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Wave-equation methods
 noun
 SYNONYM:  very slow methods
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modeling costs

why?
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revolutions

Acquision: Slip‐sweep, HFVS, ISS

Modeling: ?

Imaging: Check‐pointing, Frequency 
domain inversion



SLIM

Can we use simultaneously acquired 
data directly in seismic imaging?

holy grail
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from SEG 2007
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propagated 1.5km down
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recovered though L1 inverson

Restricted One‐Way Wavefield extrapolator to 1% of 
original eigenvalues of Helmholtz operator

(Lin & Herrmann 07, Demanet & Peyre 08)
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This talk is concerned with frequency‐domain wave equa\on 
seismic modeling:

Invert Helmholtz operator H on b to obtain frequency-
domain wavefield u(w)

H(ω)u(ω, xs;x) :=
(
−∇2 +

ω2

c2(x)

)
u(ω, xs;x) = b(ω, xs)
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[
u1(ω) . . . uns(ω)

]
= H−1

[
b1(ω) . . . bns(ω)

]

u(ω) :=




u(ω1)

...
u(ωnf )



 =




H−1(ω1) · · · 0

...
. . .

...
0 · · · H−1(ωnf )








b(ω1)

...
b(ωnf )





Single Shot

Multiple Shots
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Compressed sensing

x0

Ay
=

Is it possible to recover x0 accurately from y?

(Candes, Romberg, Tao, 2006; Wakin, Baraniuk, Laska, 2006, Lus\g, Donoho, Pauly, 2006)
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Compressed sensing
condi5ons:
 A obeys the restricted isometry principle

 x0 is sufficiently sparse

procedure:

performance:
 S‐sparse vectors recovered from roughly on the order of S measurements 

(to within constant and log factors)

min
x

‖x‖1

︸ ︷︷ ︸

sparsity

s.t. Ax = y
︸ ︷︷ ︸

perfect reconstruction
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RIP

A

k

n

m

for k ≤ m" n

AT

(1− δk)‖xT ‖!2 ≤ ‖AT x‖!2 ≤ (1 + δk)‖xT ‖!2
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how close is it to an 
orthonormal basis?

RIP

(if close enough, then if                     ,
with overwhelming probability)

NNZ(x) ≤ k/2

for k ≤ m" n

S†xml = G

AT
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Compressed sensing

Some popular choices for A in literature
 Restricted random gaussian projec\ons
 Restricted random signs projec\ons
 Fourier transform with randomly missing frequencies

y(ω) = RMu(t)
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‣Is there equivalence between 
‣ CS sampling of full solu\on for separate single‐source experiments

‣Solu\on of reduced system aaer CS sampling the collec\ve single‐shot 
source wavefieldy = y in

P1 :






B = D∗ s︸︷︷︸
single shots

HU = B

y = RMDU := RMd

⇐⇒ P2 :






B = D∗s = D∗ RMs︸ ︷︷ ︸
simul. shots

HU = B

y = DU.

(2)

Here, H = diag(H[ωi]) is the block-diagonal discretized Helmholtz equation for each

ωi := 2πi · ∆f, i = 1 · · ·nf , with nf the number of frequencies and ∆f its sample interval.

The adjoint (denoted by ∗) of the detection matrix D injects the individual sources into the

multiple right-hand sides, B = [b1 b2 · · · bns ], with ns the number of shots. This detection

matrix extracts data at the receiver positions. Its adjoint inserts data at the co-located

source positions. Each column of U contains the wavefields for all frequencies induced by the

shots located in the columns of B. Consequently, the full simulation requires the inversion of

the block-diagonal system (for all shots), followed by a detection—i.e., we have d = DH−1B,

with H−1 = diag(H−1[ωi]), i = 1 · · ·ns. After CS sampling, this volume is reduced to

y = RMd by applying the flat rectangular CS-sampling matrix RM (defined explicitly in

the next section) to the full simulation. Applying RM directly to the sources s in P2 leads to

a compressed system H, which after inversion gives y. To illustrate why y is equivalent to y,

consider a compressive sampling of the solution over frequency by the subsampling matrix

RΩ (for clarity, we removed the orthonormal measurement matrix). This restriction matrix

removes arbitrary rows from the right-hand side. By virtue of the block-diagonal structure

of our system, we have RΩH−1 = H−1RΩ with H−1 = diag(H−1[ωi]), i ⊂ {1 · · ·nf}, yielding

RΩU = H−1B = U, where B := RΩB. This means that frequency subsampling the right-

hand side, followed by solving the system for the corresponding frequencies, is the same as

solving the full system, followed by frequency subsampling. A similar argument holds when

6

Commutativity of RM
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[
u1(ω) . . . uns(ω)

]
= H−1

[
b1(ω) . . . bns(ω)

]

u(ω) :=




u(ω1)

...
u(ωnf )



 =




H−1(ω1) · · · 0

...
. . .

