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Motivation
High-memory footprint adjoint-state methods 

Computationally expensive checkpointing 

Case specific/internal solutions to manage memory 
‣Fourier (BP patent) 
‣Compression ( No existing GPU porting) 
‣Serialization/Disk (High IO) 
‣Boundary methods (reversible only) 
‣…
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Solutions
Take advantage of large scale randomized linear algebra 

Leverage our work on full-subsurface offset Image Volumes 

Build on lessons learned form machine learning  
(convolutional layers) 

According to stochastic optimization 
‣ inaccurate gradients can still lead to accurate inversion 

‣ undergirds our compressive imaging 
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Randomized linear algebra
Randomized SVD: 

‣ information is reaped during probing  w/  
random  

‣ only need access to action of  (in parallel) 
‣ memory friendly 

‣ approximation w/ accuracy  of sketches w/ random 
vectors  

AZ Z = [z1, ⋯, zr]

A

∝ r ≪ N, #
zi
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Random Trace Estimation
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Hutchinson's Trick, http://blog.shakirm.com/2015/09/machine-learning-trick-of-the-day-3-hutchinsons-trick/

http://blog.shakirm.com/2015/09/machine-learning-trick-of-the-day-3-hutchinsons-trick/
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Randomized linear algebra
Randomized Trace Estimation: 

‣ only needs matrix-free access to actions of   

‣ unbiased estimator when   w/ accuracy  of 
sketches w/ random vectors  

‣ errors studied & understood 

Why should we care?

A
𝔼(zz⊤) = I ∝ r ≪ N, #

zj
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Randomized trace estimation
Approximate FWI gradient calculation for : 

‣   second time derivative solution forward wave equation 

‣  solution adjoint wave equation 

‣  

‣ probing vectors  with  

r ≪ nt

··u
v

∑ xiyi = x⊤y = tr(xy⊤)

Z = [z1⋯zr] 𝔼(z⊤
i zi) = 1
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Choice of probing vectors
QR decomposition on the range of  is too expensive 

Use the data as a proxy 

Data  corresponds to 

‣ restriction of the wavefield  to the receivers 

‣ is representative of its range

u

Dobs
u
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Crosstalk
Stronger diagonal 

Less crosstalk 

Less coherent noise

9
Z : Random +-1


F: DFT 
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Approximate gradient FWI/RTM
Algorithm:

10
ü,v 2 Rnt⇥N =) ü,v 2 Rr⇥N , r ⌧ nt
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Randomized trace estimation
Ultra-low memory use: 

For fixed r: 
‣  half memory cost of DFT  

‣  half compute cost of DFT 

‣  simple real-valued algorithm
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Randomized trace estimation
Ultra-cheap imaging conditions: 

Apply space-only imaging condition to time-compressed 
wavefields: 

‣ K-space filter 

‣ inverse-scattering imaging condition (ISIC) 
Imaging condition usually costs extra(s) PDEs (ISIC = 1 PDE)
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FWI example
2D overthrust model 
OBN acquisition 

Comparisons: 
‣ standard FWI 

‣ on-the-fly DFT 

‣ randomized trace estimation 
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Breakout 2. Scalable Software in the Cloud

Hands-on tutorial:

https://slim.gatech.edu/content/ML4Seismic-Partners-Meeting-Fall-2021#breakout-2.-scalable-software-in-the-cloud
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‣ Converges to 
true gradient 
as  

‣ Less accurate 
near source

r → nt

14

Accuracy – gradients

Acceptable accuracy, ~X50-100 memory saving
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‣ Exact for high r 

‣ Noisy error

Accuracy – gradients

Very accurate but gets expensive 
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RTM
SEAM 2D: 

‣ 44 OBN 1km apart 

‣ 3521 sources 12.5m apart 

‣ 14.5Hz Ricker wavelet 

‣ 64 probing vectors (160 X memory savings,  84Gb vs .5Gb) 

Makes RTM conducive to acceleration w/ GPUs
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19

Noisy but accurate
RTM (r = 64),  X160 memory savings
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3D, frist gradient
Overthrust 3D: 

‣ Marine acqusition 

‣ 12.5Hz Ricker wavelet filter at 3-15Hz 

‣ 32 probing vectors =>  X40 memory reduction 

‣ Probing on GPU (M60, 45$/hr) 

‣ True gradient on CPU (Intel Skylake, 65$/hour) 
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21

‣ Truncated QR => Lower frequency

‣ Matches the true gradient well (only 32 vectors)
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Some artifacts but accurate at depth
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Conclusions
Leverage Randomized Linear Algebra 

Low memory foot print and low algorithmic complexity 

Controllable error 

Allows for accelerators (GPUs) 

Drop-in extension for existing open source framework JUDI/Devito 

23
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# Standard JUDI 
function objective_function(x) 
  model0.m .= x 

f, g = fwi_objective(model0, q[idx], d_obs[idx]; options=opt) 
end 
options = spg_options(verbose = 3, maxIter = fevals, memory = 3, 
iniStep = 1f0) 
g_const = 0 
sol = spg(x->objective_function(x), vec(m0), ProjBound, options) 

