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1) Establish seismic demultiplexing as a non‐linear 
inversion process
(Using techniques from aperture encoding, etc)

2) In that same process, also remove surface‐
related multiples via primary estimation

3) Joint inversion better than separate processing

key points
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outline

I. Simultaneous acquisition as compressive 
sensing

II. Inverting compressively sensed data

III. Primary estimation as inversion

IV. Joint CS and primary estimation inversion
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Compressed sensing

x0

Ay
=

Is it possible to recover x0 accurately from y?

(Candes, Romberg, Tao, 2006; Wakin, Baraniuk, Laska, 2006, LusZg, Donoho, Pauly, 2006)
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matrix view
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represents acquisition of data

it’s linear algebra

D =
Shot Recv

Seismic Laboratory for Imaging and Modeling

Model

GQ
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ideal coverageeg:
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2x undersampled shotseg:
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Blend every other shoteg:

Seismic Laboratory for Imaging and Modeling

Model

GD =
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Compressed sensing
condi(ons:
 A obeys the restricted isometry principle

 x0 is sufficiently sparse

procedure:

performance:
 S‐sparse vectors recovered from roughly on the order of S measurements 

(to within constant and log factors)

min
x

‖x‖1

︸ ︷︷ ︸

sparsity

s.t. Ax = y
︸ ︷︷ ︸

perfect reconstruction



SLIM

RIP

A

k

n

m

for k ≤ m" n

AT

(1− δk)‖xT ‖!2 ≤ ‖AT x‖!2 ≤ (1 + δk)‖xT ‖!2
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how close is it to an 
orthonormal basis?

RIP

(if close enough, then if                     ,
with overwhelming probability)

NNZ(x) ≤ k/2

for k ≤ m" n

AT

x0 = x
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bad, bad examples
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0
A =
(2x shot undersampling)



SLIM

bad, bad examples

1
1

1
A =
(Blend every-other shot)
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good example

A =
(Completely blended shots)

Gaussian 
noise
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Compressed sensing

Some popular choices for A in literature
 Restricted random gaussian projecZons
 Restricted random phase encoding
 Restricted random signs projecZons

 Restricted Fourier transform

Call these kinds of matrices                for literature consistencyRM

O(n log n)
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Using Curvelet transform for shot and receiver coordinates

Frequency‐domain restricZons perform well under Wavelet transform for 
seismic data (Lin et. al. ’08)

Spa(al‐domain restricZons perform well under Curvelet transform for 
seismic data (Hennefent et. al. ’07)

Combine both transforms in the coordinate they are most suited for

Wavelet sparsity on temporal‐frequency coordinate

2D Curvelet sparsity on shot and receiver plane

S = C2d ⊗W

Enforcing sparsity

A = RMST
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L1 minimization

Use SPGl1 (van den Berg, Friedlander, 2008)
‐ a projected gradient based method (seismic data‐volumes are huge)
‐ uses root‐finding to find the final one‐norm
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(c) Pareto curve and solution path

Fig. 6.1. Corrupted and interpolated images for problem seismic. Graph (c) shows the Pareto
curve and the solution path taken by SPGL1.

ever, as might be expected of an interior-point method based on a conjugate-gradient
linear solver, it can require many matrix-vector products.

It may be progressively more difficult to solve (QPλ) as λ → 0 because the reg-
ularizing effect from the one-norm term tends to become negligible, and there is less
control over the norm of the solution. In contrast, the (LSτ ) formulation is guaranteed
to maintain a bounded solution norm for all values of τ .

6.4. Sampling the Pareto curve. In situations where little is known about
the noise level σ, it may be useful to visualize the Pareto curve in order to understand
the trade-offs between the norms of the residual and the solution. In this section
we aim to obtain good approximations to the Pareto curve for cases in which it is
prohibitively expensive to compute it in its entirety.

We test two approaches for interpolation through a small set of samples i =
1, . . . , k. In the first, we generate a uniform distribution of parameters λi = (i/k)‖ATb‖∞
and solve the corresponding problems (QPλi). In the second, we generate a uni-
form distribution of parameters σi = (i/k)‖b‖2 and solve the corresponding problems
(BPσi). We leverage the convexity and differentiability of the Pareto curve to approx-
imate it with piecewise cubic polynomials that match function and derivative values
at each end. When a nonconvex fit is detected, we switch to a quadratic interpolation

min ||x||1 s.t. Ax = y

min ||Ax − y||22 s.t. ||x||1 ≤ τk

(Projected Gradient)
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solvers, Jun 2007

dsp.ece.rice.edu/cs

l1-Magic
SparseLab

GPSR
ell-1 LS
sparsify
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l1-Magic
SparseLab

GPSR
ell-1 LS
sparsify
MPTK

Bayesian
SPGL1

sparseMRI
FPC

Chaining Pursuit
Regularized OMP

TwIST
Fast CS using 

SRM
FPC_AS

Fast Bayesian 
Matching Pursuit

SL0
PPPA

CoSAMP
CS via belief prop

SpaRSA
KF-CS: Kalman 

Filtered CS
Fast Bayesian CS

YALL1
RecPF 

solvers, Jun 2009

dsp.ece.rice.edu/cs
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L1 minimization

