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Projected gradient. Our application of the SPG algorithm to solve (LS! ) follows
Birgin, Mart«õnez, and Raydan [5] closely for the minimization of general nonlinear
functions over arbitrary convex sets. The method they propose combines projected-
gradient search directions with the spectral step length that was introduced by Barzilai
and Borwein [1]. A nonmonotone line search is used to accept or reject steps. The
key ingredient of Birgin, Mart«õnez, and RaydanÕs algorithm is the projection of the
gradient direction onto a convex set, which in our case is deÞned by the constraint
in (LS! ). In their recent report, Figueiredo, Nowak, and Wright [27] describe the
remarkable efficiency of an SPG method specialized to (QP" ). Their approach builds
on the earlier report by Dai and Fletcher [18] on the efficiency of a specialized SPG
method for general bound-constrained quadratic programs (QPs).

2. The Pareto curve. The function ! deÞned by (1.1) yields the optimal value
of the constrained problem (LS! ) for each value of the regularization parameter" .
Its graph traces the optimal trade-off between the one-norm of the solutionx and
the two-norm of the residual r , which deÞnes the Pareto curve. Figure 2.1 shows the
graph of ! for a typical problem.

The Newton-based root-Þnding procedure that we propose for locating speciÞc
points on the Pareto curveÑe.g., Þnding roots of (1.2)Ñrelies on several important
properties of the function !. As we show in this section,! is a convex and differentiable
function of " . The differentiability of ! is perhaps unintuitive, given that the one-
norm constraint in ( LS! ) is not differentiable. To deal with the nonsmoothness of
the one-norm constraint, we appeal to Lagrange duality theory. This approach yields
signiÞcant insight into the properties of the trade-off curve. We discuss the most
important properties below.

2.1. The dual subproblem. The dual of the Lasso problem (LS! ) plays a
prominent role in understanding the Pareto curve. In order to derive the dual of
(LS! ), we Þrst recast (LS! ) as the equivalent problem

(2.1) minimize
r,x

‖ r ‖ 2 subject to Ax + r = b, ‖ x‖ 1 ≤ ".
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Fig. 2.1. A typical Pareto curve (solid line) showing two iterations of Newton’s method. The
first iteration is available at no cost.

Picking Lasso Parameter
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PDEs/Linearization
PDE solves for new method:

• 10 frequency bands, 10 frequencies in each

• 15 simultaneous shots 

• 20 (average) iterations of SPGL1 solver

• 10 x 15 x 20 = 3000 PDE solves. 

PDE solves for full Gauss-Newton subproblem:

• 100 (freq) x 384 (shots) = 38400 PDE solves.

Speed-up: 38400/3000 = 12.8. 
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Initial model
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Inverted model
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1% of coeff.
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