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SLIM

• The	
  Full	
  Waveform	
  Inversion	
  (FWI)	
  problem	
  is	
  to	
  estimate	
  subsurface	
  
velocity	
  parameters	
  for	
  which	
  solutions	
  to	
  the	
  corresponding	
  Helmholtz	
  PDE	
  
best	
  match	
  data	
  from	
  source	
  experiments.

• Problems	
  are	
  very	
  large:	
  billions	
  of	
  variables	
  and	
  terabytes	
  of	
  data.	
  	
  	
  

• FWI	
  is	
  typically	
  formulated	
  as	
  a	
  Nonlinear	
  Least	
  Squares	
  (NLLS)	
  problem

	
  	
  	
  	
  	
  

Full Waveform Inversion

Hω[m]u = [ω2
m +∇2]u
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Seismic Laboratory for Imaging and Modeling

Single source monochromatic:

min
m,u

1
2
�Pu− dω�2

2 subject to Hω[m]u = qω

Variable Type Dimension Description

m R nxnz Model (slowness squared)

Hω[m] C nxnz × nxnz Discrete Helmholz with boundary

P R nr × nxnz Sampling operator

dω C nr Data vector

qω C nxnz Source

u C nxnz Wavefield

min
m

φ(m) :=
1
2
�PHω[m]

−1
qω − dω�2

2
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Seismic Laboratory for Imaging and Modeling

Evaluating the gradient: just PDE solves
 Adjoint formulation using the Lagrangian

 Gradient of the Lagrangian:

 Evaluate last term at particular 

∂vL = H[m]u− q

∂uL = P
T (Pu− d) + H[m]

∗
v

∂miL = v
∗ ∂H[m]

∂mi
u

L(v,u,m) :=
1
2
�Pu− d�2

2 + v
∗(H[m]u− q)

ū = H[m]
−1

q

v̄ = −H[m]
−∗

P
T (Pū− d)

ū , v̄
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Seismic Laboratory for Imaging and Modeling

Multi-source, single-frequency FWI 

min
m

φ(m) :=
1
2
�Pf (Hω[m]

−1
Qω)−Dω�2

F

Variable Type Dimension Description

Hω[m] C nxnz × nxnz Discrete Helmholz with boundary for ω
Dω C nr × ns Data vector for ω
Pf R nxnz × ns → nr × ns Sampling operator

Qω C nxnz × ns Source for frequency ω
Uω C nxnz × ns Wavefield for frequency ω

min
m,U

1
2
�Pf (U)−Dω�2

F subject to Hω[m]U = Qω
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Seismic Laboratory for Imaging and Modeling

Multi-source, multi-frequency FWI 

min
m,U

1
2
�P(U)−D�2

F subject to H[m]U = Q

min
m

φ(m) :=
1
2
�P(H[m]

−1
Q)� �� �−D�2

F

F [m,Q]

Variable Type Dimension Description

H[m] C nf (nxnz × nxnz) diag[Hω1 [m], . . . ,Hωnf
[m]]

D C nf (nr × ns) stack[Dω1 , . . . ,Dωnf
]

P R nf (nxnz × ns)→ nf (nr × ns) Applies Pf to each frequency
Q C nf (nxnz × ns) stack[Qω1

, . . . ,Qωnf
]

U C nf (nxnz × ns) stack[Uω1 , . . . ,Uωnf
]
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• The	
  size	
  of	
  FWI	
  requires	
  algorithms	
  that	
  reduce	
  computation	
  time,	
  e.g.	
  by	
  
working	
  on	
  reduced	
  data	
  volumes.	
  

