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Forward Problem

The forward problem is to predict data given velocity parameters.
When doing acoustic inversion in the frequency domain, to predict the
data from one explosive sourceq, we solve

(�2m + �2)u = q ,

and then restrict the solution to the surface with operatorP, so that in
the discrete setting, the forward model is

h(m) = P (�2m + �2)�1q︸ ︷︷ ︸
u, computed on the ßy

.

Seismic Laboratory for Imaging and Modeling

Forward problem: given m, predict data.
If m, the velocity on the grid, is known, then we can predict (frequency-
domain) data via Helmholz PDE: 

d = Pu

q

�
�2m + �2⇥u = q

!"#$%&'#())' *m =

q: known source

m: known velocity

    : frequency 

u: predicted wavefield (on 
entire grid)

P: restriction to surface 
(where data is observed)

d: Predicted data. 

�
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Inverse problem

Let z denote the observed data. We model the relationship between m
and z using the forward model h and error modelv:

z = h(m) + v .

We can estimate m by maximizing the likelihood of z given a
parametric density for errors v. For example, v is i.i.d. Gaussian gives
rise to

exp
(

!
1

2�2 " z ! h(m)" 2
)

#$ m = arg min
m

" z ! h(m)" 2
2

In general, if v has negative log g = ! log(p), the maximum likelihood
problem is equivalent to

min
m

f (m) := g(z ! h(m)) .

For FWI, h(m) = PH ! 1[m]q, where H [m] = (⇥2m + %2).
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Advantages of Heavy-Tailed Densities

A convex penalty corresponds to a log-concave density, while a
non-convex penalty corresponds to a heavy-tailed density.

The class of log-concave densities is fundamentally limited from a
modeling point of view.

Theorem: A.A., Friedlander, van Leeuwen, Herrmann, Math Prog. 2012

Let p be a scalar density proportional to exp(! g(y)), with g convex.
Then we have

P (|y| > t + ∆t given |y| > t) " C exp(! �∆t) .

Heavy-tailed models are less conservative with regard to outlier
distributions.

Student’s t, Pareto, Cauchy are all heavy-tailed.
For Cauchy, P

�
|y| > 2d

⇤⇤|y| > d
⇥

¥ 0.5 for large d!
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Total Results: 4% bad data, LS vs. Student’s t
4Hz, LS, 4% bad data 6 Hz, LS, 4% bad data

50 100 150 200 250 300 350 400 450 500 550

20

40

60

80

100

120
50 100 150 200 250 300 350 400 450 500 550

20

40

60

80

100

120

4Hz, St: � = 100, 4% bad data 6 Hz, St: � = 100, 4% bad data

50 100 150 200 250 300 350 400 450 500 550

20

40

60

80

100

120
50 100 150 200 250 300 350 400 450 500 550

20

40

60

80

100

120

9 / 22
Tuesday, 4 December, 12



Nuisance Parameter Estimation
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Formulations for Motivating Applications

If data comes from K sources with Gaussian errors, we can formulate
the following (joint) inverse problem: (Anais’s talk)

min
m,! 2

K!

i=1

Ni log(2⇤⌅2
i ) +

1
⌅2

i
⇥zi � h(m)i⇥2

Source estimation means solving for unknown amplitude parameters:

min
m,"

M!

i=1

g(zi � �ih(m)i) .

Student’s t d.f. parameters may be estimated by minimizing the true
negative log likelihood:

min
m,! 2,#

�n log

"
Γ

#
#+1

2

$

Γ
#

#
2

$⇤
⇤⇥⌅2

%

+
⇥ + 1

2

n!

i=1

log
&

1 +
r 2

i
⌅2⇥

'
.
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Projection Approach

Define ÷g(m) = g(m, �(m)) , with ø�(m) = arg min� g(m, �).
Theorem: Bell & Burke, ’08.

Let m � U and ø� � V be such that ⌅�g(m, ø�) = 0 and ⌅2
�g(m, ø�) is

positive definite. Then ÷g(m) is twice continuously di⇣erentiable, with

⌅m÷g(m) = ⌅mg(m, ø�(m)) (1)
⌅2

m÷g(m) = ⌅2
mg(m, ø�(m)) + ⌅2

m,�g(m, ø�(m))⌅m ø�(m) . (2)

We can now design first and second order methods to optimize ÷g.
First order: recompute ø�(m) whenever m is updated, and then use
ø�(m) (as values!) wherever � appears in ⌅mg(m, �). From (1), we
have the true gradient of ÷g.
Second order: Use a truncated version of (2), again with ø�(m) as
values, but this time with your favorite solver, e.g. Gauss-Newton, LM.

A.A. & van Leeuwen, Estimating Nuisance Parameters in Inverse Problems,
Inverse Problems, October 2012.
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Application I: Robust source estimation

Consider f (m, �) =
�

i gi (zi ! �i h(m)i ).

When gi = " á" 2, then �̄i = h(m)€
i zi

! h(m)i ! 2 .

For general gi , we can very quickly solve for �̄ using Newton’s method.

Then, reduced objective is

f̃ (m) =
⇥

i

gi (zi ! �̄i (m)h(m)i ),

with
# f̃ (m) =

⇥

i

# h(m)"
i # gi (zi ! �̄i (m)h(m)i ) .
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Application I: Robust FWI with Robust Source estimation

FWI Results
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Figure 3 Reconstructions (difference between initial and Þnal models) for different scenarioÕs.

few iterations. Therefore, the computational cost incurred is negligible compared to the cost of forward
modeling of the wavefield. We demonstrate robust source estimation on a real shot gather and show the
uplift of robust source estimation in conjunction with robust FWI.
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Application II: Self-tuning Student’s t

Take the full log likelihood:

g(m, ! 2, " ) = �n log

⌥
⇤
�

⇥+1
2
⇥

⇤
�

⇥
2
⇥⇤

#"! 2

�
+

" + 1
2

n✏

i=1
log
⇧

1 +
r(m)2

i
! 2"

⌃

Using change of variables:$ = ⇥+1
2 , %= ! 2" , we Þnd

(%, $) = arg min
⇤,�

�n log

⌥
⇤ ($)

⇤
�
$ � 1

2
⇥
�

+
n
2

log(%)+ $
n✏

i=1
log
⇧

1 +
ri(x)2

%

⌃
.

Taking the derivative with respect to%, we Þnd

0 =
n
2%

� $
n✏

i=1

r2
i

%+ r2
i

=⇥ $ =
n

2
�n

i=1
r2

i
⇤+r2

i

Plugging back in, we optimize thescalar problem

min
⇤

�n log

⌦

�
⇤
⇣
n
 ⇤

2
�n

i=1
r2

i
⇤+r2

i

⌅⌘

⇤
⇣
n
 ⇤

2
�n

i=1
r2

i
⇤+r2

i

⌅
� 1

2

⌘

↵

�+
n
2

log(%)+
n
�n

i=1 log
⇤

1 + r2
i
⇤

⌅

2
�n

i=1
r2

i
⇤+r2

i

.
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! n log
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�
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⌃
.
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Thank you!

SLIM
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