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SUMMARY

We use the recently introduced multiscale and multidirectional
curvelet transform to exploit the continuity along reflectors for
cases in which the assumption of spiky reflectivity may not
hold. We show that such type of seismic reflectivity is sparse
in the curvelet-domain. This curvelet-domain compression
of reflectivity opens new perspectives towards solving clas-
sical problems in seismic processing including the deconvo-
lution problem. In this paper, we present a formulation that
seeks curvelet-domain sparsity for non-spiky reflectivity and
we compare our results with those of spiky deconvolution.

INTRODUCTION

The forward problem of seismic imaging can be written as:

y = AKm+n, (1)

where y is the known data vector, K is the linearized Born
scattering operator, A is the convolution operator represent-
ing source and receiver frequency characteristics, m is the un-
known model vector (reflectivity) and n is zero-centered white
Gaussian noise. For now, we assume that the source and re-
ceiver are omnidirectional. During the traditional processing,
we first deconvolve, followed by migration in which case the
estimated reflectivity is given by m̃ = K†A†y, where † denotes
the pseudo inverse (some sort of approximate inverse). On
the other hand, simultaneous migration and deconvolution pro-
duces the solution m̃ = (AK)†y. Although, it is claimed that
both approaches would generate the same result, they are not
the same in theory (De Roeck, 2002).

Indeed in the situation where both K and A are invertible, we
have (AK)−1 = K−1A−1 justifying the approach of deconvo-
lution first followed by migration. However, we all know that
deconvolution is an ill-posed problem whereas least-squares
migration entails the inversion of an over-determined system.
This means that the above identity may no longer hold as right
fully pointed out by De Roeck. This paper is a first attempt to
address this issue. To keep our argument simple, we assume
for now that the Born scattering operator is given by the Iden-
tity operator. This assumption corresponds to assuming a con-
stant velocity model and zero-offset time to depth converted
data. The assumption also transforms Eq. 1 to a deconvolution
problem. The forward problem becomes:

y = Am+n, (2)

Given A and y, we need to find m. Since the early 80’s, re-
searchers have cast this problem as a `1-norm minimization
(Taylor et al., 1979; Oldenburg et al., 1981), where the reflec-
tivity is assumed to be made up of spikes. In recent work by
Felix Herrmann, it was shown that the assumption of spiky

reflectivity is too limited to describe seismic reflectivity (Her-
rmann, 2005). This means that in cases where the reflectivity
is not spiky, spiky deconvolution may fail (Herrmann, 2005).
In our approach, we show that the non-spiky reflectivity is still
sparse in the curvelet-domain and that this sparsity can be ex-
ploited while solving the deconvolution problem. We start with
a brief introduction to curvelets, followed by a presentation of
our algorithm and application to synthetic data.
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Figure 1: A few curvelets in both spatial (left) and fre-
quency domain (right) (Adapted from Herrmann and Hennen-
fent, 2008).

CURVELETS

Curvelets are amongst one of the latest members of the family
of multiscale and multidirectional transforms (Candés et al.,
2006). They are tight frames (redundant basis) with moderate
redundancy. A curvelet is strictly localized in frequency and
pseudo-localized in space (have a rapid spatial decay). In the
physical domain, curvelets look like little plane waves that are
oscillatory in one direction and smooth in other perpendicu-
lar directions. Different curvelets at different frequencies and
angles are shown in Fig. 1. The construction of curvelets is
such that any object with wavefront like structure (e.g seismic
images) can be represented by a few significant curvelet coef-
ficients (Candés et al., 2006).

METHOD

The deconvolution problem with transform-domain sparsity
can be cast into the following constrained optimization prob-
lem:

x̃ = argmin
x
||x||1 s.t. ||y−ASHx||2 ≤ ε, (3)

where x̃ represents the estimated transform coefficient vector,
SH is the transform synthesis operator and ε is proportional
to the noise level. By solving Eq. 3, we try to find the spars-
est set of transform coefficients which explains the data within
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Figure 2: Data and reflectivity model. (a) Original reflectivity. (b) Noisy data (σ=0.01). Zoom-in plot of (c) original reflectivity
and (d) data.

