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Robust EPSI primer
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From SRME to Robust EPSI

Two	
  ways	
  to	
  obtain	
  the	
  final	
  primary	
  wavefield

Inversion	
  objective:

“Direct” Primary “Conservative” Primary

f(G,Q) =
1

2
kP � (QG � GP)k22

QG = P + GP



From SRME to Robust EPSI

In	
  time	
  domain

Inversion	
  objective:

p =M(g, q)

(lower-­‐case:	
  whole	
  dataset	
  in	
  time	
  domain)

M(g,q) := F†
tBlockDiag!1···!nf

[(q(!)I�P)

† ⌦ I]Ftg

f(g, q) =
1

2
kp�M(g, q)k22

recorded data predicted data from SRME



Solving the EPSI problem

Linearizations

Mq̃g = M(g, q̃) Mg̃q = M(q, g̃)

In	
  fact	
  it	
  is	
  bilinear:
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Solving the EPSI problem

Linearizations

Associated	
  objectives:

Mq̃ =

✓
@M
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p =M(g, q)
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Solving the EPSI problem

Gradient	
  sparsity

S : pick largest ⇢ elements per trace

gk+1 = gk + ↵S(rfqk(gk))

qk+1 = qk + �rfgk+1(qk)

Do:



Solving the EPSI problem
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Robust EPSI
L1-minimization approach to the EPSI problem

While

(Solve	
  with	
  SPG	
  part	
  of	
  SPGL1	
  unSl	
  Pareto	
  curve	
  reached)

gk+1 = argmin
g

kp�Mqkgk2 s.t. kgk1  ⌧k

determine new ⌧k from the Pareto curve

qk+1 = argmin
q

kp�Mgk+1qk2
(wavelet	
  matching,	
  solve	
  with	
  LSQR)

kp�M(gk,qk)k2 > �

[Lin	
  and	
  Herrmann,	
  2013	
  Geophysics]



Choosing Tau from the Pareto curve

�̃

⌧k ⌧k+1

g̃k

g̃k+1

�k

solving LASSO 
via projected gradient

Look	
  at	
  the	
  soluNon	
  space	
  and	
  the	
  line	
  of	
  opNmal	
  soluNons	
  (Pareto	
  curve)

minimize kxk1
subject to kAx� bk2  �

minimize kAx� bk2
subject to kxk1  ⌧

�x�1feasible	
  soluNon	
  with	
  smallest	
  

kAHrk1
krk2



Robust EPSI
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L1 projection and sparsity
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L1 projection and sparsity

Solution at end of SPG
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L1 projection and sparsity

�1ball

(�x�1 = �)

Possible	
  solutions	
  of	
  Ax=b

Steepest	
  descent	
  direction
A†(Ax� b)

minimize �Ax� b�2
subject to �x�1 � �



L1 projection and sparsity

Subtract	
  away	
  shortest	
  L2	
  distance	
  to	
  the	
  ball

minimize �Ax� b�2
subject to �x�1 � �

�1ball

(�x�1 = �)



L1 projection and sparsity minimize �Ax� b�2
subject to �x�1 � �

“projected	
  gradient”

�1ball

(�x�1 = �)



L1 projection and sparsity minimize �Ax� b�2
subject to �x�1 � �

(proximal	
  gradient	
  if	
  one-­‐norm	
  is	
  a	
  penalty)

�1ball

(�x�1 = �)



Robust EPSI summary

Benefits
• Formulation	
  is	
  more	
  physical	
  than	
  SRME	
  w/adaptive	
  subtraction
• Provide	
  useful	
  estimates	
  of	
  both	
  primary	
  and	
  multiple	
  wavefields
• Mostly	
  hands-­‐free
• Much	
  more	
  accurate	
  estimate	
  of	
  the	
  multiples	
  than	
  single-­‐pass	
  SRMP
• Gives	
  sparse	
  impulse	
  response	
  of	
  primary	
  wavefield

Challenges
• Cost	
  roughly	
  100	
  to	
  200	
  SRMP
• Inversion	
  approach	
  means	
  hard	
  to	
  QC	
  until	
  too	
  late



Bootstrapping
(continuation strategy for spatial sampling)
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Motivation: G unchanged by global filters