Use SPGl1 (van den Berg, Friedlander, 2008)
‐ a projected gradient based method (seismic data‐volumes are huge)
‐ uses root‐finding to find the final one‐norm
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(c) Pareto curve and solution path

Fig. 6.1. Corrupted and interpolated images for problem seismic. Graph (c) shows the Pareto
curve and the solution path taken by SPGL1.

ever, as might be expected of an interior-point method based on a conjugate-gradient
linear solver, it can require many matrix-vector products.

It may be progressively more difficult to solve (QPλ) as λ → 0 because the reg-
ularizing effect from the one-norm term tends to become negligible, and there is less
control over the norm of the solution. In contrast, the (LSτ ) formulation is guaranteed
to maintain a bounded solution norm for all values of τ .

6.4. Sampling the Pareto curve. In situations where little is known about
the noise level σ, it may be useful to visualize the Pareto curve in order to understand
the trade-offs between the norms of the residual and the solution. In this section
we aim to obtain good approximations to the Pareto curve for cases in which it is
prohibitively expensive to compute it in its entirety.

We test two approaches for interpolation through a small set of samples i =
1, . . . , k. In the first, we generate a uniform distribution of parameters λi = (i/k)‖ATb‖∞
and solve the corresponding problems (QPλi). In the second, we generate a uni-
form distribution of parameters σi = (i/k)‖b‖2 and solve the corresponding problems
(BPσi). We leverage the convexity and differentiability of the Pareto curve to approx-
imate it with piecewise cubic polynomials that match function and derivative values
at each end. When a nonconvex fit is detected, we switch to a quadratic interpolation

min ||x||1 s.t. Ax = y

min ||Ax − y||22 s.t. ||x||1 ≤ τk
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L1 minimization

Use SPGl1 (van den Berg, Friedlander, 2008)
‐ a projected gradient based method (seismic data‐volumes are huge)
‐ uses root‐finding to find the final one‐norm

min ||x||1 s.t. Ax = y
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Projected gradient. Our application of the SPG algorithm to solve (LSτ ) follows
Birgin, Mart́ınez, and Raydan [5] closely for the minimization of general nonlinear
functions over arbitrary convex sets. The method they propose combines projected-
gradient search directions with the spectral step length that was introduced by Barzilai
and Borwein [1]. A nonmonotone line search is used to accept or reject steps. The
key ingredient of Birgin, Mart́ınez, and Raydan’s algorithm is the projection of the
gradient direction onto a convex set, which in our case is defined by the constraint
in (LSτ ). In their recent report, Figueiredo, Nowak, and Wright [27] describe the
remarkable efficiency of an SPG method specialized to (QPλ). Their approach builds
on the earlier report by Dai and Fletcher [18] on the efficiency of a specialized SPG
method for general bound-constrained quadratic programs (QPs).

2. The Pareto curve. The function φ defined by (1.1) yields the optimal value
of the constrained problem (LSτ ) for each value of the regularization parameter τ .
Its graph traces the optimal trade-off between the one-norm of the solution x and
the two-norm of the residual r, which defines the Pareto curve. Figure 2.1 shows the
graph of φ for a typical problem.

The Newton-based root-finding procedure that we propose for locating specific
points on the Pareto curve—e.g., finding roots of (1.2)—relies on several important
properties of the function φ. As we show in this section, φ is a convex and differentiable
function of τ . The differentiability of φ is perhaps unintuitive, given that the one-
norm constraint in (LSτ ) is not differentiable. To deal with the nonsmoothness of
the one-norm constraint, we appeal to Lagrange duality theory. This approach yields
significant insight into the properties of the trade-off curve. We discuss the most
important properties below.

2.1. The dual subproblem. The dual of the Lasso problem (LSτ ) plays a
prominent role in understanding the Pareto curve. In order to derive the dual of
(LSτ ), we first recast (LSτ ) as the equivalent problem

(2.1) minimize
r,x

‖r‖2 subject to Ax + r = b, ‖x‖1 ≤ τ.

0 1 2 3 4 5 6 7
0

5

10

15

20

25

one−norm of solution

tw
o−

no
rm

 o
f r

es
id

ua
l

Fig. 2.1. A typical Pareto curve (solid line) showing two iterations of Newton’s method. The
first iteration is available at no cost.

