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Computational cost of Full-Waveform Inversion

Focus is on computational cost in turnaround time.

Not about:
e faster PDE solves

e optimization algorithms w/ a better rate of convergence
e better implementations & hardware/software interaction




Computiational cost of Full-Waveform Inversion

This talk reformulates the basic algorithms
e mathematically equivalent method
e achieves factor 2X speedup in time for fixed resources
® requires source/receiver randomization & subsampling
e requires stochastic optimization
e only useful in parallel computing environment
e exploit special saddle-point structures




Function value and gradient

A(m) € CV*Y  discrete PDE
m € RY medium parameters
P € R™Y  gelects field at receivers

ucCV field
d € C'" observed data

qc CY source




Algorithm 1 The conventional sequential adjoint-state algo-
rithm to compute g.

l.u; =A(m) !q; //forward solve
2.vi=A(m) *(P*(Pu; —d;)) //adjoint solve

3 L BA(m)ul ¥ .
L8 = o v; //evaluate gradient

4.g=> " g //sum gradient components




Function value and gradient — adjoint-state

Adjoint-state:
e parallel over sources & frequencies
e 2 sequential PDE solves for each source/frequency

Limiting factor if:

® 3 large number of available compute nodes
e a small number of sources (stochastic optimization, simultaneous sources)



Proposed algorithm - parallel reformulation

Same objective:

w/o derivation:

Algorithm 2 The parallel reformulation to compute g.

l.u;=A(m) !q &[W :A(m)_*P*]//solve in parallel
2.vi=—W(Pu; —d;)) //evaluate adjoint

S
3.8 = ((}’Agm)u,-) v; //evaluate gradient

4.g=> " g //sum gradient components




Proposed algorithm - parallel reformulation

Same objective:

w/o derivation:

Algorithm 2 The parallel reformulation to compute g.

l.u;=A(m) 'q& W =A(m) *P* //solve in parallel
2.V; :[—W(Pu,- — d,-))]//evaluate adjoint

X
3.8 = ((}’Agm)u,-) v; //evaluate gradient

4.g=> " g //sum gradient components




Proposed algorithm - parallel reformulation

®2 PDE solves in parallel
e solve 1 PDE per sources & 1 per receiver
e 1 distributed matrix (W) - local vector product to evaluate adjoint
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Distributed computations
v=—-W(Pu-—d)

l l

. nreceiver

nsource

Ngrid

Treceiver

® cach column is computed &
stored on a different node

e multiple columns per node if
block-solvers are used

e result is also distributed
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Proposed algorithm - derivation

Original problem:  ming u 3/|[Pu—d|j5 st. A(m)u=q
Lagrangian: L(m,u,v) = z|[|[Pu—d|3+ v*(A(m)u — q)

Characterize the sub-problem for fixed mat every iteration:

(4 0) ()= ()

(for one frequency)
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Proposed algorithm - derivation

Any solution method for solving
P*P A*\ (u\ [(P*d
A 0 v) \ q

results in the u& v required to compute objective & gradient of

flm) = 2 Z |PA(m) ™ q; — di|3
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Proposed algorithm - derivation

P*P A u\ [(FP°d
A 0 v/ \ q
e square saddle point system

o full-rank if A is full rank (satisfied by assumption)
e PP* P issquare & rank-k, k=number of receivers

Remark:
¢ block elimination = discrete adjoint-state method
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Proposed algorithm - derivation

PP A\ [0 A1
A4 o) “\4* —A*ppA-}

u=A"1q
v=-A"T*P*PA"'q+ A*P*d = -A""P*(Pu—d)

L

Computations become independent if we compute W = A=* P*
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Algorithm 2 The parallel reformulation to compute g.

l.u;=A(m) 'q& W =A(m) *P* //solve in parallel

2.vi=—W(Pu; —d;)) //evaluate adjoint
S
3.8 = (aAgm)u") v; //evaluate gradient

4.8 = Z?il g; //sum gradient components
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Proposed algorithm

Solve in parallel:
1 PDE per source & 1 PDE per receiver

achieves 2X speedup in time if:
Nsre + NMrec <  maximum number of PDE solves in parallel

We need
e stochastic optimization
® source & receiver randomization + subsampling
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Algorithm 3 Stochastic optimization algorithm to minimize

f(m) = S:, 1fl( m).

iteration counter k = 1, set sufficient descent parameter c
while not converged

la.q //draw 1 or a few source samples
Ib.p //draw 1 or a few receiver samples
//approx1mate functlon value and gradient

2. f(m)=5>"" ||PA(m) '@ — d;|5
3 g = 3:, 1gz 3

4a. fret = {fxs fi—1s- s Jom}
4b. y=1

de. if f(my — ¥&) < max(frer) +c
my, | =my — Y8 // update model estimate

k=k+1

else
Yy=mnY//step size reduction, n <1
g0 back to 4c¢

end
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Numerical example 1

Optimization:
e stochastic gradient descent-type with bound-constraints
e redraw subset of sources and receivers every iteration
® non-monotone line-search

Experiment:
e 3-10 Hz data (2 cycles through the frequencies)
e Ricker wavelet, 10Hz peak
® source spacing: 50m, receiver spacing: 50m
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initial velocity model
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all sources & all receivers
bound-consiraints

final velocity model, all sources and receivers
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16 randomly selected sources
16 randomly selected receivers
bound-constraints

final velocity model, 16 sources, 16 receivers
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8 randomly selected sources
8 randomly selected receivers
bound-constraints

final velocity model, 8 sources, 8 receivers
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Connections to Gauss-Newiton methods

Gauss-Newton Hessian (one frequency):

Hen =J T =) 2, G(w)*A™*P*PA~'G(uw;)

In a serial computing setting: solve and save the two types of fields :
HGN — Z:Lil G(uz)*WW*G(uZ) [Habashy et al. , 2011]

Combine with source & receiver compression to reduce storage.




_ Outlook
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Number of sources & receivers can be reduced if prior information is
available.

In this case we can solve:

f(m) = Z |PA(m) tq; —d;||2 st. meC

C: convex set, describing smoothness, total-variation, sparsity properties, etc
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Conclusions

Proposed algorithm: different way to compute the gradient

e Solve all wave-equations in parallel.
e Twice as fast as adjoint state, provided sufficient parallel resources.
e Requires source and receiver subsampling to be practical.

e Applies to any inverse problem with the same structure as FWI.
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