Lowpassed Data
modeled with Ricker 30Hz
lowpass at 40Hz
(zero-phase cosine window)
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Motivation: G unchanged by global filters

Reference REPSI primary IR
from original data
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Motivation: G unchanged by global filters

REPSI primary IR
from low-passed data @ 40Hz
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Motivation: G tolerant to global filters

REPSI primary IR
from low-passed data @ 40Hz
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Motivation: G tolerant to global filters
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Sampling issue in multiple prediction = alias
784 B. Dragoset, I. Moore and C. Kostov
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Figure 3 Left: The MCG for the trace marked by an arrow in
Figure 2(b). Right: The expanded view shows that spatial alias-
ing occurs in the steep limbs of the MCG hyperbolae. When the
aliased traces are summed, they produce the processing noise seen in
Figure 2(b).

produce the predicted multiples for a single trace. The large-
scale plot on the left looks innocuous, but the close-up view
on the right reveals the source of the problem. As the limbs
of the hyperbolae in the MCG become steeper, cycle skipping
between traces occurs at the higher frequencies. These spa-
tially aliased frequencies do not interfere destructively as they
should when summed. The result is artefacts caused by spatial
aliasing. The onset time of the spatial aliasing artefact is de-
layed relative to the multiple, by the amount of time between
the apex of the hyperbola in the MCG and the time at which
aliasing begins in the limbs of the hyperbola.

Dealing with the frequencies that cause the artefacts is
difficult. The most straightforward approach to the prob-
lem, i.e. dealing with it in the MCGs where it occurs, runs
into a number of problems. For example, simply performing
high-cut filtering of the MCGs at the frequency where spa-
tial aliasing begins is generally not considered viable. For the
traces in Fig. 3, aliasing begins near 30 Hz. Most seismic sur-
veys aim for a higher bandwidth. Another possibility, that of
applying a frequency-dependent dip filter to the MCGs, would
be complicated because of the complex pattern of conflicting
dips (Fig. 3). A simple f–k filter, for example, could not remove
aliased energy without also sacrificing some nonaliased energy.
Eliminating the aliasing by interpolating the MCGs prior to
stacking them is yet another possibility. That, too, would be
difficult because of the complexity of the dip pattern.

Another approach to the aliasing problem is to prevent it
from happening in the first place. The relationship between
dipping features in an MCG and those in the common-shot
and common-receiver gathers from which it is built is not
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Figure 4 (a) f–k diagram for a marine shot record with 25-m trace
spacing. The intersection of the green and blue lines defines the fre-
quency at which spatial aliasing can first occur. The multiples in
Figure 5(a) were predicted using the reject zone shown here. (b) f–
k diagram for a marine shot record with 12.5-m spacing. Unlike (a),
no aliased events escape the reject zone by crossing the kx-axis. The
multiples in Figure 5(b) were predicted using the reject zone shown
here.

one-to-one or even straightforward. In some circumstances,
an MCG can contain aliased events, even if the common-shot
and common-receiver gathers do not. Nevertheless, we have
found (Fig. 4a) that preconditioning the shot records by ap-
plying a dip filter to one side of the f–k domain can decrease
the aliasing problem. Figure 5(a) shows the predicted multi-
ples when the shot records were filtered prior to SRME by the
f–k reject zone shown in Fig. 4(a).

Comparison of Fig. 5(a) and 2(b) shows two results of the
f–k filtering. First, the spatial aliasing artefacts are indeed
decreased, but not completely eliminated. The residual arte-
facts are caused by aliased dipping energy that extends be-
yond the reject zone into the positive side of the kx-axis, as

C© 2006 European Association of Geoscientists & Engineers, Geophysical Prospecting, 54, 781–791

Field-survey characteristics on multiple attenuation 785

Figure 5 (a) Multiples estimated by SRME
when the f–k filter shown in Figure 4(a)
was applied to the shot records prior to
SRME. Spatial aliasing artefacts remain be-
cause aliased energy wraps around beyond
the reject zone. (b) Multiples estimated by
SRME when the receiver spacing is 12.5 m
rather than 25 m. In this case, the f–k fil-
ter applied to the shot records (Figure 4b)
completely prevents aliasing in the MCGs.

shown in Fig. 4(a). Second, the steeply dipping portions of
the predicted multiples have a lower bandwidth when f–k fil-
tering is applied to the shots. This happens because aliased
frequencies in steeply dipping events in shot records (which
are removed by the filtering) can contribute to the flat parts
of the events in an MCG. Because the flat parts are summed
constructively to predict the multiples, missing high frequen-
cies reduce the bandwidth of the predictions. A further disad-
vantage of f–k shot record filtering is that the reject zone in
Fig. 4(a) would eliminate the high-frequency portion of any
events with reverse moveout, even before they became spatially
aliased.

