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SLIM

• The	
  Full	
  Waveform	
  Inversion	
  (FWI)	
  problem	
  is	
  to	
  find	
  solutions	
  to	
  the	
  
Helmholtz	
  PDE	
  that	
  match	
  data	
  from	
  source	
  experiments	
  on	
  the	
  surface	
  

• Problems	
  are	
  typically	
  very	
  large:	
  trillions	
  of	
  variables	
  and	
  terabytes	
  of	
  data.	
  	
  	
  

• Typically	
  formulated	
  as	
  a	
  Nonlinear	
  Least	
  Squares	
  (NLLS)	
  problem:

	
  	
  	
  	
  	
  

Full Waveform Inversion

min
m

�
f(m) := �D−F [m;Q]�2F

�

D := data

m := model parameters (speed or slowness squared)

Q := multiple source experiments

F := solution operator of Helmholtz eqn. with absorbing boundary
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• The	
  size	
  of	
  FWI	
  requires	
  algorithms	
  that	
  reduce	
  computation	
  time,	
  e.g.	
  by	
  
working	
  on	
  reduced	
  data	
  volumes.	
  

• In	
  addition	
  to	
  size,	
  there	
  are	
  problems	
  with	
  the	
  NLLS	
  formulation:	
  
1)	
  Local	
  minima	
  (missing	
  low	
  frequency	
  information,	
  model	
  misspecification,	
  cycle	
  skipping)	
  

2)	
  Insufficient	
  data	
  (multiple	
  models	
  fit	
  the	
  same	
  data)

3)	
  Inadequate	
  data	
  (data	
  not	
  in	
  the	
  range	
  of	
  modeling	
  operator)

4)	
  Sensitivity	
  -­‐	
  small	
  changes	
  in	
  data	
  yield	
  large	
  changes	
  in	
  the	
  model	
  estimate

• Both	
  types	
  of	
  issues	
  need	
  to	
  be	
  addressed.	
  

Difficulties with NLLS 

[Virieux	
  ’09;	
  Symes	
  ’09;	
  Symes	
  ’08]
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• Stochastic	
  optimization	
  is	
  a	
  promising	
  approach	
  for	
  FWI.	
  

• 	
  Suppose	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  is	
  a	
  random	
  matrix	
  with	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  :	
  

	
  

• With	
  above	
  identity,	
  FWI	
  can	
  be	
  viewed	
  as	
  stochastic	
  optimization	
  problem.	
  

Stochastic Optimization

W E[WWT] = I

f(m) = EW �D−F [m;Q]�2F
D := DW

Q := QW

�A�2F = trace(ATA) = E
�
trace(ATAWWT)

�

= E
�
trace(WTATAW )

�
= E�AW�2F
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• Stochastic	
  optimization	
  provides	
  a	
  dimensionality	
  reduction	
  technique,	
  
since	
  randomization	
  (simultaneous	
  shots)	
  compress	
  data	
  and	
  sources:

• SAA	
  approach:	
  replace	
  	
  	
  	
  	
  	
  by	
  	
  	
  	
  	
  	
  	
  	
  with	
  large	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (many	
  shots)	
  

• SA	
  approach:	
  use	
  descent	
  directions	
  of	
  	
  	
  	
  	
  	
  with	
  small	
  	
  	
  	
  	
  	
  	
  (few	
  shots)	
  to	
  
iteratively	
  minimize	
  	
  	
  	
  	
  	
  	
  	
  	
  

Stochastic Optimization

=

f f

f
f

[Haber	
  ’10]
D W D

W

W

f(m) := �D−F [m;Q]�2
F

[Shapiro	
  ’03	
  ,	
  Shapiro	
  ’05]
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• Objective:	
  

• Iterative	
  algorithm:	
  

• Direction	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  solves	
  

• The	
  subproblem	
  for	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  is	
  convex,	
  and	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  is	
  a	
  descent	
  direction:

Gauss-Newton Method

min
δm

�D−F [mν ;Q]−∇F [mν ;Q]δm�2Fδm

δm δm

f �(mν ; δm) ≤ f(mν)− �D−F [mν ;Q]� �� �−∇F [m;Q]δm�2F < 0

f(mν)

mν+1 = mν + γνδm

f(m) := �D−F [m;Q]�2
F

Tuesday, March 15, 2011
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• The	
  Gauss-­‐Newton	
  subproblem	
  can	
  be	
  seen	
  as	
  the	
  Born	
  scattering	
  
problem,	
  where	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  is	
  a	
  background	
  velocity	
  and	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  is	
  a	
  model	
  
perturbation.	
  