# Probing extension 
function objective_function(x, ps) 
  model0.m .= x 

f, g = fwi_objective(model0, q[idx], d_obs[idx], ps; options=opt) 
end 
ps = 32 
global g_const = 0 
sol = spg(x->objective_function(x, ps), vec(m0), ProjBound, options) 

Open source software

TimeProbeSeismic.jl: 
● Open-source MIT license 
● Built on top of JUDI.jl 
● Leverages Devito 
● https://github.com/slimgroup/

TimeProbeSeismic.jl 

https://github.com/slimgroup/JUDI.jl/tree/master/examples
https://www.devitoproject.org
https://github.com/slimgroup/TimeProbeSeismic
https://github.com/slimgroup/TimeProbeSeismic
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Convolutions in ML
‣ Equivalent to adjoint state 

‣ Network is the wave-equation 
‣ Backpropagation is the adjoint wave-equation 

‣ Similar gradient structure 
‣ Correlation of input and back propagated residual 

‣ Bottleneck of CNNs 
‣ High memory (i.e saving wavefield) 
‣ High computed cost (i.e laplacian)

25
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Vectorize
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CNN
<latexit sha1_base64="S18pdXOeu2umktK4mGXAHPxKQ8M="></latexit>

r ѹ ϗ৒৛- ৒৛ > :

<latexit sha1_base64="ypsezKAnIl+fsB8yT4GjLUsW+LU="></latexit>

+QMp)t< r*

<latexit sha1_base64="uNAArz1SJQGgahteh7pvL/EbvTY=">AAACTXicbVHLTgIxFO3gA8QX6NJNIzFxI5khRl2SuFFXGEFIgJBOpwMNnXbS3iEhE77BrX6Vaz/EnTF2gA3gTZqcnnObc++pHwtuwHW/nNzW9s5uvrBX3D84PDoulU9ejUo0ZS2qhNIdnxgmuGQt4CBYJ9aMRL5gbX98n+ntCdOGK9mEacz6ERlKHnJKwFKtngGiB6WKW3XnhTeBtwQVtKzGoOzUeoGiScQkUEGM6XpuDP2UaOBUsFmxlxgWEzomQ5bOZ5zhC0sFOFTaHgl4zq70kciYaeTbzojAyKxrGfmf1k0gvOunXMYJMEkXRmEiMCicLYwDrhkFMbWAUM3thJiOiCYUbCwrLonkVAXsam61omQMKCWMpQ2D7JptkXYemy94o707yX4jsHmIobKOo6hmM7Epe+uZboLXWtW7qXrP15X60zLvAjpD5+gSeegW1dEDaqAWooijN/SOPpxP59v5cX4XrTln+eYUrVQu/wfy/rSy</latexit>Է



ML4SeismicCNN as matvec
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Toeplitz matrix
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Trace in CNNs?
Gradient w.r.t all weights                                       “Toeplitz” structure 

Gradient w.r.t.  weight  layer ith conv

30
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Randomized trace estimation 
Based on stochastic approximation of the identity  I

31 http://blog.shakirm.com/2015/09/machine-learning-trick-of-the-day-3-hutchinsons-trick/

<latexit sha1_base64="aXlebwHYg5lc2VucabgFC9XcNQs="></latexit>

i`)�* > i` )�A* > i` ม�ઢ ฤxxԕลย> ઢ ฤi` ม�xxԕยล> ઢ ฤxԕ�xล
ҹ 2৖

৖
্ุ>2 ฤxԕ্�x্ล

> 2৖ i` มwԕ�wย

Hutchinson, Michael F. "A stochastic estimator of the trace of the influence matrix for Laplacian smoothing splines." Communications in Statistics-
Simulation and Computation 18.3 (1989): 1059-1076. 
Avron, Haim, and Sivan Toledo. "Randomized algorithms for estimating the trace of an implicit symmetric positive semi-definite matrix." Journal of 
the ACM (JACM) 58.2 (2011): 1-34. 
Meyer, Raphael A., et al. "Hutch++: Optimal Stochastic Trace Estimation." Symposium on Simplicity in Algorithms (SOSA). Society for Industrial 
and Applied Mathematics, 2021.

http://blog.shakirm.com/2015/09/machine-learning-trick-of-the-day-3-hutchinsons-trick/


ML4Seismic

Randomized trace estimation 
Stochastic approximation of the shift operator  

So that 

Tk(i)

