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Motivation

80 Fourier reconstruction of seismic data in one and two spatial coordinates
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Figure 4.13: (a) Acquisition geometry of the Oseberg 3D VSP survey. (b) Gather with
y-coordinate between 3050m and 3150m showing the gap in the center of the acquisition
area.

4.2.2 3D VSP data

Hindriks and Duijndam [2000] published results of Fourier reconstruction applied
to a 3D VSP dataset and compared it to the industry standard of nearest neighbor
interpolation (binning). The data that was used was related to a single fixed receiver,
positioned in the borehole. Here we will test FRSI on the same real 3D VSP data
and verify whether the claim that FRSI is less sensitive to the chosen bandwidth in
the inversion holds for real data. We used a subset of 7600 traces shown in Fig. 4.13a.
The acquisition geometry shows two large gaps, one due to a platform from which
the receiver line was lowered into the bore-hole and one in the center of the survey
due to limits in the maneuverability of the source vessel. The source vessel sailed in
circles which yielded the non-uniform sampling geometry shown in Fig. 4.13a. Data
was also acquired in a straight line through the center of the area. Fig. 4.13b shows
a panel with the y-coordinate between 3050m and 3150m. The average sampling
interval in both spatial coordinates is approximately 40m and after reconstruction to
a uniform grid the sampling interval is 35m in both directions. The reconstruction
was performed for the first three seconds of data in the frequency range [5, 60]Hz.

Bandlimited reconstruction

Fig. 4.14 shows the results in the f -k, f -x and t-x domains for a bandlimited inver-
sion, in which the frequency dependent bandwidth (k = ω/c) was determined by a
minimum velocity of c = 2500m/s. For FRMN we set λ with Eq. (2.3.19) (f = 0.05)
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Fig. 4.14 shows the results in the f -k, f -x and t-x domains for a bandlimited inver-
sion, in which the frequency dependent bandwidth (k = ω/c) was determined by a
minimum velocity of c = 2500m/s. For FRMN we set λ with Eq. (2.3.19) (f = 0.05)
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Approach
 look at seismic data in a geometrically correct way

– high dimensional
• typically 5D - i.e. time × source location × receiver location

– typically non-uniformly sampling only along spatial axes
– very strong geometrical structure (i.e. wavefronts)
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Agenda
 Nonuniform Fast Fourier Transform (NFFT)

– successful applications to interpolation by A. Duijndam, M. Sacchi, M. 
Schonewille, and P. Zwartjes among others

– Fourier not best suited for seismic data

 Fast Discrete Curvelet Transform (FDCT)
– successful applications to interpolation by G. Hennenfent, and F. Herrmann
– assumes regular sampling

 Nonuniform FDCT (NFDCT)
– NFDCT 1.0
– NFDCT 2.0
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 direct NDFT
– given the Fourier coefficients 

 adjoint NDFT
– given the value of     at the non equispaced points 

Direct & adjoint NDFT

fj = f(xj) :=
∑

k

f̂ke
−2πikxj

f̂k

f = Af̂

f̂ = A
H
f

f̂k =

∑

j

fje
2πikxj

f xj

NFFT2.0
May 4, 2005

Stefan Kunis and Daniel Potts
University of Lübeck

Institute of Mathematics
D–23560 Lübeck, Germany

{kunis,potts}@math.uni-luebeck.de

1 Introduction

This technical report gives a short summary of the fast Fourier transform at non equispaced knots
(NFFT) and its generalised inverse. An introduction to the NFFT, error estimates etc. can be
found in [20]. The computational complexity of the proposed algorithms is O (NΠ log NΠ + M)
for NΠ equispaced frequencies and M non equispaced samples.

The algorithms are implemented in the C-library nfft2 which will be described in detail. The
heart of the algorithms are (uniform) fast Fourier transforms for which the library fftw3 (see
[12]) is used.