• The	
  gradient	
  of	
  FWI	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  can	
  be	
  interpreted	
  as	
  a	
  perturbation	
  
wavefield	
  scattered	
  by	
  missing	
  heterogeneities	
  in	
  the	
  staring	
  model	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  .	
  	
  

• Wavefields	
  have	
  been	
  shown	
  to	
  have	
  compressible	
  representations	
  in	
  the	
  
Curvelet	
  frame	
  (coefficients	
  decay	
  exponentially	
  fast).	
  

• We	
  exploit	
  this	
  idea	
  by	
  placing	
  a	
  Lasso	
  (1-­‐norm)	
  constraint	
  on	
  the	
  Gauss-­‐
Newton	
  update	
  representation	
  in	
  the	
  Curvelet	
  frame	
  	
  	
  	
  	
  .	
  	
  

Compressibility in Curvelets

δmmν

∇f(mν)
mν

[Candes	
  2004]

C
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• Objective:	
  

• Iterative	
  algorithm:	
  

• Direction	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  solves	
  

• The	
  subproblem	
  for	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  is	
  convex,	
  and	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  is	
  a	
  descent	
  direction:

Modified Gauss-Newton

min
δx

�D−F [mν ;Q]−∇F [mν ;Q]C∗δx�2F

s.t. �δx�1 ≤ τ

δx

δx C∗δx

f(mν)

f �(mν ;C∗δx) ≤ f(mν)− �D−F [mν ;Q]� �� �−∇F [m;Q]C∗δx�2F < 0

mν+1 = mν + γνC∗δx

f(m) := �D−F [m;Q]�2
F
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Projected gradient. Our application of the SPG algorithm to solve (LSτ ) follows
Birgin, Mart́ınez, and Raydan [5] closely for the minimization of general nonlinear
functions over arbitrary convex sets. The method they propose combines projected-
gradient search directions with the spectral step length that was introduced by Barzilai
and Borwein [1]. A nonmonotone line search is used to accept or reject steps. The
key ingredient of Birgin, Mart́ınez, and Raydan’s algorithm is the projection of the
gradient direction onto a convex set, which in our case is defined by the constraint
in (LSτ ). In their recent report, Figueiredo, Nowak, and Wright [27] describe the
remarkable efficiency of an SPG method specialized to (QPλ). Their approach builds
on the earlier report by Dai and Fletcher [18] on the efficiency of a specialized SPG
method for general bound-constrained quadratic programs (QPs).

2. The Pareto curve. The function φ defined by (1.1) yields the optimal value
of the constrained problem (LSτ ) for each value of the regularization parameter τ .
Its graph traces the optimal trade-off between the one-norm of the solution x and
the two-norm of the residual r, which defines the Pareto curve. Figure 2.1 shows the
graph of φ for a typical problem.

The Newton-based root-finding procedure that we propose for locating specific
points on the Pareto curve—e.g., finding roots of (1.2)—relies on several important
properties of the function φ. As we show in this section, φ is a convex and differentiable
function of τ . The differentiability of φ is perhaps unintuitive, given that the one-
norm constraint in (LSτ ) is not differentiable. To deal with the nonsmoothness of
the one-norm constraint, we appeal to Lagrange duality theory. This approach yields
significant insight into the properties of the trade-off curve. We discuss the most
important properties below.

2.1. The dual subproblem. The dual of the Lasso problem (LSτ ) plays a
prominent role in understanding the Pareto curve. In order to derive the dual of
(LSτ ), we first recast (LSτ ) as the equivalent problem

(2.1) minimize
r,x

‖r‖2 subject to Ax + r = b, ‖x‖1 ≤ τ.
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Fig. 2.1. A typical Pareto curve (solid line) showing two iterations of Newton’s method. The
first iteration is available at no cost.

