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SUMMARY

Accurate seismic imaging and velocity estimation are essen-
tial for subsurface characterization. Conventional inversion
techniques, such as full-waveform inversion, remain computa-
tionally expensive and sensitive to initial velocity models. To
address these challenges, we propose a simulation-based infer-
ence framework with conditional elucidated diffusion models
for posterior velocity-model sampling. Our approach incorpo-
rates both horizontal and vertical subsurface offset common-
image gathers to capture a broader range of reflector geome-
tries, including gently dipping structures and steep dipping lay-
ers. Additionally, we introduce the background-velocity model
as an input condition to enhance generalization across vary-
ing geological settings. We evaluate our method on the SEAM
dataset, which features complex salt geometries, using a patch-
based training approach. Experimental results demonstrate
that adding the background-velocity model as an additional
conditioning variable significantly enhances performance, im-
proving SSIM from 0.717 to 0.733 and reducing RMSE from
0.381km/s to 0.274km/s. Furthermore, uncertainty quantifica-
tion analysis shows that our proposed approach yields better-
calibrated uncertainty estimates, reducing uncertainty calibra-
tion error from 6.68km/s to 3.91km/s. These results show ro-
bust amortized seismic inversion with uncertainty quantifica-
tion.

INTRODUCTION

Accurate seismic imaging and reliable velocity-model estima-
tion are critical for understanding subsurface geological struc-
tures. Conventional full-waveform inversion (FWI) is a pow-
erful method for subsurface imaging, but it often suffers from
strong non-linearity, high computational costs, and sensitivity
to the initial velocity model (Virieux and Operto,2009; [Warner
et al.,2013). Recently, simulation-based inference (SBI) meth-
ods (Cranmer et al.}[2020)—which leverage pairs of simulated
seismic observations and their corresponding ground-truth ve-
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locity models {X(’),y(’) } l—have emerged as promising al-
i=

ternatives to traditional inversion techniques. These methods

utilize machine learning models to amortize the inversion pro-
cess, enabling efficient inference of subsurface velocity from

new observational data, while also providing systematic Bayesian

uncertainty quantification (Zhang and Curtis| |2023)).

One notable SBI framework is Wavefield Inversion using con-
ditional normalizing flows (WISE), which samples posterior
velocity models conditioned on seismic common-image gath-
ers (CIGs) (Yin et al [2023). By leveraging CIGs, the WISE
framework efficiently extracts physics-informed summary statis-
tics from seismic shot data and enables inversion with uncer-
tainty quantification. However, horizontal CIGs alone may be

insufficient for imaging complex geological settings—particularly
those involving steeply dipping or vertical reflectors—due to
geometric limitations associated with horizontal offsets (Shan
and Biondi, 2008 [van Leeuwen et al.,|2015).

We propose an SBI approach that incorporates both horizon-
tal and vertical subsurface offset image gathers to include full
information of migrated wavefields. The addition of vertical
offsets extends the imaging condition to better capture steeply
dipping reflectors by correlating wavefields at vertically shifted
depths (Biondil 2006;|Sava and Vasconcelos|2011;|van Leeuwen
et al.| [2015). Furthermore, instead of using conditional nor-
malizing flows as in|Yin et al.| (2023), we adopt score-based
diffusion generative networks. Recent studies have demon-
strated that score-based methods (Ho et al., |2020; |Song et al.,
2020; Karras et al.| [2022) offer superior sample quality com-
pared to CNFs, particularly in capturing multimodal distribu-
tions and generating realistic posterior samples for complex
seismic inverse problems (Orozco et al.,|[2024).

In this study, we extend the SBI framework by integrating both
horizontal and vertical CIGs into a score-based diffusion gen-
erative network (Karras et al.| 2022)). Additionally, we propose
using the background-velocity model as an extra conditioning
variable alongside the CIGs. We argue that including the back-
ground model not only broadens the amortization capacity of
the network—enabling generalization across diverse geolog-
ical settings—but also improves sample quality (Elsemiiller
et al.,|2024])). To validate our approach, we present inference re-
sults on the SEAM dataset, which features complex salt dome
structures (Fehler and Keliher, 2011).

METHOD

Our proposed method employs a two-stage process involving:
(1) generation of extended CIGs (both horizontal and vertical),
and (2) posterior velocity-model inference using the score-based
network conditioned on these extended gathers.

Extended Imaging Conditions: Horizontal and Vertical
CIGs

Seismic imaging typically involves correlating the forward-
propagated source wavefield u and backward-propagated re-
ceiver wavefield v. The zero-offset imaging condition, while
common, does not capture velocity-model inaccuracies or steeply
dipping reflectors effectively (Noletl |1986). Extended imag-
ing conditions address this by introducing non-zero spatial off-
sets into the wavefield correlation, resulting in extended-image
gathers that directly encode velocity-related information. When
the velocity model is correct, energy focuses at zero offset; de-
viations from zero indicate velocity errors (Sava and Fomel,
2005; Shan and Biondi, 2008; [Biondi and Symes| [2004)).