The remainder is organised as follows: in Section 2, the problems of the discrete Fourier
transform at non equispaced knots (NDFT) are stated, the used notation is introduced, related
works are classified, and the fast algorithm (NFFT) is deduced in pseudo code. Furthermore,
an iterative scheme for inversion of the NFFT is presented. The implementation and usage of
the library is described in Section 3. Finally, simple examples of usage and numerical results
are presented in Section 4.
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transform at non equispaced knots (NDFT) are stated, the used notation is introduced, related
works are classified, and the fast algorithm (NFFT) is deduced in pseudo code. Furthermore,
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Inverse NDFT
 equispaced sampling points

 non-uniformly sampled points
– given the value of     at the non equispaced points        , find        such that

• standard method: Moore-Penrose pseudo-inverse
– over-determined: weighted approximation problem (compensate for sampling clusters)

– under-determined: damped minimization problem (favour smooth solution)

AA
H

= A
H
A = I

f xj f̂k

Af̂ ≈ f

‖f − Af̂‖W =

√

∑

j

wj |fj − f(xj)|2

min ‖f̂‖
Ŵ−1 =

√

∑

k

ŵ−1|f̂k|2 s.t. Af̂ = f

A
†
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 assume    has a sparse Fourier representation...11

An example

The real part of a sparse trigonometric polynomial with sparsity M = 6, D = 81
(maximal degree 40) and N = 25 random sampling points.

Holger Rauhut Random Sampling of Sparse Trigonometric Polynomials

12

The reconstruction by Basis Pursuit and by Orthogonal Matching Pursuit is exact!

The Nyquist rate is beaten by a factor of D/N = 81/25 = 3.24.

Holger Rauhut Random Sampling of Sparse Trigonometric Polynomials

key facts:
- S = 6
- ~ 25 observations required to perfectly recover
- more than 1:3 underdetermined

Figures courtesy H. Rauhut

min ‖f̂‖1 s.t. Af̂ = f

Inverse NDFT by l1 minimization
f



Seismic Laboratory for Imaging and Modeling

Curvelets
 defined in the FK domain

 FDCT
– construction

– assumes regular sampling

k1

k2
angular

wedge
2j

2j/2

f

k

C = TF

curvelet
transform

Fourier
transform

curvelet
tiling
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Wavefronts & sampling
 regular sampling

– continuity along wavefronts

 irregular sampling
– continuity along wavefronts

– broken continuity along wavefronts
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NFDCT 1.0
 combination of FDCT & NFFT

– handle irregular sampling (over-determined problem)
– explore continuity along wavefronts

 construction

 regularization
– in the Fourier domain

Cn = TA
†

curvelet
transform

pseudo-inverse 
NDFT

curvelet
tiling
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NFDCT 1.0 - performance
 FDCT on regular data

(reference)
– curvelets explore continuity

along wavefronts
– best compression

 FDCT on irregular data
– continuity along wavefronts

broken
– loss in performance

 NFDCT on irregular data
– continuity along wavefronts restored
– performance on irregular data to the same level as FDCT on regular data

54 COMPUTING IN SCIENCE & ENGINEERING

formly sampled data correctly in the curvelet
transform—treating it as uniformly sampled data
seriously deteriorates performance.

To address the nonuniformly sampled data issue,
the geophysicist commonly uses binning to bring
nonuniformly sampled data to the regular grid. To
compare the reconstructions, we use space-domain
linear interpolation for wavelets and include
NFFT binning as our extension to the FDCT.
Figure 5 shows reconstructions for nonuniformly
sampled data with binning for 1 percent of the co-
efficients. The partial reconstruction with the
nonuniformly sampled curvelet transform per-
forms nearly as well as the uniformly sampled
transform and outperforms the result obtained
with wavelets. Table 1 lists detailed performance

measures. Notice that even for this bad signal-to-
noise ratio (SNR), we lost only 1 dB between
noise-free NFFT binning and noisy NFFT bin-
ning combined with denoising.

The NFDCT: A Curvelet 
Frame for Seismic Processing
As Figure 4 illustrates, treating nonuniformly sam-
pled data as regular data can seriously deteriorate
the performance of curvelet approximations and,
hence, signal denoising and separation. Because
seismic data is usually acquired irregularly, failure
to account for nonuniformly sampled data can
adversely affect seismic imaging. Our work’s main
contribution is to extend the FDCT toward
nonuniformly sampled grids. The FDCT C on an
arbitrary uniformly sampled vector f factors as TF,
with F the orthonormal Fourier transform and T
the curvelet tiling matrix (that is, Cf := TFf). Later,
we’ll replace the ordinary Fourier transform with
its nonuniformly sampled counterpart, which is a
natural choice because the curvelet construction is
defined in the Fourier domain.