the noise level (Hennenfent et al., 2005). The final estimated
reflectivity is given by m̃ = SH x̃. In our case, the above con-
strained optimization problem (Eq. 3) is solved by a series of
the following unconstrained optimization problem (Herrmann
and Hennenfent, 2008):

x̃ = argmin
x
||y−ASHx||2 +λ ||x||1, (4)

where λ is the regularization parameter that determines the
trade-off between data consistency and the sparsity. We solve
a series of such problems (Eq. 4) starting with high λ and de-
creasing the value of λ until ||y−ASHx||2 ≈ ε , which cor-
responds to the solution of our optimization problem (Lustig
et al., 2007). The lowering of λ is done in a controlled way
so that we reach the optimum λ very rapidly using the SPG`1
algorithm (van den Berg and Friedlander, 2008; Hennenfent
et al., 2008). Details on the algorithm can be found in the
SPG`1 Technical report (van den Berg and Friedlander, 2008).
In the case of additive white Gaussian noise with standard de-
viation σ , the square norm of error ||n||22 is a chi-square ran-
dom variable with mean σ2N and standard deviation σ2

√
2N,

where N is the total number of data points (Candés et al.,
2005). For this work, we assume that the probability of ||n||22
exceeding its mean plus two standard deviations is small. The
maximum ||n||22 within two standard deviations is given by
σ2(N + 2

√
2N). Thus, we solve Eq. 3 with ε2 = σ2(N +

2
√

2N).

SPARSITY IN THE CURVELET DOMAIN

For this work, we use the reflectivity model which is a small
section of smooth Marmousi model. The normalized reflectiv-
ity model is shown in Fig. 2. Notice that the reflectivity model
is not made up of spikes. Fig. 3 shows the partial reconstruc-
tion of the reflectivity with 1% of the largest amplitude-sorted
coefficients of different transforms. We can see that curvelet
reconstruction is better compared to Fourier and wavelets. The
transform domain should be chosen such that the reflectivity
can be represented by relatively few significant coefficients.
Considering the above-mentioned facts, we choose SH = CH ,
where CH is the curvelet synthesis operator .

RESULTS

Noisy data is obtained by convolving a Ricker wavelet (cen-
tral frequency=25 Hz) with the reflectivity model followed by
addition of random Gaussian noise (σ=0.01). Fig. 2 shows
the data, model and zoom-in plot of the target area. We apply
our algorithm to the noisy data to estimate the reflectivity. For
comparison, we also do spiky deconvolution on the same data
for which SH = I, where I is the Identity operator. We keep
the same ε (noise level estimate) for fair comparison. Fig. 4
shows the estimated reflectivity with spiky deconvolution al-
gorithm (SH = I) and our curvelet-regularized deconvolution
(SH = CH ). For more detailed comparison, zoom-in on tar-
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Figure 3: Partial reconstruction in different transform domains. Original reflectivity reconstructed from its 1% amplitude-largest
(a) Fourier, (b) wavelet and (c) curvelet coefficients. The curvelet reconstruction is clearly the most accurate approximation.

get area for the original and estimated model is also shown in
Fig. 4. Comparing Figs. 4(b), 4(c) and 4(d), we can say that the
curvelet estimated model resembles the original model, how-
ever the spiky estimate seems unclear due to presence of noise.
The curvelet estimated model improves the resolution of the
pinch-out at 1.1 seconds which is unclear in the data and spiky
estimate of the model. In case of spiky deconvolution, the al-
gorithm tries to estimate a model with series of spikes which
explains the data (see Fig. 4(d)). However, in this case the
reflectivity is no longer made of spikes and thus spiky decon-
volution fails. On the other hand, our curvelet-regularized de-
convolution algorithm yields better results by exploiting the
continuity along reflectors as shown in Fig. 4(c).

CONCLUSIONS

In this paper, we showed how non-spiky reflectivity can be
recovered by exploiting the continuity along the reflectors by
promoting curvelet-domain sparsity. Our algorithm is able
to recover the frequency components which gets degraded by
noise and convolution operator. The assumption of spiky re-
flectivity is too limited and may not be valid in all cases and
the traditional algorithms may not perform well. Thus, sparsity
of such type of reflectivity in the curvelet-domain is a strong
prior which we can use as part of our deconvolution algorithm.
The next step of our research will be to extend this algorithm
to do simultaneous migration and deconvolution for non-spiky

reflectivity model exploiting the transform domain sparsity.
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Figure 4: Zoom-in plot of (a) data, (b) original reflectivity, (c) curvelet estimated reflectivity and (d) spiky estimated reflectivity.
Full image of estimated reflectivity (e) with curvelets and (f) spiky deconvolution algorithm.
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