: 0.5
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BG Model
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Confidence Interval
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Confidence Interval
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Posterior Distribution

0 1000 2000 3000 4000
Lateral [m]

Maximum a posterior




Posterior Distribution vs Prior Distribution
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Summary

1. The negative logarithm of the posterior distribution of WRI can be
well approximated by a quadratic approximation at the MAP.

2. The diagonal Gauss-Newton Hessian can be used to approximate
the true Hessian to quantify the uncertainty.

3.Lleads to a computationally feasible algorithm to conduct
Uncertainty Quantification.

47
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Future Work

1. Incorporate spatial structure of earth models in priors.
2. Study the effect of A\ to the posterior distribution.
3. More thorough theoretical analysis of UQ for WRI.

4. Extension to 3D.
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