From this point on, we denote nonuniformly
sampled N-vectors f ! !N with an underbar, and
f := {f(xp)}p=1,…,N at the nodes xp ! X, where X := {xp
= (sp, tp) ! ! " ": –1/2 # sp < 1/2  and 0 # tp <
Nt}p=1,…N, with N representing the total number of
nodes and Nt the number of regular time samples.
Here, we consider the number of source and re-
ceiver positions larger than the size of the corre-
sponding regular spatial grid.

At the heart of nonequally sampled Fourier
transforms of bandwidth-limited functions lies the
fast evaluation of the following sum:3,7

(2)

This expression corresponds to the discrete in-
verse Fourier transform from a uniformly sampled
grid K := {kj = (kj

s, kj
t) ! #2: –Ks,t/2 # ks,t

j <
Ks,t/2}j=1,…,K in the Fourier domain—denoted by
the hat symbol ˆ and consisting of K = Ks " Kt
samples with Kt = Nt—toward the nonuniformly
sampled grid X. In matrix-vector notation, this
expression becomes

. (3)

The NFFT is an implementation that approxi-
mately evaluates the sum of Equation 2 with a fast
algorithm based on a previous study.7 By replacing
the regular FFT in the FDCT’s implementation
with the NFFT’s pseudo-inverse, we arrive at a

f Af= ˆ
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Figure 4. Decays of the nonlinear approximation error. Curvelets on
the regular grid (orange dashed line) clearly outperform discrete
wavelets (pink line). Our extension of the curvelet transform for
nonuniformly sampled data (blue line) retains the performance of
the regularly sampled curvelet transform on uniformly sampled
data, as opposed to the inferior performance obtained when
irregular data is treated as regular (green line with dots).

Operations performed Signal-to-noise ratio (dB)

Linear binning –1.96
Nonequally sampled fast Fourier 9.04
transform (NFFT) binning
Denoising 13.35
NFFT binning and denoising 8

* SNR is defined as 10log10 ||f||22/||f – f
~

||22, where f is the original func-
tion and ~f its estimate after binning and/or denoising.

Table 1. Binning and denoising errors measured by signal-to-noise

ratio.* The SNR is 0 dB for the initial (nonuniformly) noisy data.
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NFDCT 1.0 - binning & denoising
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! expresses confidence in the prediction. The esti-
mator of Equation 6 using weights as defined in
Equation 12 again corresponds to a maximum a
posteriori (MAP) estimator that minimizes the log-
likelihood function with coefficients selected from
a cross-correlation-weighted probability function
Pr{xm} ! exp(–Const " wm|xm|) for m # M. This
function is weighted by the prediction for the sec-
ond signal component.

Applications to Seismic Data
Among seismic data’s most striking features is that
it contains wave fronts possibly contaminated with
bandwidth-limited Gaussian noise. As we’ve
shown, we can remove this random component by
forward transforming the (ir)regular data with the
(N)FDCT, followed by a simple shrinkage and re-
construction with the IFDCT. Figure 7 illustrates
the performance of curvelet denoising by shrink-
age. Because denoising’s performance is (aside from
the binning error) as good as regular denoising, we

show the results only for nonuniformly sampled
data in which denoising is combined with binning.
We can extend these methods to the case of coher-
ent signal removal according to the threshold de-
fined in Equation 12. To emphasize the NFDCT’s
added value, we include an example in which signal
separation is performed on irregular data cast into
a regular grid and on the irregular data itself with
the NFDCT.

The removal of ghost events related to multiple
interactions of the wave field with the surface is
paramount to the success of seismic imaging based
on linearized inverse scattering. These ghosts—
also known as multiples—violate the linearization
and create artifacts in the image. Removing these
artifacts has proven to be difficult due to position
and amplitude errors in the multiple prediction.
Researchers have developed adaptive subtraction
techniques based on matched filtering13 to counter
these prediction errors and robustly separate the
two signal components. Unfortunately, matched
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Figure 7. Incoherent noise removal through shrinkage (Equations 6 and 10). We plotted (a) noisy nonuniformly sampled
data in a regular grid and with a signal-to-noise ratio (SNR) of 0 dB, and (b) binned and denoised data (see Equation 10).
Notice the significant improvement over the SNR listed in Table 1.54 COMPUTING IN SCIENCE & ENGINEERING

formly sampled data correctly in the curvelet
transform—treating it as uniformly sampled data
seriously deteriorates performance.