• In	
  addition	
  to	
  size,	
  there	
  are	
  problems	
  with	
  the	
  NLLS	
  formulation:	
  
1)	
  Local	
  minima	
  (missing	
  low	
  frequency	
  information,	
  model	
  misspecification,	
  cycle	
  skipping)	
  

2)	
  Insufficient	
  data	
  (multiple	
  models	
  fit	
  the	
  same	
  data)

3)	
  Inadequate	
  data	
  (data	
  not	
  in	
  the	
  range	
  of	
  modeling	
  operator)

4)	
  Sensitivity	
  -­‐	
  small	
  changes	
  in	
  data	
  yield	
  large	
  changes	
  in	
  the	
  model	
  estimate

• Here	
  we	
  focus	
  on	
  sparse	
  formulations	
  to	
  address	
  some	
  of	
  these	
  problems.	
  

Difficulties with NLLS 

[Virieux	
  ’09;	
  Symes	
  ’09;	
  Symes	
  ’08]
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• Velocity	
  models	
  are	
  compressible	
  in	
  Curvelets.	
  

• Geophysical	
  images	
  are	
  layered,	
  and	
  may	
  me	
  modeled	
  as	
  objects	
  with	
  edges.	
  
Curvelets	
  provide	
  sparse	
  representations	
  for	
  such	
  images.	
  

Compressibility in Curvelets
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1% of coeff.
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5% of coeff.
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50% of coeff.
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Sparsity-­‐promoting	
  formulations:

BPDN	
  formulation	
  looks	
  promising	
  from	
  a	
  scientific	
  standpoint,	
  but	
  Lasso	
  
formulation	
  is	
  easier	
  to	
  optimize.	
  

FWI: Sparsity Regularization

1:	
  “QP”

2:	
  “Lasso”

3:	
  “BPDN”

minx �D−F [C∗x;Q]�2
F + λ�x�1

minx �D−F [C∗x;Q]�2F s.t. �x�1 ≤ τ

minx �x�1 s.t. �D−F [C∗x;Q]�2F ≤ σ
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For	
  now	
  we	
  focus	
  on	
  the	
  nonlinear	
  LASSO	
  formulation:	
  

A	
  Limited	
  Memory	
  Projected	
  Quasi-­‐Newton	
  method	
  has	
  recently	
  been	
  
proposed	
  for	
  optimization	
  problems	
  of	
  the	
  form	
  

Matlab	
  code	
  is	
  available	
  from	
  
http://www.cs.ubc.ca/~schmidtm/Software/PQN.html

Algorithms I

minx �D−F [C∗x;Q]�2F s.t. �x�1 ≤ τ

minx f(x) s.t. x ∈ C [Schmidt	
  et	
  al.	
  ’09]
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• We	
  consider	
  a	
  model	
  that	
  is	
  sparse	
  in	
  physical	
  domain:	
  sparse	
  
perturbation	
  of	
  constant	
  background	
  velocity	
  (2km/s)

• Cross-­‐well	
  setting,	
  101	
  sources	
  and	
  receivers	
  in	
  vertical	
  wells	
  800	
  m.	
  apart

• 9	
  pt.	
  discretization	
  of	
  Helmholtz	
  operator	
  with	
  absorbing	
  boundary;	
  10	
  m.	
  
spacing	
  on	
  grid	
  

• Sample	
  of	
  Frequencies	
  	
  [5.0,	
  6.0,	
  11.5,	
  14.0,	
  15.5,	
  17.5,	
  23.5]	
  Hz

• We	
  consider	
  full	
  inversion,	
  and	
  subsampling	
  with	
  5	
  sim.	
  shots	
  

Proof of Concept
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Geometric Setup
True Model Initial Model

Simulateneous Shots: Full Simulateneous Shots: Full

True Model Initial Model

Simulateneous Shots: Full Simulateneous Shots: Full

Initial ModelTrue Model

True l1-norm: 5.7
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Least Squares Results:
5 Shots, LBFGS (200)Full model, LBFGS (500)
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Lasso Results
5 Shots, SPG (400)

l1-norm: 5.7
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Lasso formulation

minm �D−F [m0 + m;Q]�2F
s.t. �m�1 ≤ τ
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• We	
  consider	
  a	
  subset	
  of	
  the	
  Marmoussi	
  model

