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Seismic waveform inversion

Given observed data, d, find model parametersm , and a wavefield,u,
such that, Pu~d and A(m)u ~ q




Observation

If we measure the wavefield everywhere, we can trivially solve
Pu=d

Givenu we can calculate the medium parameters by solving

A(m)u=q
for m knowing q.
This leads to min HA(m)P_ld —q \3

comparedto  min||[PA(m) 'q — d||3




Question

When P is not invertible, can we reconstruct a wavefield from the
observed data that can act as a proxy?

For a givenm, we want the proxy wavefield to

. fit the data—i.e., Pu~d, and
ll.obey the wave-equation—i.e., A(m)u ~ q

Why not use the least-squares solution of the data-augmented system?

(A<]jn>>““(3>




Naive algorithm

1. Reconstruct the unknown wavefield by solving

u—a,rmin( P )u—(d>2
§ & A(my) a /|,

2. Reconstruct the model by solving

my .1 = arg mrin HA(m)uk — ql\%

3. Repeat




Simple example

e |nvert monochromatic data (10 Hz) with transducers all around
e constant velocity initial velocity model
e 5-point discretization of Helmholtz system

A(m) = wdiag(m) + L

e two subproblems are both linear (inm andu) o
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Iteration 1

uy = (PP + A{;AO)_l (P*d + Ajq) m; = diag(|u0|2)_1diag(u0)* (q — Luy)




iteration 2

u, = (P*P+ A% A) " (P*d+ Alq)  mgy = diag(Ju|*) " 'diag(u1)* (q — Luy)




iteration 3

ug = (P*P + A3Ay) " (P*d + A}q) m3 = diag(|uz|®) " 'diag(uz)” (q — Luy)




iteration 4

us = (PP + A§A3)_1 (P*d + A3q) m, = diag(|u3|2)_1diag(u3)* (q — Lus)




iteration 5

uy = (P*P+ A;A,) " (P*d + A}q) m; = diag(|ua|®) " 'diag(us)” (q — Luy)




Convergence
in ferms of dafa-fit & PDE-fit
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Outline

PDE-constrained optimization
» full & reduced-space approaches
» KKT system & adjoint formulation
Penalty formulation
» augmented system
» gradient & GN Hessian

Numerical examples

Future work & conclusions




PDE-constrained optimization
multi-experiment data

M
1
minz §\|Pz-uz- —d;||5 subject to A;(m)u; =q;, i=1---M,
i

» wavefields collected inu = [uy; - - - ; ups| are typically much
bigger thanm

» solving these problems for large models & large M is

- computationally expensive
- requires lots of RAM to store wavefields for each source




All-af-once approach [Haber & Asher '01]

Cast into Lagrangian form adjojntwaveﬁddsj
M ‘
min L(m, u, V) — g _HPiui — dzH% + <Vz'7Ai(m)uz' — Qi>
m,u,v 1 2

Solve by iterations on sparse KKT system

% * G* om G*v
x P*"P+x A ou =—\| A*vV+ P*(Pu-—d)
G A 0 OV Au —q

* higher order terms



All-af-once approach

Involves actions of block-diagonal matrices A, P, G with

Gi(mv uz) — 94 (m)u;

om
Pros: Cons:
» no explicit PDE solves » introduces extra variable
» iterations w/ sparse (KKT) system » indefinite system so challenge to
» GN Hessian is sparse precondition
» search-space expansion — mitigates » requires simultaneous access=
local minima storage of forward & adjoint
» “more” linear inm wavefields for all sources

» That's a show stopper...




Reduced approach
[A. Tarantola & Valette ‘82; Plessix '06; Epanomeritakis et al. ‘08]

Foreach 2 = 1..- M experiments eliminate the PDE constraint—i.e,.

M
° 1 -
mnlln¢red(m) — E EHPL‘Az‘(m) 1%’ o dng
i=1

Solve by accumulating gradients

V hreda(m ZG m,u;)"




Reduced approach

Involves solutions of forward & adjoint for: =1--- M

Az(m)uz
A;(m)*v;,

Accumulate reduced GN Hessian

M
Virea(m) ~ Hoy = Y GiA;*PIPA;'G,

q;
_Pi* (P@uz — dz)

Pros: =1 Cons:
» no need to have simultaneous access » PDEs need to be solved explicitly
to all wavefields » Jacobian & GN Hessian are dense
» accumulate gradients & Hessians matrices
» adjoint-state method has intuitive » smaller search space — local minima

interpretation » highly nonlinear in1m



_ Chdllenge

Can we find an alternative approach that has best of both worlds?

» expanded search space as in all-at-once method w/o needing
simultaneous access to all wavefields for each iteration

» sparse matrices
» mundane nonlinearity

» accumulation of gradients & GN Hessians




Probabilistic argument

In Tarantola’s formulation the least-squares misfit  ®reduced
» allows for errors in the data residual

» but, considers wave-equation physics as infallible

Instead, we consider both physics & observed data as fallible...

» least-squares penalties for model & data errors




New approach [van Leeuwen & FIH '13]

Penalty formulation:

| . A2 ,
I£11I11 ¢>\(m, 11) — Z §HP7ZU-7L — din | 9 HAZ(m)uZ o QiHZ
’ i=1

Solution coincides [Bertsekas '96] with solution of original constrained
formulationas A T oo




________ Penalty approach

Foreach ¢ = 1--- M eliminate the wavefield by solving V,, ¢ (m,u;) =0

Define modified objective
¢pen (m) — ¢)\ (m7 ﬁ(m))

Calculate derivates
v¢pem — vmg)\

— — — . —1 —
Vidpen = Van®s — Viau®x (Vidy) Vi m®

(all evaluated at optimal u )



_____ Penalty approach

A local minimizer of ¢pen (M), together with the corresponding u are

also local minimizers of ¢, (m,u(m)) and vice versa.