Horizontal CIGs correlate wavefields horizontally displaced



around the imaging point and are defined as:

IX(X,Z,hx)://u(Sx,X hxazat)V(sxvx+hX7zvl)dtdSX7 (1)

where , is horizontal offset, ¢ is propagation time, and s, is
the horizontal source location (Biondi, 2006). Horizontal off-
sets capture reflection curvature indicative of velocity inaccu-
racies and work best for reflectors with gentle to moderate dips
(Rickett and Sava, 2002).

In contrast, vertical CIGs correlate wavefields at vertically dis-
placed imaging points:

IZ(xazahZ)://u(SX7x7Z tht)v(sxvxvz+h27t)dtdsxa (2)

where £ is the vertical offset (Shan and Biondi, 2008). Verti-
cal subsurface offsets work best at imaging steeply dipping or
vertical reflectors, which require impractically large horizon-
tal offsets if only horizontal CIGs are used (Biondi and Shan,
2005). By combining both horizontal and vertical offsets, our
method generates comprehensive subsurface images capable
of accurately representing complex geological structures and
robustly informing velocity updates.

Conditional Diffusion for Seismic Inference

Diffusion generative networks are neural density estimation al-
gorithms that approximate the data distribution by learning the
score function, defined as the gradient of the log-likelihood
Vxlog p(x) (Song et al. [2020). These networks operate by
progressively perturbing data samples into a Gaussian distribu-
tion through a stochastic process and then learning to reverse
this transformation to generate new samples from the target
distribution.

A key component in diffusion networks is the noise schedule,
denoted by s (¢), which governs the gradual corruption of data
over time. As the time variable ¢ increases, the data distribu-
tion becomes increasingly smoothed (the PDF becomes more
noisy), eventually converging to a standard Gaussian. The net-
work is trained to estimate the score function Vxlog p(x,s (1))
at each time step, enabling it to reconstruct the original distri-
bution during inference.

Once trained, it can perform likelihood estimation and gener-
ate new samples by numerically solving a reverse-time stochas-
tic differential equation. In our seismic inversion work, we
employ elucidated diffusion models (EDM), which provide a
well-conditioned and computationally efficient framework for
both training and sampling (Karras et al.l [2022). EDM sim-
plify the standard score-matching objective and introduce an
optimized noise schedule, leading to improved sample quality
and reduced computational cost.

Conditional Diffusion for Seismic Imaging

In seismic inversion, we are interested in sampling from the
posterior distribution p(x j y), where x represents the velocity
model and y denotes the CIGs obtained from migrated seismic
shot data. To achieve this, we modify the standard diffusion
framework to learn the conditional score function Vylog p(x j

y)-

Following prior work on conditional diffusion (Batzolis et al.,
2021} |Orozco et al., 2024), we incorporate the observation y
as an additional conditioning variable in the score-matching
objective:

d = argmm Ey p(yix) En N (0,221) ksq (X+ anvt) Xk%? 3)
q
where sq (x,y,1) represents the learned score function, and n
A (0,#21) denotes the Gaussian noise perturbation.

To train the model, we construct a dataset 2 = F(x(!) y(?) AP
where each sample pair consists of a ground-truth velocity
model and the corresponding CIGs obtained through seismic
migration. The training process involves minimizing the fol-
lowing loss:

N
d:argminz En (0.20Ksq x4,y 1) x(i>k%, 4)
4 =0

After training, posterior samples can be generated by condi-
tioning the model on new observations yo,s and solving the
reverse SDE, analogous to standard unconditional diffusion
models.

Incorporating Vertical and Horizontal CIGs into Diffusion
Model

Our approach conditions the diffusion model on both horizon-
tal and vertical offset CIGs to enhance posterior velocity sam-
pling, which introduces depth shifts in wavefield correlations
and captures reflector geometries that horizontal offsets alone
cannot resolve (Shan and Biondi, 2008} [van Leeuwen et al.,
2015).

In our model, we use 50 channels of horizontal offsets and 50
channels of vertical offsets. In addition, we include a background-
velocity model as a separate channel, which serves as a ref-
erence condition. Including the background as an additional
input channel expands the amortization scope of our network
and generalizes across different velocity backgrounds during
inference.

EXPERIMENT SETUP

We conduct experiments using 2D slices extracted from the
3D SEAM model (Fehler and Keliher, [2011)), which features
complex salt geometries characteristic of the Gulf of Mexico.
To create a robust training dataset while ensuring diversity, we
select a continuous range of crosslines for training and enforce
a minimum separation of 2 km between the nearest training
and test slices to reduce redundancy.

For seismic data simulation, we generate narrow-offset 2D seis-
mic lines with a spatial grid of 1744 512 and a grid spacing
of 20 m. The shot interval is set to 1000 m to optimize com-
putational efficiency, while receivers are densely sampled at
20 m intervals with a maximum offset of 6 km. The recorded
shot gathers have a total duration of 9 s, and Gaussian noise
is added to achieve a signal-to-noise ratio of 25 dB within the
source frequency band. Each velocity model contains 32 shot