• 151	
  shots,	
  301	
  receivers

• 9	
  pt.	
  discretization	
  of	
  Helmholtz	
  operator	
  with	
  absorbing	
  boundary;	
  10	
  m.	
  
spacing	
  on	
  grid	
  

• Sample	
  of	
  Frequencies	
  	
  [5.0,	
  6.0,	
  11.5,	
  14.0,	
  15.5,	
  17.5,	
  23.5]	
  Hz

• We	
  consider	
  subsampling	
  with	
  5	
  sim.	
  shots	
  

Marmoussi Example
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Curvelet Example

Curvelet Lasso formulation 

True Difference SmallTau (200/400 iterations)

LargeTau (200/400 iterations) BFGS (100/200 iterations)

True Reflectivity

minx �D−F [m0 +
����
C∗x;Q]�2F

s.t. �x�1 ≤ τ

m
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Curvelet Results

Curvelet Lasso formulation 

minx �D−F [m0 +
����
C∗x;Q]�2F

s.t. �x�1 ≤ τ

m

True Difference Tau 170: (400/400 iterations)Tau 760: (400/400 iterations)BFGS (200/200 iterations)

Tau 30: (400/400 iterations)Tau  100: (400/400 iterations)Tau  250: (400/400 iterations)Tau  400: (400/400 iterations)τ = 30
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Curvelet Results

Curvelet Lasso formulation 

minx �D−F [m0 +
����
C∗x;Q]�2F

s.t. �x�1 ≤ τ

m

True Difference Tau 170: (400/400 iterations)Tau 760: (400/400 iterations)BFGS (200/200 iterations)

Tau 30: (400/400 iterations)Tau  100: (400/400 iterations)Tau  250: (400/400 iterations)Tau  400: (400/400 iterations)τ = 100

Sunday, July 24, 2011



SLIM

Curvelet Results

Curvelet Lasso formulation 

minx �D−F [m0 +
����
C∗x;Q]�2F

s.t. �x�1 ≤ τ

m

True Difference Tau 170: (400/400 iterations)Tau 760: (400/400 iterations)BFGS (200/200 iterations)

Tau 30: (400/400 iterations)Tau  100: (400/400 iterations)Tau  250: (400/400 iterations)Tau  400: (400/400 iterations)

τ = 170
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Curvelet Results

Curvelet Lasso formulation 

minx �D−F [m0 +
����
C∗x;Q]�2F

s.t. �x�1 ≤ τ

m

True Difference Tau 170: (400/400 iterations)Tau 760: (400/400 iterations)BFGS (200/200 iterations)

Tau 30: (400/400 iterations)Tau  100: (400/400 iterations)Tau  250: (400/400 iterations)Tau  400: (400/400 iterations)τ = 250
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Curvelet Results

Curvelet Lasso formulation 

minx �D−F [m0 +
����
C∗x;Q]�2F

s.t. �x�1 ≤ τ

m

True Difference Tau 170: (400/400 iterations)Tau 760: (400/400 iterations)BFGS (200/200 iterations)

Tau 30: (400/400 iterations)Tau  100: (400/400 iterations)Tau  250: (400/400 iterations)Tau  400: (400/400 iterations)τ = 400
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Curvelet Results

Curvelet Lasso formulation 

minx �D−F [m0 +
����
C∗x;Q]�2F

s.t. �x�1 ≤ τ

m

τ = 760True Difference Tau 170: (400/400 iterations)Tau 760: (400/400 iterations)BFGS (200/200 iterations)

Tau 30: (400/400 iterations)Tau  100: (400/400 iterations)Tau  250: (400/400 iterations)Tau  400: (400/400 iterations)
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Curvelet Results

Standard FWI

minm �D−F [m0 + m;Q]�2
F

LBFGSTrue Difference Tau 170: (400/400 iterations)Tau 760: (400/400 iterations)BFGS (200/200 iterations)