Another way to prevent spatial aliasing is to decrease the
spatial sampling interval. This can be accomplished either by
recording the data at a finer sampling interval, applying inter-
polation, or a combination of both. Figure 4(b) shows what
happens in the f–k domain when the shot and receiver spac-
ings are reduced from 25 m to 12.5 m. Because of the increase
in the kx Nyquist frequency, the onset of spatial aliasing oc-
curs at 60 Hz rather than at 30 Hz. Unlike the situation in
Fig. 4(a), no aliased energy escapes the reject zone by cross-
ing the kx-axis. Figure 5(b) confirms that for 12.5-m spacing,
SRME with shot-record f–k filtering predicts the surface mul-
tiples accurately with no aliasing artefacts.

Using the predicted multiples in Fig. 5(b) as a reference, the
multiple-prediction artefacts and errors seen in Fig. 2(b) and
5(a) can be quantified. The root-mean-square (rms) amplitude
of the difference between Fig. 2(b) and 5(b) was about 118%
of the rms amplitude of the predicted multiples in Fig. 5(b).

The corresponding rms amplitude difference between Fig. 5(a)
and 5(b) was about 78%. These two numbers are equivalent to
1.4 and −2.2 dB, respectively (20 log10 (1.18) ≈ 1.4 dB). Thus,
using the antialias filter has reduced the level of the artefacts
by about 3.6 dB (Note: At any particular sample the artefacts
are weak compared to the multiples. However, the artefacts
are spread over a wider region than the multiple events. This
makes their rms level comparable to that of the multiples.)

E R R O R S D U E T O S O U R C E S I G N AT U R E
VA R I AT I O N S

In seismic field data, each trace consists of the earth response
convolved with an acquisition wavelet plus ambient noise.
Components of the wavelet include the source signature, the
source and receiver ghosts, and the impulse response of the
seismic recording system. Because SRME convolves pairs of
traces, the wavelet in the resulting traces is the acquisition
wavelet convolved with itself. That extra copy of the wavelet
must be removed if predicted multiples are expected to resem-
ble actual multiples (which, of course, only contain one copy
of the acquisition wavelet). Typically, this is accomplished by
deconvolving a shot-averaged acquisition wavelet from the
predictions as part of the process. Because knowledge of the
acquisition wavelet is imprecise, multiples predicted by SRME
inevitably differ from the multiples actually present in the
data. Furthermore, using a shot-averaged acquisition wavelet
in the deconvolution compounds the problem, because trace-
to-trace variations in the wavelet are ignored. This section of

C© 2006 European Association of Geoscientists & Engineers, Geophysical Prospecting, 54, 781–791

“The	
  impact	
  of	
  field-­‐survey	
  characteristics	
  on	
  surface-­‐related	
  
multiple	
  attenuation”

Dragoset,	
  Moore,	
  Kostov	
  2006



Idea 1: Solve REPSI on decimated dataset
   (low-pass in temporal frequency)
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Idea 1: Solve REPSI on decimated dataset
   (low-pass in temporal frequency)

Impulse	
  response	
  solutions
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Idea 1: Solve REPSI on decimated dataset
   (low-pass in temporal frequency)
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Idea 1: Solve REPSI on decimated dataset
   (low-pass in temporal frequency)
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Idea 2: Warm-start with coarse data solutions 

Since	
  decimated	
  datasets	
  solve	
  much	
  faster,	
  we	
  use	
  its	
  (slightly	
  
inaccurate)	
  results	
  to	
  replace	
  early	
  estimates	
  to	
  full	
  problem

Initial	
  	
  	
  	