...
0 · · · H−1(ωnf )








b(ω1)

...
b(ωnf )





Single Shot

Multiple Shots



R M H-1

R M H-1
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 natural restric\on in Fourier (F) with importance sampling in the 
temporal direc\on

 CS encoding matrix (N) along shots => simultaneous sources
 assures incoherence with sparsifying transform

For each simultaneous shot, define different restric\ons

yielding the reduced simulated data

RM =




RΣ

1 ⊗RΩ
1

...
RΣ

ns′ ⊗RΩ
ns′



⊗
(
N⊗ F

)

Defining RM
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CS with Random Convolu5on (Romberg ’08)

θw = Uniform([0, 2π])

RM =

sub sampler︷ ︸︸ ︷



RΣ
1 ⊗ I⊗RΩ

1

...

RΣ
ns′ ⊗ I⊗RΩ

ns′





random phase encoder︷ ︸︸ ︷(
F∗

2 diag
(
eîθ

)
⊗ I

)
F3, (3)

where F2,3 are the 2,3-D Fourier transforms, and where θ = Uniform([0, 2π]) is a random

phase rotation. Notice that the F2 and phase rotations act along the source/receiver coor-

dinates. Application of this CS-sampling matrix, RM, to the original source wavefields in

s turns these single shots into a subset (n′
s " ns) of time-harmonic simultaneous sources

that are randomly phase encoded and that have for each simultaneous shot a different set of

angular frequencies missing—i.e., there are n′
f " nf frequencies non-zero (see Figure 2(a)).

Because seismic data is bandwidth limited, we sample with a probability that is weighted

by the power spectrum of the source wavelet. The advantage of this implementation is that

it is matrix-free, fast, and it turns interferences into harmless noise (see Figure 2(b)).

The sparsfying transform: Aside from proper CS sampling the recovery from simulta-

neous simulations depends on a sparsifying transform that compresses seismic data, is fast,

and reasonably incoherent with the CS sampling matrix. We accomplish this by defining

the sparsity transform as the Kronecker product between the 2-D discrete curvelet trans-

form (Candès et al., 2006) along the source-receiver coordinates, and the discrete wavelet

transform along the time coordinate—i.e., S := C ⊗W with C, W the curvelet- and

wavelet-transform matrices, respectively.

8

Defining RM



SLIM

How do I really know if I 
lost anything?

question
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Using Curvelet transform for shot and receiver coordinates

Frequency‐domain restric\ons perform well under Wavelet transform for 
seismic data (Lin et. al. ’08)

Spa5al‐domain restric\ons perform well under Curvelet transform for 
seismic data (Hennefent et. al. ’07)

Combine both transforms in the coordinate they are most suited for

Wavelet sparsity on temporal‐frequency coordinate

2D Curvelet sparsity on shot and receiver plane

S = C2d ⊗W

Enforcing sparsity
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Compressed sensing
condi5ons:
 A obeys the restricted isometry principle

 x0 is sufficiently sparse

procedure:

performance:
 S‐sparse vectors recovered from roughly on the order of S measurements 

(to within constant and log factors)

min
x

‖x‖1

︸ ︷︷ ︸

sparsity

s.t. Ax = y
︸ ︷︷ ︸

perfect reconstruction



Green’s functions

projected to 25% of original data size



recovered wavefield

projected gradient (~100x cost of RM and its adjoint)
18.2dB28.1dB



10x difference

18.2dB28.1dB
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real marine data

Single simultaneous “simula\on” Single shot
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real marine data

Single simultaneous “simula\on” recovered from 25% number of realiza\ons
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Single simultaneous simula\on 30% number of realiza\ons 20% number of realiza\ons

Reconstruc\on from different number of 
realiza\ons of simultaneous simula\on 

(measured in % of number of single‐shots)
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Is it really a good idea to remove 
crosstalk before processing?
If we use non‐linear inversions, maybe not necessary

key points

Simultaneous simulation is the key

Simultaneous data              Imaging



SLIM

Primary estimation

extension

More on this tomorrow from me
SPMUL 2, 3:10pm 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Primary estimation
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50% realizations
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20% realizations
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extension

min
U∈U ,m∈M

1
2
‖P−DU

∥∥2

2
subject to H[m]U = Q

+ Free surface BC

full waveform inversion
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extension

Reduced system






Q = D∗ s︸︷︷︸
single shots

HU = Q

y = RMDU

⇐⇒






Q = D∗ RMs︸ ︷︷ ︸
simul. shots

HU = Q

y = DU

min
U∈U ,m∈M

1
2
‖y −DU‖2

2 subject to H[m]U = Q
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extension

waveform inversion

More on this in the aaernoon
SI 3: Herrmann @ 2:45pm
SI 3: Erlangga @ 4:25pm 



SLIM

acknowledgements

This work was in part financially supported by the Natural 
Sciences and Engineering Research Council of Canada 
Discovery Grant (22R81254) and the Collabora\ve Research 
and Development Grant DNOISE (334810‐05) of Felix J. 
Herrmann. This research was carried out as part of the 
SINBAD II project with support from the following 
organiza\ons: BG Group, BP, Petrobras, and Schlumberger. 