DerivaZve given by ||ATx||∞
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real marine data

Single simultaneous single Single shot
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real marine data

Single simultaneous shot recovered from 25% number of realizaZons

~100 projected gradient
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Single 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shot Single shot
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real marine data

Single simultaneous shot recovered from 25% number of realizaZons

~100 projected gradient
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Single simultaneous shot 30% number of realizaZons 20% number of realizaZons

ReconstrucZon from different number of 
realizaZons of simultaneous simulaZon 

(measured in % of number of single‐shots)

~100 projected gradient
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Primary estimation
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Es(ma(on of Primaries by Sparse Inversion (van GroenesZjn and 
Verschuur, 2009)

‐based on Amundsen inversion, division of up/down going wavefields

‐addiZonal sparsity regulaZon in the inversion process

EPSI

P− = Xo(S+ + RP−)

total up‐going wavefield

down‐going source signature

reflecZvity of free surface (assume ‐1)

primary impulse response

(all single‐frequency slices, implicit    )

P−

S+

R
Xo

ω
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minimize

EPSI

S+, Xo

s.t.

But approximates the soluZon with k iteraZons of projected gradient

minimize
S+, Xo

s.t.nnz(Xo) ≤ σ

Uses sparsity assumpZon on 

nnz(Xo) ≤ τ

k

Xo

Nonetheless, a non‐convex problem:

‐ existence of local minima

‐ no convergence guarantees

||P− − Xo(S+ + RP−)||22

||P− − Xo(S+ + RP−)||22
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Compressed sensing
condi(ons:
 A obeys the restricted isometry principle

 x0 is sufficiently sparse

procedure:

performance:
 S‐sparse vectors recovered from roughly on the order of S measurements 

(to within constant and log factors)

min
x

‖x‖1

︸ ︷︷ ︸

sparsity

s.t. Ax = y
︸ ︷︷ ︸

perfect reconstruction
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Convex relaxation

minimize
S+, Xo

s.t. ≤ σ

Use L1‐norm relaxaZon for the sparsity objecZve

||Xo||1

Bi‐convex problem, but turns into two convex problems we know 
how to solve via alternaZng opZmizaZon

‐Standard approach in blind image deconvoluZon

‐no need for windowing primary events at each iteraZon

||P− − Xo(S+ + RP−)||22
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Convex relaxation

minimize s.t. ≤ σ

Use L1‐norm relaxaZon for the sparsity objecZve

||Xo||1

Fix source signature, turns into L1‐minimizaZon (SPGl1)

Xo

||P− − Xo(S+
k + RP−)||22
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Convex relaxation

minimize s.t. ≤ σ

Use L1‐norm relaxaZon for the sparsity objecZve

Fix primary impulse response, get least‐squares matching 
for         upto tolerance  

S+
||Xok||1 ||P− − Xok(S+ + RP−)||22

S+ σ
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Fig. 6.1. Corrupted and interpolated images for problem seismic. Graph (c) shows the Pareto
curve and the solution path taken by SPGL1.

ever, as might be expected of an interior-point method based on a conjugate-gradient
linear solver, it can require many matrix-vector products.

It may be progressively more difficult to solve (QPλ) as λ → 0 because the reg-
ularizing effect from the one-norm term tends to become negligible, and there is less
control over the norm of the solution. In contrast, the (LSτ ) formulation is guaranteed
to maintain a bounded solution norm for all values of τ .

6.4. Sampling the Pareto curve. In situations where little is known about
the noise level σ, it may be useful to visualize the Pareto curve in order to understand
the trade-offs between the norms of the residual and the solution. In this section
we aim to obtain good approximations to the Pareto curve for cases in which it is
prohibitively expensive to compute it in its entirety.

We test two approaches for interpolation through a small set of samples i =
1, . . . , k. In the first, we generate a uniform distribution of parameters λi = (i/k)‖ATb‖∞
and solve the corresponding problems (QPλi). In the second, we generate a uni-
form distribution of parameters σi = (i/k)‖b‖2 and solve the corresponding problems
(BPσi). We leverage the convexity and differentiability of the Pareto curve to approx-
imate it with piecewise cubic polynomials that match function and derivative values
at each end. When a nonconvex fit is detected, we switch to a quadratic interpolation

lsqr matching 

In SPGl1 soluZon path, do least‐square matching of source 
everyZme we reach an opZmal soluZon along pareto
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all together now

P− = Xo(S+ + RP−)

Define linear operator P:

Px := Fω
−1

[
(Fωx)(S+ + RP−)

]
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all together now

And then composite together RM and P

A = RMPST

Solve CS problem

min ||x||1 s.t. ||y − Ax||22 ≤ σ

‐DemulZplex and EPSI now share the same solver and the 
same overhead

‐Primary is sparser than full data

‐CS predicts less measurement needed for same quality

y is data measured according to RM
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all together now

Single simultaneous shot A = RMPSTA = RMST

~100 projected gradient, 5 source matching
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50% measurement

A = RMPSTA = RMST
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20% measurement

A = RMPSTA = RMST
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EPSI-L1

~100 projected gradient, 5 source matching

Gulf of Suez data
1024x178x178
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EPSI-L1

~100 projected gradient, 5 source matching

Gulf of Suez data
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EPSI-L1

~100 projected gradient, 5 source matching

Gulf of Suez data
1024x178x178
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