Picking Lasso Parameter

min
δx

�
� �� �
D−F [mν ;Q]−

� �� �
∇F [mν ;Q]C∗ δx�2F

s.t. �δx�1 ≤ τ

b A
�b�F

min
δx

�δx�1

s.t. b = Aδx

min
δx

�δx�1

s.t. �b−Aδx�F ≤ σ

σ

Lasso

BP

BPDN

[van	
  den	
  Berg	
  ’08]
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Picking Lasso Parameter

min
δx

�
� �� �
D−F [mν ;Q]−

� �� �
∇F [mν ;Q]C∗ δx�2F

s.t. �δx�1 ≤ τ

b A
�b�F

min
δx

�δx�1

s.t. b = Aδx

min
δx

�δx�1

s.t. �b−Aδx�F ≤ σ

σ

Lasso

BP

BPDN

Slope	
  given	
  by
−||AT(b − Aδx)||∞

τ =
�b�F − σ

�ATb�∞

[van	
  den	
  Berg	
  ’08]
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Modified GN with 
renewals

Algorithm 1: Modified Gauss-Newton with renewals

Result: Output estimate for the model m
m ←− m0; k ←− 0 ; // initial model

for j = 1 : M do
Obtain frequency band j, corresponding data slice D and operator F .

for i = 1 : N do
Randomly subsample to obtain Dk,Qk

.

δx ←−






arg min
δx

�Dk −F [mk;Qk]−∇F [mk;Qk
]C∗δx�F

s.t. �δx�1 ≤ τk

mk+1 ←−mk + γkC∗δx ; // update with linesearch

k ←− k + 1

end
end

Tuesday, March 15, 2011
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Example
Marmousi model:

• 128x384 with a mesh size of 24 meters

• 384 co-located shots and receivers with offset = 3 X depth

• 2.4s recording time for Marmousi

Explicit Time-harmonic Helmholtz solver

• 9-point finite difference

• Absorbing boundary condition

• 12 Hz Ricker source wavelet

Tuesday, March 15, 2011
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PDEs/Linearization
PDE solves for new method:

• 10 frequency bands, 10 frequencies in each

• 15 simultaneous shots 

• 20 (average) iterations of SPGL1 solver

• 10 x 15 x 20 = 3000 PDE solves. 

PDE solves for full Gauss-Newton subproblem:

• 100 (freq) x 384 (shots) = 38400 PDE solves.

Speed-up: 38400/3000 = 12.8. 

Tuesday, March 15, 2011
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True model

Lateral (× 24 meters)
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Initial model
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Inverted model
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• Velocity	
  models	
  are	
  also	
  compressible	
  in	
  Curvelets.	
  

• Geophysical	
  images	
  are	
  layered,	
  and	
  may	
  me	
  modeled	
  as	
  objects	
  with	
  edges.	
  
Curvelets	
  provide	
  sparse	
  representations	
  for	
  such	
  images.	
  

Compressibility in Curvelets

0 20 40 60 80 1000

5

10

15

20

25

% coeff. used

%
 e

rro
r

100 102 104 106

# coeff.

m
ag

ni
tu

de

m = C∗x

[Candes	
  ’00]
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Sparsity-­‐promoting	
  formulations:

BPDN	
  formulation	
  looks	
  promising	
  from	
  a	
  scientific	
  standpoint,	
  but	
  Lasso	
  
formulation	
  is	
  easier	
  to	
  optimize.	
  

