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Introduction
Problems with WE-based multiple elimination

 imperfect multiple predictions
 failure of direct subtraction after matched 

filtering

Exploit the ability of curvelets to 
 sparsify the to-be-separated signal components
 separation based on the curvelet 

parameterization
 location
 dip
 scale
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Figure 2. 2D discrete curvelet transform. (a) Discrete frequency tiling. eUj,! has center slope α!. It smoothly localizes
the frequency near the shaded wedge. (b) One curvelet at scale j and orientation " in spatial domain. Notice that the
major axes of the curvelet in the frequency and space domains are orthogonal to each other.

It is clear that Ũj,! isolates frequencies near the wedge {(ω1,ω2) : 2j−1 ≤ ω1 ≤ 2j+1, −2−j/2 ≤ ω2/ω1 − α! ≤
2−j/2}.

With the localized frequency window Ũj,! available, the final step is to choose a spatial grid to translate the
curvelet at scale j and orientation #. In the continuous transform, the grid we use has its two axes aligned with
the major and minor axes of the frequency window. For the discrete transform, two approaches are possible: (1)
a slanted grid mostly aligned with the axes of the frequency window which leads to the USFFT-based curvelet
transform (for details, see Candès at al1); (2) a grid aligned with the input Cartesian grid which leads to the
wrapping-based curvelet transform. Here we follow the wrapping-based approach.

Fix the scale j and angle #. Suppose L1,j,! and L2,j,! are a pair of positive integers which satisfy the following
conditions: (1) one cannot find two ω and ω′ such that Ũj,!(ω) ≥ 0, Ũj,!(ω′) ≥ 0, and ω1 − ω′

1 and ω2 − ω′
2 are

multiples of L1,j,! and L2,j,! respectively; and (2) L1,j,! · L2,j,! is minimal.

The discrete curvelet with index k at scale j and angle # is defined by means of its Fourier transform:

ϕ̂D
j,!,k(ω) = Ũj,!(ω) · exp[−2πi(k1ω1/L1,j,! + k2ω2/L2,j,!)]/

√
L1,j,! · L2,j,!.

for 0 ≤ k1 < L1,j,! and 0 ≤ k2 < L2,j,!. Geometrically, the computation of the coefficients ϕD
j,!,k for fixed j and #

is equivalent to wrapping the windowed frequency data Ũj,!(ω)f̂(ω) around a L1,j,! by L2,j,! rectangle centered
at the origin, and then applying the inverse FFT to the wrapped data. This justifies the word “wrapping”. Our
choice of L1,j,! and L2,j,! guarantees the data does not overlap with itself after the wrapping process.

Last scale j = je = log2(n/2). This final scale extracts the highest frequency content. For the purpose of
this paper, the basis functions used at this scale are like wavelets (for other choices, see Candès et al1). The
frequency window is

Ũje,0(ω) = W̃je(ω).

The curvelets at this level are defined by

ϕ̂D
je,0,k(ω) = Ũje,0(ω) · exp[−2πi(k1ω1/L1,je + k2ω2/L2,je)]/

√
L1,je · L2,je ,

with L1,je = L2,je = n and 0 ≤ k1, k2 < n.
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Figure 2. 2D discrete curvelet transform. (a) Discrete frequency tiling. eUj,! has center slope α!. It smoothly localizes
the frequency near the shaded wedge. (b) One curvelet at scale j and orientation " in spatial domain. Notice that the
major axes of the curvelet in the frequency and space domains are orthogonal to each other.

It is clear that Ũj,! isolates frequencies near the wedge {(ω1,ω2) : 2j!1 ≤ ω1 ≤ 2j+1, −2!j/2 ≤ ω2/ω1 − α! ≤
2!j/2}.

With the localized frequency window Ũj,! available, the final step is to choose a spatial grid to translate the
curvelet at scale j and orientation #. In the continuous transform, the grid we use has its two axes aligned with
the major and minor axes of the frequency window. For the discrete transform, two approaches are possible: (1)
a slanted grid mostly aligned with the axes of the frequency window which leads to the USFFT-based curvelet
transform (for details, see Candès at al1); (2) a grid aligned with the input Cartesian grid which leads to the
wrapping-based curvelet transform. Here we follow the wrapping-based approach.