To address the nonuniformly sampled data issue,
the geophysicist commonly uses binning to bring
nonuniformly sampled data to the regular grid. To
compare the reconstructions, we use space-domain
linear interpolation for wavelets and include
NFFT binning as our extension to the FDCT.
Figure 5 shows reconstructions for nonuniformly
sampled data with binning for 1 percent of the co-
efficients. The partial reconstruction with the
nonuniformly sampled curvelet transform per-
forms nearly as well as the uniformly sampled
transform and outperforms the result obtained
with wavelets. Table 1 lists detailed performance

measures. Notice that even for this bad signal-to-
noise ratio (SNR), we lost only 1 dB between
noise-free NFFT binning and noisy NFFT bin-
ning combined with denoising.

The NFDCT: A Curvelet 
Frame for Seismic Processing
As Figure 4 illustrates, treating nonuniformly sam-
pled data as regular data can seriously deteriorate
the performance of curvelet approximations and,
hence, signal denoising and separation. Because
seismic data is usually acquired irregularly, failure
to account for nonuniformly sampled data can
adversely affect seismic imaging. Our work’s main
contribution is to extend the FDCT toward
nonuniformly sampled grids. The FDCT C on an
arbitrary uniformly sampled vector f factors as TF,
with F the orthonormal Fourier transform and T
the curvelet tiling matrix (that is, Cf := TFf). Later,
we’ll replace the ordinary Fourier transform with
its nonuniformly sampled counterpart, which is a
natural choice because the curvelet construction is
defined in the Fourier domain.

From this point on, we denote nonuniformly
sampled N-vectors f ! !N with an underbar, and
f := {f(xp)}p=1,…,N at the nodes xp ! X, where X := {xp
= (sp, tp) ! ! " ": –1/2 # sp < 1/2  and 0 # tp <
Nt}p=1,…N, with N representing the total number of
nodes and Nt the number of regular time samples.
Here, we consider the number of source and re-
ceiver positions larger than the size of the corre-
sponding regular spatial grid.

At the heart of nonequally sampled Fourier
transforms of bandwidth-limited functions lies the
fast evaluation of the following sum:3,7

(2)

This expression corresponds to the discrete in-
verse Fourier transform from a uniformly sampled
grid K := {kj = (kj

s, kj
t) ! #2: –Ks,t/2 # ks,t

j <
Ks,t/2}j=1,…,K in the Fourier domain—denoted by
the hat symbol ˆ and consisting of K = Ks " Kt
samples with Kt = Nt—toward the nonuniformly
sampled grid X. In matrix-vector notation, this
expression becomes

. (3)

The NFFT is an implementation that approxi-
mately evaluates the sum of Equation 2 with a fast
algorithm based on a previous study.7 By replacing
the regular FFT in the FDCT’s implementation
with the NFFT’s pseudo-inverse, we arrive at a
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Figure 4. Decays of the nonlinear approximation error. Curvelets on
the regular grid (orange dashed line) clearly outperform discrete
wavelets (pink line). Our extension of the curvelet transform for
nonuniformly sampled data (blue line) retains the performance of
the regularly sampled curvelet transform on uniformly sampled
data, as opposed to the inferior performance obtained when
irregular data is treated as regular (green line with dots).

Operations performed Signal-to-noise ratio (dB)

Linear binning –1.96
Nonequally sampled fast Fourier 9.04
transform (NFFT) binning
Denoising 13.35
NFFT binning and denoising 8

* SNR is defined as 10log10 ||f||22/||f – f
~

||22, where f is the original func-
tion and ~f its estimate after binning and/or denoising.

Table 1. Binning and denoising errors measured by signal-to-noise

ratio.* The SNR is 0 dB for the initial (nonuniformly) noisy data.

m̃ = C
H

Sw(Cnd)
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NFDCT 2.0
 combination of FDCT & NFFT

– handle irregular sampling
– explore continuity along wavefronts

 construction

 regularization
– in the curvelet domain

curvelet
transform

adjoint NDFT

curvelet
tiling

Cn = TA
H
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CnRSI using NFDCT 2.0
 find the sparsest set of curvelet coefficients that explains the 

irregular sampled data

 construct the interpolated result from its curvelet representation

x̃ = arg min
x

‖Wx‖1 s.t. ‖Cnx − y‖2 ≤ ε

f̃ = C
H
x̃
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Conclusions
 NFDCT is the combination of NFFT & FDCT

– handle irregular sampling
– explore continuity along wavefronts

 NFDCT has comparable performance on irregular data to FDCT on 
regular data

 NFDCT 2.0 opens the path to CnRSI
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