  	
  	
  	
  	
  	
  (one-­‐norm	
  constraint)	
  of	
  full	
  problem	
  obtained	
  by	
  
interpolating	
  coarse	
  solution,	
  calculate	
  one-­‐norm,	
  then	
  scale	
  back	
  by	
  
some	
  ratio

Previous	
  Q	
  is	
  discarded

Interpolation	
  method	
  of	
  G	
  not	
  important,	
  just	
  can’t	
  alias

Simple	
  constant	
  NMO	
  (i.e.,	
  at	
  water	
  velocity)	
  +	
  linear	
  interpolation	
  
works	
  fine

⌧k



By the way...

If	
  you	
  hear	
  
any	
  of	
  these:

MNO
Animo
Animal
Asimov
Nemo

Anemone
Eminem
M&M’s

Nominal
Dominos
Ememo
Wrararar

Waka-waka

it’s	
  just	
  me	
  
trying	
  to	
  say: NMO (very	
  badly)



Warm-starting/continuation from coarse solution
Example
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Warm-starting/continuation from coarse solution
Example
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Warm-starting/continuation from coarse solution
Example
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Warm-starting/continuation from coarse solution
Example
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Warm-starting/continuation from coarse solution
Example
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Warm-starting/continuation from coarse solution
Example
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Warm-starting/continuation from coarse solution
Example
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Warm-starting/continuation from coarse solution
Example
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Significant speedup from bootstrapping

Per-­‐iteration	
  FLOPs	
  cost	
  (one	
  forward/adjoint):

2	
  times	
  FFT computing	
  MCG	
  &	
  sum	
  in	
  FX

n = nrcv = nsrc

Cost(n) = O(2nt log ntn
2
) +O(ntn

3
)

Cost

✓
1

4

n

◆
=

1

16

O(2nt log ntn
2
) +

1

64

O(ntn
3
)

Cost

✓
1

2

n

◆
=

1

4

O(2nt log ntn
2
) +

1

8

O(ntn
3
)
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Significant speedup from bootstrapping
Wall times
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Bootstrapping
application to under-sampled data



Robust EPSI
With updates to unknown data

While

(Solve	
  with	
  SPG	
  part	
  of	
  SPGL1	
  unSl	
  Pareto	
  curve	
  reached)

determine new ⌧k from the Pareto curve

(Solve	
  with	
  LSQR)

kpk �M(gk,qk)k2 > �

gk+1 = argmin
g

kpk �Mqkgk2 s.t. kgk1  ⌧k

qk+1 = argmin
q

kpk �Mgk+1qk2

(Gradient	
  update	
  on	
  data)

pk+1 = pk + ↵�p(gk+1,qk+1,pk)



Figure	
  explaination

REPSI with 2:1 source undersampling
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REPSI with 2:1 source undersampling

Fully-sampled data
shot gather
src at 1800m
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REPSI with 2:1 source undersampling

Interpolated data
via const NMO 1600m/s
natural-neighbor trace copy
negative offsets sampled
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REPSI with 2:1 source undersampling

Reference solution
REPSI from fully-sampled data
(conservative primary)
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REPSI with 2:1 source undersampling

REPSI primary
from 2:1 source undersmapling
with data updates
dRecv = 15m, dSrc = 30m
(conservative primary)
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REPSI with 4:1 source undersampling

REPSI primary
from 4:1 source undersmapling
with data updates
dRecv = 15m, dSrc = 60m
(conservative primary)
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REPSI with 2:1 source undersampling

Reference solution
REPSI from fully-sampled data
(conservative primary)
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REPSI with 4:1 source, nearest offset at 105m

REPSI primary
from 4:1 source undersmapling
nearest offset at 105m
with data updates
dRecv = 15m, dSrc = 60m
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REPSI with 4:1 source, nearest offset at 105m
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  data
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Bootstrapping, for unknown data
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Bootstrap REPSI with 4:1 source, nearest offset at 105m

REPSI primary
from 4:1 source undersmapling
nearest offset at 105m
with data updates
dRecv = 60m, dSrc = 60m
(direct primary)
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Bootstrap REPSI with 4:1 source, nearest offset at 105m

