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Fast two-way wave equation migration

Motivation : A stable and affordable two-way wave equation 

based depth-extrapolation migration for laterally varying media.

• Stability : Evanescent waves 

• Spectral projector

• Affordability : Computation cost and memory usage

• Hierarchically Semi-Separable (HSS) Matrix Representation



Two-way wave-equation migration
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Spectral	  Projector	  

p̂zz = PLP p̂

p̂(x, zn,!) = q(x, zn,!)

p̂z(x, zn,!) = qz(x, zn,!)

Stabilized	  initial	  value	  problem	  
with	  spectral	  projector	  	  	  	  	  	  	  	  	  	  
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Spectral projector

P = (I � sign(L))/2

sign(L) = V sign(D)V �1

Set	  all	  positive	  eigenvalue	  to	  be	  0

Indefinite	  matrix	  with	  
negative	  and	  positive	  eigenvalues

Unstable	  extrapolation	  operator	  with	  
propagating	  and	  evanescent	  waves

Get	  rid	  of	  all	  evanescent	  waves
Stable	  extrapolation	  operator	  with	  

only	  propagating	  	  waves

Definite	  matrix	  with	  
only	  negative	  eigenvalues
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Sign function computation via polynomial recursion

C. S. Kenney and A. J. Laub. The matrix sign function. Automatic Control, IEEE Transactions on, 40(8):1330–1348, 1995.



Sign function computation via polynomial recursion
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Sign function computation via polynomial recursion



Sign function computation via polynomial recursion
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Sign function computation via polynomial recursion

C. S. Kenney and A. J. Laub. The matrix sign function. Automatic Control, IEEE Transactions on, 40(8):1330–1348, 1995.



Matrix sparsity in polynomial recursion



Acceleration of matrix-matrix multiplications

J. Xia, Y. Xi, and M. Gu. A superfast structured solver for toeplitz linear systems via randomized sampling. SIAM Journal on Matrix Analysis and Applications, 33(3):837–858, 2012.

W. Lyons. Fast algorithms with applications to pdes. PhD thesis, UNIVER- SITY of CALIFORNIA, 2005.
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Hierarchically semi-separable matrix representation

D2;1,1

D2;1,2

D2;1,1

D2;1,2

J. Xia. On the complexity of some hierarchical structured matrix algorithms. SIAM Journal on Matrix Analysis and Applications, 33(2):388–410, 2012.



Computation cost of HSS operations

k	  is	  maximum	  rank	  of	  the	  off-‐diagonal	  matrices	  

Z. Sheng, P. Dewilde, and S. Chandrasekaran. Algorithms to solve hierar- chically semi-separable systems. pages 255–294, 2007.



Memory usage of HSS matrix representations
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Randomized HSS

M. Tygert and Rokhlin. A randomized algorithm for approximating the svd of a matrix. 2007. URL https://www.ipam.ucla.edu/publications/ setut/setut_7373.pdf.
Halko, Nathan, Per-Gunnar Martinsson, and Joel A. Tropp. "Finding structure with randomness: Probabilistic algorithms for constructing approximate matrix decompositions." SIAM review 53.2 (2011): 217-288.
B. Jumah and F. J. Herrmann. Dimensionality-reduced estima- tion of primaries by sparse inversion. 2012. URL https: //www.slim.eos.ubc.ca/Publications/Private/Submitted/ Journal/bander2012dre/bander2012dre.pdf.

http://www.slim.eos.ubc.ca/Publications/Private/Submitted/
http://www.slim.eos.ubc.ca/Publications/Private/Submitted/


Computation of matrix-matrix multiplication with HSS
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Computation of spectral projector with HSS
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Computation	  Cost	  of	  Spectral	  Projector

polynomial	  recursion	  with	  matrix	  multiplication	  in	  HSS	  acceleration
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Computation of spectral projector with HSS
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Accelerated two-way wave-equation migration
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p̂zz = PLP p̂

p̂(x, zn,!) = q(x, zn,!)
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PsLPs

PrLPr
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K. Sandberg and G. Beylkin. Full-wave-equation depth extrapolation for migration. Geophysics, 74(6):WCA121–WCA128, 2009.



Migration example
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Conclusions

•Spectral projectors computed with polynomial recursion 
using HSS matrix representations provides a stable and 
affordable two-way wave equation based depth 
extrapolation migration for laterally varying media.

•The proposed algorithm has both time and memory 
advantages compared to reverse time migration.



Future work

•Further optimize algorithm performance.

• Implement more proper boundary conditions, absorbing the 
boundary reflections.

•Apply algorithm to more realistic dataset.

•Explore broader usage of spectral projector.
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