Fix the scale j and angle #. Suppose L1,j,! and L2,j,! are a pair of positive integers which satisfy the following
conditions: (1) one cannot find two ω and ω" such that Ũj,!(ω) ≥ 0, Ũj,!(ω") ≥ 0, and ω1 − ω"

1 and ω2 − ω"
2 are

multiples of L1,j,! and L2,j,! respectively; and (2) L1,j,! · L2,j,! is minimal.

The discrete curvelet with index k at scale j and angle # is defined by means of its Fourier transform:

ϕ̂D
j,!,k(ω) = Ũj,!(ω) · exp[−2πi(k1ω1/L1,j,! + k2ω2/L2,j,!)]/

√
L1,j,! · L2,j,!.

for 0 ≤ k1 < L1,j,! and 0 ≤ k2 < L2,j,!. Geometrically, the computation of the coe!cients ϕD
j,!,k for fixed j and #

is equivalent to wrapping the windowed frequency data Ũj,!(ω)f̂(ω) around a L1,j,! by L2,j,! rectangle centered
at the origin, and then applying the inverse FFT to the wrapped data. This justifies the word “wrapping”. Our
choice of L1,j,! and L2,j,! guarantees the data does not overlap with itself after the wrapping process.

Last scale j = je = log2(n/2). This final scale extracts the highest frequency content. For the purpose of
this paper, the basis functions used at this scale are like wavelets (for other choices, see Candès et al1). The
frequency window is

Ũje,0(ω) = W̃je(ω).

The curvelets at this level are defined by

ϕ̂D
je,0,k(ω) = Ũje,0(ω) · exp[−2πi(k1ω1/L1,je + k2ω2/L2,je)]/

√
L1,je · L2,je ,

with L1,je = L2,je = n and 0 ≤ k1, k2 < n.

Ying et al,2005

Discrete frequency tiling One curvelet
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Curvelet-based separation
Forward model

Soft thresholding

where

and

 predictions may contain  moderate
 amplitude, phase 
 and sign errors

s = s1 + s2 + n

s̃1 = CT Sw(Cs)

Sw(x) := sgn(x) · max(0, |x|! w)

w := |Cs̆2|

Herrmann et al,2006



Nonlinear optimization from a Bayesian perspective

Curvelet-based separation

s2 = A2x2 + n2

s1 = A1x1 + n! n2

s = s1 + s2 + n

Forward model

curvelet coefficients multiples

curvelet coefficients primaries
where

A1,2 inverse  curvelet transforms

(total data)

(multiples)

(primaries)

x1

x2



Can be solved by iterative soft thresholding.

Curvelet-based separation

where

s̆1,2 predicted primaries (1) and multiples (2)

A1,2 inverse discrete curvelet transforms

!1,2 and µ are control parameters

(For a detailed description please refer to Rayan Saab et al.,2007 and 
his later presentation this section)

Separate by solving the nonlinear problem

Pw :

!
"#

"$

x̃ = arg minx !1!x1!1,w1 + !2!x2!1,w2+
!s̆2 "A2x2!2

2 + µ!s̆1 + s̆2 "A1x1 "A2x2!2
2

s̃1 = A1x̃1 and s̃2 = A2x̃2.
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Examples

Example 1

Saga data:  
                   128 shots
                   128 traces/shot
                   1024 samples/trace 

The original  data contains many strong 
surface-related multiples
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Example 2

Gulf of Suez data:

                   340 shots

                   95 traces/shot
                   626 samples/trace 

The original  data contains many short period 
multiples and surface-related multiples

Examples
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Discussion and conclusions
 Curvelets represent the ideal domain for 

primary-multiple separation
 Curvelet construction allows for a separation 

based on differences in curvelet attributes and 
allows for a sparsity promoting formulation of 
the primary- multiple separation problem. 

 The curvelet’s multi-angular parameterization 
helps the separation, even for erroneous 
predictions. 

 The nonlinear optimization algorithm shows a 
clear improvement in the primary-multiple 
separation. 

 Results application to real data are encouraging
 improved velocity panel
 improved resolution
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