32
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Algorithm
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scripts @ eas-coda-fherr07 [mlouboutin3](master)$ PYTORCH_NO_CUDA_MEMORY_CACHING=1 python3 mem_prof.py 1 && 
PYTORCH_NO_CUDA_MEMORY_CACHING=1 python3 mem_prof.py 2;
1 True
Network Sequential(
  (0): Xconv2D(16, 16, kernel_size=(3, 3), stride=(1, 1), padding=(1, 1), bias=False)
  (1): Xconv2D(16, 16, kernel_size=(3, 3), stride=(1, 1), padding=(1, 1), bias=False)
  (2): Xconv2D(16, 16, kernel_size=(3, 3), stride=(1, 1), padding=(1, 1), bias=False)
  (3): Xconv2D(16, 16, kernel_size=(3, 3), stride=(1, 1), padding=(1, 1), bias=False)
)
Input size torch.Size([128, 16, 256, 256])
GPU usage probe before forward: mem: 26.951%, abs-mem: 1.0595703125 (GiB) # nothing done
GPU usage probe after forward: mem: 27.000%, abs-mem: 1.0615234375 (GiB) # after Y = N(X).mean()
GPU usage probe after backward: mem: 27.000%, abs-mem: 1.0615234375 (GiB) # after Y.backward
Network Sequential(
  (0): Conv2d(16, 16, kernel_size=(3, 3), stride=(1, 1), padding=(1, 1), bias=False)
  (1): Conv2d(16, 16, kernel_size=(3, 3), stride=(1, 1), padding=(1, 1), bias=False)
  (2): Conv2d(16, 16, kernel_size=(3, 3), stride=(1, 1), padding=(1, 1), bias=False)
  (3): Conv2d(16, 16, kernel_size=(3, 3), stride=(1, 1), padding=(1, 1), bias=False)
)
Input size torch.Size([128, 16, 256, 256])
GPU usage true before forward: mem: 26.951%, abs-mem: 1.0595703125 (GiB) # nothing done
GPU usage true after forward: mem: 65.154%, abs-mem: 2.5615234375 (GiB) # after Y = N(X).mean()
GPU usage true after backward: mem: 27.000%, abs-mem: 1.0615234375 (GiB) # after Y.backward

Convolutions only memory

Orders of magnitude ( ) reduction in memory usage…𝒪(103)

https://github.com/slimgroup/XConv/blob/master/benchmark/mem_prof.py

2Mb memory

1.5Gb memory
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Network memory – squeezenet
‣ effective 100% memory improvement  

‣ memory use as good as weakest link 

‣ opportunities for further improvement… 
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Forward

Backward

https://github.com/slimgroup/XConv/blob/master/benchmark/network_mem.py

Deep Learning Memory Usage and Pytorch Optimization Tricks, Quentin Fevbre. https://github.com/quentinf00/article-memory-log

Forward

Backward
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‣ sizes 
 

for  
‣ linear scaling in 

PyTorch 

‣ up to speedup on 
GPUs 

‣ not good for small sizes 
& small # of channels

N × N × (1 − 512) × 128
N = 25 − 210

3 ×

https://github.com/slimgroup/XConv/blob/master/benchmark/perf_pyxconv.py

GPU
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Accuracy
 

‣ theoretical control on the error of random-trace estimation 

‣ for Gaussian probing vectors &  error decreases w/ 
• batch size  
• number of probing vectors  

‣ flexibility to strike balance between memory gain, compute & error

𝔼(zz⊤) = I
b

r
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https://github.com/slimgroup/XConv/blob/master/benchmark/var_grad.jl
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‣ Validation classification accuracy vs epochs 

‣ No loss in classification accuracy  
‣ Ability to work w/ larger batch sizes
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Observations
Gradient calculations w/ random trace estimation 

• approximate gradient w/ controllable error 

• theoretical memory reduction (  to ) 
training CNNs 

• effective memory improvement of for actual DNN 
• computational performance improvement for larger images/channels 
• speedups of for GPUs and CPUs  
• comparable NN performance after training 
• option to increase batch sizes (offset inaccuracies gradient) 

We leveraged ideas known from randomized linear algebra.

𝒪(nx × ny × nc × b) 𝒪(r × b)

2 ×

2 − 3 × 10 ×
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Bottom line
NN training w/ randomized trace estimation 

• more efficient use of hardware & less CO2 production 
• facilitates ML@scale (e.g. video encoding, 3D seismic segmentation, etc.)  
• allows for training next-generation memory-efficient & larger NNs  

Use of randomized algorithms 
• adaptive accuracy control during training 
• use of optical devices (LightOn) for random projections 

Technology is as good as the weakest link…  
• reliance on dense linear algebra impedes ML@scale 
• optimization landscape remains a challenge
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https://lighton.ai
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XConv: 

CPU/GPU codes for training w/ randomized trace 
estimation


‣ open-source MIT license

‣ optimized Python implementation for PyTorch

‣ Julia implementation for Flux

‣ easily integrated in existing networks

‣ https://github.com/slimgroup/XConv

Code 
 # Pytorch 

Xconv2D(cc, cc, (3, 3), bias=False, ps=ps, stride=1, padding=1) 
torch.nn.Conv2d(cc, cc, (3, 3), bias=False, padding=1, stride=1) 

# Converts all pytorch convolutions to XConv in a network 
convert_net(model, 'net', mode=‘conv’) 

# Julia, Flux.jl overload 
XConv.initXConv(ps, “EVGrad”) 

https://github.com/slimgroup/XConv
https://github.com/slimgroup/XConv
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