REPSI primary
from 4:1 source undersmapling
nearest offset at 105m
with data updates
starting from dx=60m solution
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Bootstrap REPSI with 4:1 source, nearest offset at 105m

REPSI primary
from 4:1 source undersmapling
nearest offset at 105m
with data updates
starting from dx=30m solution 
(which started from dx=60m)
dRecv = 15, dSrc = 60m
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REPSI with 2:1 source undersampling

Reference solution
REPSI from fully-sampled data
(conservative primary)
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REPSI with 4:1 source, nearest offset at 105m

REPSI primary
from 4:1 source undersmapling
nearest offset at 105m
with data updates
dRecv = 15m, dSrc = 60m
(conservative primary)
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Bootstrap REPSI with 4:1 source, nearest offset at 105m

REPSI primary
from 4:1 source undersmapling
nearest offset at 105m
with data updates
starting from dx=30m solution 
(which started from dx=60m)
dRecv = 15, dSrc = 60m
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Sampling-continuation scheme summary

Start	
  REPSI	
  with	
  decimated	
  data,	
  lowpass	
  to	
  avoid	
  spatial	
  aliasing;	
  once	
  
“significant”	
  progress	
  is	
  made,	
  continue	
  with	
  less	
  decimated	
  problem

Significant	
  saving	
  in	
  computation	
  cost,	
  100x	
  to	
  200x	
  SRMP	
  becomes	
  
more	
  like	
  30x	
  to	
  40x

Can	
  keep	
  ratio	
  of	
  unknown	
  data	
  at	
  a	
  controlled	
  level

How	
  low	
  can	
  we	
  go?	
  Two	
  limits:
• Coarsest	
  sampling	
  interval	
  in	
  your	
  datatype	
  (crossline,	
  OBN	
  spacing,	
  etc)
• 	
  Some	
  lower-­‐bound	
  on	
  feasible	
  low-­‐pass	
  frequency,	
  either	
  from	
  theory,	
  
data	
  quality,	
  or	
  geophysical	
  reasons	
  (under	
  investigation)



Remaining areas of investigation for REPSI

At	
  coarsest	
  levels,	
  use	
  more	
  advanced/costly	
  sparsifying	
  methods?	
  Go	
  
grid-­‐free	
  in	
  the	
  time	
  domain?	
  (i.e.,	
  super-­‐resolution	
  methods)

More	
  sophisticated	
  data-­‐update	
  method,	
  less	
  prone	
  to	
  local	
  minima	
  
(use	
  correlation	
  between	
  P	
  and	
  G,	
  etc)

Incorporate	
  up/down	
  decomposition	
  operator	
  to	
  work	
  on	
  P	
  &	
  Vz	
  data

Potentially	
  extract	
  low-­‐frequency	
  information	
  from	
  G	
  for	
  diving-­‐wave	
  
full-­‐waveform	
  inversion...?



Bonus presentation

Preliminary study in low-frequency recovery of 
diving waves using Robust EPSI
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REPSI	
  PrimaryREPSI	
  Multiples
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REPSI “full band”
(only diving wave)
fixed spread of 7.5km
ds=dr=15m
15Hz Ricker, “full band”
modeled w/iWAVE
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Low cut at 5Hz
(only diving wave)
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Amplitude Reference solution

0.5Hz, Reference solution
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Amplitude Low-cut at 5 Hz

0.5Hz 1	
  Hz 3	
  Hz

0.5Hz, High−passed @ 5Hz solution
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Low cut at 5Hz + Noise
(only diving wave)
fixed spread of 7.5km
ds=dr=15m
15Hz Ricker, “full band”
modeled w/iWAVE
Low cut at 5Hz
18dB pink noise added
(i.d.d. per trace)
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Amplitude Low-cut at 5 Hz, 18dB Pink noise added

0.5Hz 1	
  Hz 3	
  Hz

0.5Hz, High−passed @ 5Hz, 18dB SNR (pink noise) solution
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Amplitude Low-cut at 5 Hz, 18dB Pink noise added
       (solved to exact sigma)