_____ Penalty approach

Solve for wavefields by inverting

. P, A\
S [\ A4 (m) ) Aai )|,

Compute gradient—no adjoint wavefield required!

V¢pen(m) = G(m, )" (A(m)a — q)

GN—Hessian
V2¢pen(m) = N G*G

FXLGFA (PP + N2 A*A) T A*G




_____ Penalty approach

Accumulate gradients

vm¢pen(m7 ﬁ) — Z Gz(my ﬁi)* (AZ(m)ﬁz — qi)

1=1

Accumulate (approximate for small \) Gauss-Newton Hessians:

v2¢pen Z )\2 G*




Algorithm 1 FWI algorithm based on the penalty formulation

for t =0 to N do
g: =0
H, =0
for £ =1 to Ny do
for [ =1 to N, do

AtAk(mt) . Akl
solve ( 2 )ukl — ( d.,

gt — 8¢t T )\%Gk(mt, U—kl)*(Ak(mt)ukl — ka)
Hy = Hy + M Gp(my, ug)* G (my, ug;)
end for

end for

solve HiAm; = —g;

update m;. 1 = m; + Amy

update A;.

end for




Penalty vs. Reduced
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Penalty vs. Reduced

Pros: Cons:

» expansion of search space » accurate solutions of
overdetermined data-
augmented system

» no need to have
simultaneous access to all
wavefields for each iteration » cooling strategy for A

» no adjoint wavefields

» sparse approximation of
Hessian at small A

» less non-linear in m




Numerical examples

» Imaging

» Local minima

» Full-waveform inversion
» DC resistivity

» Optical tomography
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The gradient of the reduced
objective yields an image of the
subsurface..
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Conventional RTM:
1.solve forward wave-equation
2.solve adjoint wave-equation
3.apply 'imaging condition’
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1. solve overdetermined wave-
equation

2. go for lunch

3. apply imaging condition’



Penalty vs. reverse-time

Reverse-time migration w/ “Forward”—time migration w/
adjoint state: penalty formulation
M
5mred — Z w?diag(ui)*vi 5mpen — )\2 Z wgdlag(uz)*éuz
back prop. data residue PDE residue
V; = Az(m)_* (Pz* (dz — lelz)) ou; 1= (Az(m)ul _ qZ)
with trivial sparse GN—Hessian
M

HEYN = ZG* PP ATLG, HSN = XY  widiag(u;)*diag(u;)



Imaging
[BG Compass model]

Perturbation

model grid spacing: 10m
Inversion crime

split spread w/ 50m source & receiver spacing
57 frequencies 2-30Hz

0 2000 4000 6000 8000 10000
X [m]



Imaging

Background model
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Imaging

Conventional RTM:
1.solve forward wave-equation
2.solve adjoint wave-equation
3.apply 'imaging condition’

2000 4000 6000 8000 10000

X [m]



Imaging

Penalty-method reverse-time migration:
1. solve overdetermined wave-equation
2. go for lunch
3. apply imaging condition’

0 2000 4000 6000 8000 10000
X [m]



Imaging
[BG Compass model]

Perturbation

model grid spacing: 10m
Inversion crime

split spread w/ 50m source & receiver spacing
57 frequencies 2-30Hz

0 2000 4000 6000 8000 10000
X [m]



Local minima
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Local minima

Invert single shot, single frequency data for
1D velocity profile using steepest descent.
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Local minima

= | —reduced
=< —penalty

10007

2000 ———,

z [m]

3000 .

40007

2000100 200
O vV [m/s]

After 100 iterations

| | _ ——reduced
~ — penalty

50

100 150 200 250 300
receiver index




Local minima
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Cross well

Or e 2D cross-well configuration
ol | e 5 point Helmholiz FD operator with abc
. e Direct solver for PDEs ( A\b ) |
200l _ * invert a single frequency (10 Hz)
£ e L-BFGS
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Cross well FW
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Cross well FWI
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Waveform inversion

e 2D reflection configuration
e 5 point Helmholiz FD operator with abc
e Direct solver for PDEs ( A\b )

¢ frequency continuation

2000 4000 [ ]6000 8000 10000 e L-BFGS
X1Mm

0 2000 4000 6000 8000 10000
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original + initial model



Waveform inversion

frequencies 1-5 Hz, no noise

penalty
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Waveform inversion

frequencies 1-5 Hz, 10 % Gaussian noise
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Waveform inversion

frequencies 2-5 Hz, 10 % Gaussian noise
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e PDE: V :-o0Vu =g

e 16x16x16 grid

e 83 sources (crosswell)

¢ rec. on the surface

e FD discretization [Haber '07]
o jterative solvers for PDEs

e L-BFGS

conductivity



reduced penalty




3D DC resistivity
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0

e PDE: (—w/c+ -V + pp)u =0
¢ FV discretization [Abdoulaev '05]
¢ 1 frequency (400 MHz), 21 angles

e Direct solvers for PDEs
e L-BFGS
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Optical tomography
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Conclusions

New method for wave-equation based inversion:

» extended search space as in all-at-once similar but with memory &
CPU requirements as in reduced approach

» no adjoints & sparse GN-Hessian approximation
» less non-linear’ problem
Applicable to other PDE-constrained problems:
» DC resistivity
» Optical tomography




Future work

» fast solves for augmented PDE, preconditioning
» (GN) Hessian approximations

» misfit penalties & (sparse) regularization

» other PDEs

» extensions to combat non-uniqueness

) ...
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