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Motivation

e There are indications that the Penalty method is much less sensitive to
local minima

e Penalty method only requires 1 least squares solution, no forward and
adjoint-PDE’s

® Penalty method can outperform the reduced Lagrangian approach
when both methods converge




Reduced Lagrangian method

Least-squares objective

1
Dred (M Z |PHp(m)  qu — dil|3 = §Hdpred — dons||3

m : model

P : Restriction to receiver locations
k.l : frequency and source index
H;. . discrete Helmholtz system

di; - source term

d:; : observed data



Reduced Lagrangian method

Least-squares objective

1
Dred (M Z |PHp(m)  qu — dil|3 = §Hdpred — dons||3

with the gradient (via the adjoint-state method):

K
vm¢red — E levkl
kl

where
11 is the partial derivative of the discrete Helmholtz system

Vil is the adjoint field/back propagated data residue



Penqli'y me'l'h Od [T. van Leeuwen & F.J. Herrmann, 2013]
Data-misfit PDE-misfit
Objective: 3 ']
_ 1 B 5 \? _ 9
dA(m) = §;HPUM — dullz + [ He(m) 8 — g3

P dg;

Uk

and A\ is a tradeoff parameter between PDE-fit and data-fit




Penqli'y me'l'h Od [T. van Leeuwen & F.J. Herrmann, 2013]

Data-misfit PDE-misfit
Objective: 3 3
Hr(m) = 1ZHPHM — dpl3 AQHHk(m)ﬁkz — qrill
2 kl 2 2 2

with gradient:
Vimdx = Z NG (m, Gyy)* (Hy (m)ag — q)
Kl




Non-linear waveform inversion

e Used the L-BFGS algorithm
e 64 equally distributed sources and receivers near the surface

e Ricker waveform with 30Hz peak frequency

Example 1a (easy):
e 18 frequency batches (10 iterations each) as {2 3}, {3 4},... ,{19 20} Hertz

e NO noise




True, initial and final models
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Objective and model error | 2
Qbred(m) — §Hdpred — dobSHQ
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Non-linear waveform inversion

Example 1b (difficult):

e |ots of low frequencies missing, 14 frequency batches (10 iterations
each) as {7}, {7 8} ,{8 9},... ,{19 20} Hertz

e Data contains random noise

® |naccurate initial model




True, initial and final models
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True model, Penalty method result overlay
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Objective and model error
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Objective and model error

Data-misfit PDE-misfit
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A look at the first gradient...
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Model estimate at every iteration
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Model estimate at every iteration
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Model estimate at every iteration
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Observations about waveform inversion

e Penalty method performs much better for hard problems (starting at 7
Hz)

e Penalty method performs a bit better than the reduced Lagrangian
method for not so hard problems.

e Penalty method is about 4 times faster (200x400 grid) than the reduced
Lagrangian approach, because

e 1 least-squares problem vs 2 PDE-system-solves per evaluation of the
objective & gradient

e smaller number of line-search steps in I-BFGS (just observed)




~ Imaging (RTM & ...)

Goal: find the singularities (interfaces) in the medium
Given: smooth function (background velocity), observed data

General recipe for imaging:
1: Formulate an objective functional (least-squares, penalty, ...)

2: Compute the gradient w.r.t. medium parameters (=image)

Penalty-method: VmﬁA = Z )\Qle(m, ﬁkl)* (Hk(m)l_lkl - le)
kl

Reduced Lagrangian: Vm®Pred = Z GZlHk(m)_*(—P* (Pukl — dkl))
kl




~ Imaging (RTM & ...)

® |n case the Helmholtz equation is discretized as:

V? + w?diag(m)jlu = q — [L + w?diag(m)]ju = q

® The imaging operation can be explicitly written as:

Reduced Lagrangian: vm¢red _ Zdeiag(u)*v with back prop. v — H(m)—*(P* (d L PU))

data residue

Penalty-method: vm&)\ — )\2 Z wzdiag(ﬁ)*6ﬁ with PDE-residual 51_1 — H(m)ﬁ —q



Imaging

e 150 sources and receivers near the surface
e 30 frequencies from 4 to 50 Hz

e Ricker waveform with 30Hz peak frequency




Penalty-method imaging

For every choice of \in
Vim®x = Z N Gri(m, Tigg) " (Hy (m) g — qu)
kl

a different image is generated ( tix;depends on \)

Next few slides show the image generated for various choices of Xusing
the same data and background model)

Example 2a: uses a quite accurate background velocity and no noise.




Penalty-method imaging
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Zz [m]

Result reduced Lagrangian
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z [m]

Result Penalty method, A=1e—-4
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z [m]
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Zz [m]

Result reduced Lagrangian
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Penalty-method imaging

e For sufficiently small A\, the Hessian is diagonal! [van Leeuwen & Herrmann, 2013]
—Gauss-Newton step at the cost of a gradient computation

Hyen = (N = 1) G*G = (A\* — 1) ) w*diag(u)*diag(u)

e Image is now computed as: [VZ & HVmdr] = H;eig

e Next slides: compare Penalty method gradient image vs. Penalty
method Gauss-Newton direction
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z [m]

Result Penalty method GN, A=1e—-4
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z [m]

Result Penalty method, A=1e4
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z [m]

Result Penalty method GN, A=1e4

i b b bo b o e b by s & L L

O I:;. s - J J J J J EEEEEEEEEE R R T T R R R il .=._-. A b o o IIIF?“H““#“*““HIHIHI S R

500+

T
— — = —_—
e —— —— —_——
1000_ : ]
_—-_ - — ——
— I —

1500 — y

0 500 1000 1500 2000 2500 3000 3500
X [m]

Not so good background model, random noise




Observations about imaging

e The tradeoff parameter A does not significantly influence the resulting
imaging obtained using the Penalty method.

e |n the examples, the Penalty method and reduced Lagrangian methods
result in similar images.

e Penalty-method Gauss-Newton step may improve the quality further
(at no extra cost)

e The Penalty method is about 3 times faster (400x900 grid) than the
adjoint-state method. This is the result of 1 least squares problem
(SuiteSparseQR) vs 2 linear system solves (UMFpack). Both as
implemented in Matlab ‘\’




Conclusions

Penalty method vs. the Reduced Lagrangian method

e Penalty method:

e Much better waveform inversion results for some difficult problems
Less sensitive to missing low frequencies
A bit better waveform inversion results when both converge
Results in similar or better quality images
Not more sensitive to noise

e Solution via direct solvers can be more than a factor 2 faster (depending
on problem size).




_ Outlook

e Find most efficient ways to solve the least-squares problem (also using
iterative methods), see talk on Wednesday

e Find ‘optimal’ combination of tradeoff parameter Aand inversion set
up. (Penalty method results in this talk may not be the best possible)

e Show how to work with simultaneous sources and limited source-
recejver offset
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