0.5Hz 1	
  Hz 3	
  Hz

0.5Hz, High−passed @ 5Hz, 18dB SNR (pink noise), exact sigma solution
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(only diving wave)
fixed spread of 7.5km
ds=dr=15m
15Hz Ricker, “full band”
modeled w/iWAVE
18dB pink noise added
(i.d.d. per trace)
Low cut at 5Hz
(low-cut after noise is 
added)

0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

Ti
m

e 
(s

)
2000 4000 6000 8000

Position (m)

0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

Ti
m

e 
(s

)

2000 4000 6000 8000
Position (m)

REPSI	
  Primary	
  IRREPSI	
  Primary



Average trace spectrum

5 10 15 20 25 30 35 40
103

104

105

106

Frequency (Hz)

Lo
g 

am
pl

itu
de

Average frequency spectrum (all traces)

 

 
Original Data
High−pass @ 5Hz
18dB SNR Pink Noise



Average trace spectrum

5 10 15 20 25 30 35 40
103

104

105

106

Frequency (Hz)

Lo
g 

am
pl

itu
de

Average frequency spectrum (all traces)

 

 
Original Data
High−pass @ 5Hz
18dB SNR Pink Noise
Noise + High−pass



Amplitude 18dB Pink noise added, Low-cut at 5 Hz

0.5Hz 1	
  Hz 3	
  Hz

0.5Hz, 18dB SNR (pink noise), High−passed @ 5Hz solution
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Amplitude Reference solution

0.5Hz, Reference solution
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Amplitude 8dB Pink noise added, Low-cut at 5 Hz

0.5Hz 1	
  Hz 3	
  Hz

0.5Hz, 8dB SNR (pink noise), High−passed @ 5Hz solution
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Phase Reference solution

0.5Hz, Reference solution
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Phase Low-cut at 5 Hz

0.5Hz 1	
  Hz 3	
  Hz

0.5Hz, High−passed @ 5Hz solution
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Phase Low-cut at 5 Hz, 18dB Pink noise added

0.5Hz 1	
  Hz 3	
  Hz

0.5Hz, High−passed @ 5Hz, 18dB SNR (pink noise) solution
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Phase Low-cut at 5 Hz, 18dB Pink noise added
      (solved to exact sigma)

0.5Hz 1	
  Hz 3	
  Hz

0.5Hz, High−passed @ 5Hz, 18dB SNR (pink noise), exact sigma solution
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1Hz, High−passed @ 5Hz, 18dB SNR (pink noise), exact sigma solution
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3Hz, High−passed @ 5Hz, 18dB SNR (pink noise), exact sigma solution
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Phase 18dB Pink noise added, Low-cut at 5 Hz

0.5Hz 1	
  Hz 3	
  Hz

0.5Hz, 18dB SNR (pink noise), High−passed @ 5Hz solution
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1Hz, 18dB SNR (pink noise), High−passed @ 5Hz solution
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3Hz, 18dB SNR (pink noise), High−passed @ 5Hz solution
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Phase Reference solution

0.5Hz, Reference solution
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Phase 8dB Pink noise added, Low-cut at 5 Hz

0.5Hz 1	
  Hz 3	
  Hz

0.5Hz, 8dB SNR (pink noise), High−passed @ 5Hz solution
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1Hz, 8dB SNR (pink noise), High−passed @ 5Hz solution
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3Hz, 8dB SNR (pink noise), High−passed @ 5Hz solution

 

 

100 200 300 400 500

50

100

150

200

250

300

350

400

450

500
−3

−2

−1

0

1

2

3



Remaining areas of investigation for REPSI

At	
  coarsest	
  levels,	
  use	
  more	
  advanced/costly	
  sparsifying	
  methods?	
  Go	
  
grid-­‐free	
  in	
  the	
  time	
  domain?	
  (i.e.,	
  super-­‐resolution	
  methods)

More	
  sophisticated	
  data-­‐update	
  method,	
  less	
  prone	
  to	
  local	
  minima	
  
(use	
  correlation	
  between	
  P	
  and	
  G,	
  etc)

Incorporate	
  up/down	
  decomposition	
  operator	
  to	
  work	
  on	
  P	
  &	
  Vz	
  data

Potentially	
  extract	
  low-­‐frequency	
  information	
  from	
  G	
  for	
  diving-­‐wave	
  
full-­‐waveform	
  inversion
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