Tau 30: (400/400 iterations)Tau  100: (400/400 iterations)Tau  250: (400/400 iterations)Tau  400: (400/400 iterations)
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Model Error vs. Tau
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Data Error vs. Tau
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Pareto Trade-Off Curve
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Projected gradient. Our application of the SPG algorithm to solve (LSτ ) follows
Birgin, Mart́ınez, and Raydan [5] closely for the minimization of general nonlinear
functions over arbitrary convex sets. The method they propose combines projected-
gradient search directions with the spectral step length that was introduced by Barzilai
and Borwein [1]. A nonmonotone line search is used to accept or reject steps. The
key ingredient of Birgin, Mart́ınez, and Raydan’s algorithm is the projection of the
gradient direction onto a convex set, which in our case is defined by the constraint
in (LSτ ). In their recent report, Figueiredo, Nowak, and Wright [27] describe the
remarkable efficiency of an SPG method specialized to (QPλ). Their approach builds
on the earlier report by Dai and Fletcher [18] on the efficiency of a specialized SPG
method for general bound-constrained quadratic programs (QPs).

2. The Pareto curve. The function φ defined by (1.1) yields the optimal value
of the constrained problem (LSτ ) for each value of the regularization parameter τ .
Its graph traces the optimal trade-off between the one-norm of the solution x and
the two-norm of the residual r, which defines the Pareto curve. Figure 2.1 shows the
graph of φ for a typical problem.

The Newton-based root-finding procedure that we propose for locating specific
points on the Pareto curve—e.g., finding roots of (1.2)—relies on several important
properties of the function φ. As we show in this section, φ is a convex and differentiable
function of τ . The differentiability of φ is perhaps unintuitive, given that the one-
norm constraint in (LSτ ) is not differentiable. To deal with the nonsmoothness of
the one-norm constraint, we appeal to Lagrange duality theory. This approach yields
significant insight into the properties of the trade-off curve. We discuss the most
important properties below.

2.1. The dual subproblem. The dual of the Lasso problem (LSτ ) plays a
prominent role in understanding the Pareto curve. In order to derive the dual of
(LSτ ), we first recast (LSτ ) as the equivalent problem

(2.1) minimize
r,x

‖r‖2 subject to Ax + r = b, ‖x‖1 ≤ τ.

0 1 2 3 4 5 6 7
0

5

10

15

20

25

one−norm of solution

tw
o−

no
rm

 o
f r

es
id

ua
l

Fig. 2.1. A typical Pareto curve (solid line) showing two iterations of Newton’s method. The
first iteration is available at no cost.

σ

Lasso

τ

�b�2 minx �b−Ax�2
s.t. �x�1 ≤ τ
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Basis Pursuit Denoise
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points on the Pareto curve—e.g., finding roots of (1.2)—relies on several important
properties of the function φ. As we show in this section, φ is a convex and differentiable
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Fig. 2.1. A typical Pareto curve (solid line) showing two iterations of Newton’s method. The
first iteration is available at no cost.

σ

Lasso

BPDN

[van	
  den	
  Berg	
  ’08]

minx �x�1
s.t. �b−Ax�2 ≤ σ

τ

�b�2 minx �b−Ax�2
s.t. �x�1 ≤ τ

SPGL1	
  Algorithm
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Nonlinear Lasso
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Nonlinear Lasso
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Nonlinear BPDN
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• Exploiting	
  sparsity	
  is	
  a	
  promising	
  direction	
  	
  for	
  
modeling/regularization	
  of	
  FWI

• Preliminary	
  results	
  are	
  promising:	
  we	
  can	
  improve	
  
recovery	
  from	
  insufficient	
  data	
  with	
  sparsity	
  
promotion.

• Understanding	
  trade-­‐off	
  between	
  NONLINEAR	
  
least-­‐squares	
  and	
  model	
  sparsity	
  is	
  our	
  current	
  
focus	
  in	
  this	
  work.	
  

Conclusions
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