FWI: Sparsity Regularization

1:	
  QP

2:	
  Lasso

3:	
  BPDN

minx �D−F [C∗x;Q]�2
F + λ�x�1

minx �D−F [C∗x;Q]�2F s.t. �x�1 ≤ τ

minx �x�1 s.t. �D−F [C∗x;Q]�2F ≤ σ

Tuesday, March 15, 2011
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• We	
  consider	
  a	
  model	
  that	
  is	
  sparse	
  in	
  physical	
  domain:	
  sparse	
  
perturbation	
  of	
  constant	
  background	
  velocity	
  (2km/s)

• Cross-­‐well	
  setting,	
  101	
  sources	
  and	
  receivers	
  in	
  vertical	
  wells	
  800	
  m.	
  apart

• 9	
  pt.	
  discretization	
  of	
  Helmholtz	
  operator	
  with	
  absorbing	
  boundary;	
  10	
  m.	
  
spacing	
  on	
  grid;	
  

• Random	
  frequencies	
  	
  [5.0,	
  6.0,	
  11.5,	
  14.0,	
  15.5,	
  17.5,	
  23.5]	
  Hz.

• We	
  consider	
  full	
  inversion,	
  and	
  subsampling	
  with	
  5	
  sim.	
  shots.	
  

Case Study
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Geometric Setup
True Model Initial Model

Simulateneous Shots: Full Simulateneous Shots: Full

True Model Initial Model

Simulateneous Shots: Full Simulateneous Shots: Full

Initial ModelTrue Model

True l1-norm: 5.7
l2-error: 0
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Least Squares Results:
5 Shots, LBFGS (200)Full model, LBFGS (500)
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Lasso Results
5 Shots, SPG (400)

l1-norm: 5.7
L2 Relative Residual:1e-4
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Lasso formulation

minm �D−F [m0 + m;Q]�2F
s.t. �m�1 ≤ τ
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• Optimization	
  problem:	
  

• Implement	
  iterated	
  algorithm:	
  

• Direction	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  solves	
  subproblem	
  below	
  using	
  SPGL1	
  algorithm:	
  

BPDN Algorithm
minm �m�1

s.t. �D−F [m0 + m;Q]�2F ≤ σ

mν+1 = mν + γνδm

δm

min
δm

�mν + δm�1

s.t. �D−F [m0 + mν ;Q]−∇F [m0 + mν ;Q]δm�2F
≤ 0.95

�
�D−F [m0 + mν ;Q]�2F − σ

�
+

[Burke	
  ’89,	
  Burke	
  ’92]
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BPDN Algorithm

Current 
Model

Linearize
Forward Model

Subproblem

CHANGE OF 
VARIABLE

BPDN

BPDN
SOLUTION

SPGL1

CHANGE OF 
VARIABLESubproblem

SOLUTION

LINE SEARCH
UPDATED 
MODEL
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BPDN Results
5 Shots (200)

l1-norm: 9.3
L2 Relative Residual:1e-3

Full model (200)
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Least Squares Results:
5 Shots, LBFGS (200)Full model, LBFGS (500)
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Lasso Results
5 Shots, SPG (400)

l1-norm: 5.7
L2 Relative Residual:1e-4
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minm �D−F [m0 + m;Q]�2F
s.t. �m�1 ≤ τ
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• Exploiting	
  sparsity	
  is	
  useful	
  for	
  fast	
  computation	
  as	
  
well	
  as	
  for	
  novel	
  modeling/regularization	
  of	
  FWI

• Understanding	
  trade-­‐off	
  between	
  least-­‐squares	
  and	
  
sparsity	
  promoting	
  priors	
  is	
  important	
  in	
  modeling	
  
and	
  algorithm	
  design.	
  

• Preliminary	
  results	
  are	
  very	
  promising:	
  we	
  can	
  
recover	
  a	
  sparse	
  solution	
  from	
  insufficient	
  data,	
  and	
  
we	
  can	
  significantly	
  improve	
  speed	
  of	
  recovery.

Conclusions
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• Test	
  regularization	
  approaches	
  on	
  seismic	
  models	
  using	
  
Curvelets

• Test	
  all	
  algorithms	
  on	
  problems	
  with	
  noisy	
  data

• Implement	
  renewal	
  strategy	
  for	
  simultaneous	
  shots	
  in	
  the	
  
regularization	
  context

• Study	
  the	
  trade-­‐off	
  between	
  sparsity	
  and	
  least-­‐squares	
  misfit	
  in	
  
the	
  nonlinear	
  context

The Road Ahead
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