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Abstract

Recent advances based on the mathematical understanding ofthe Hessian as, under certain con-
ditions, a pseudo-differential operator have resulted in anew preconditioner by L. Demanet et al.
Basing their approach on a suitable basis expansion for the Hessian, by suitably ’probing’ the Hes-
sian, i.e. applying the Hessian to a small number of randomized model perturbations, one can obtain
an approximation to the inverse Hessian in an efficient manner. Building upon this approach, we
consider this preconditioner in the context of least-squares migration and Full Waveform Inversion
and specifically dimensionality reduction techniques in these domains. By utilizing previous work
in simultaneous sources, we are able to develop an efficient least-squares migration scheme which
recovers higher quality images and hence higher quality search directions in the context of a Gauss-
Newton method for Full Waveform Inversion while simultaneously avoiding inordinate amounts of
additional work.



Introduction

Recent interest in preconditioning the Gauss-Newton Hessian (hereafter referred to simply as the Hes-
sian) in full waveform inversion have yielded a variety of techniques for approximating the inverse
Hessian. The crux of a number of these methods relies on exploiting the mathematical structure of the
Hessian, understood to act as a pseudo-differential operator in the high-frequency limit under certain
conditions on the medium parameter. Recent work by Demanet et al. (2011) outlines an approach to
approximating the inverse Hessian by using a suitable, known orthogonal basis expansion for pseudo-
differential operators and solving for the unknown coefficients by observing the action of the inverse
Hessian on a set of random vectors (this is the so-called technique of matrix probing, see Halko et al.
(2011) for further details). By solving a small linear system for the unknown coefficients, one can re-
cover the approximate action of the inverse Hessian on any trial vector, and hence obtain a preconditioner
for Gauss-Newton type methods.

This approach to preconditioning the Hessian is attractivefor a number of reasons. For one, the size of
the models in consideration as well as the highly-ill conditioned nature of the Hessian result in an in-
ability to explicitly compute the matrix representation ofthe Hessian. As a result, one is limited to using
preconditioners that only rely on already expensive Hessian-vector products. Previous approaches to
preconditioning the Hessian include, among others, those by Symes (2008) and Herrmann et al. (2009),
which involve estimating scaling operations in the spatialand Fourier, and spatial, Fourier, and Curvelet
domains, respectively. Compared to scaling-based methods, which typically rely on estimating the scal-
ing coefficients from migrated data, the matrix probing preconditioner instead fits against randomized
model perturbations, which avoids biasing the fit against specific characteristics of the particular pertur-
bation used.

In this paper, we explore the efficacy of the aforementioned preconditioner in the context of imaging.
In the interest of keeping costs low without sacrificing image fidelty, we explore the effects of introduc-
ing dimensionality reduction techniques (in particular, simultaneous sources) into this preconditioning
framework.

Methodology

Matrix Probing Preconditioner. The original preconditioning technique described below can be found
in Demanet et al. (2011). We consider a representation ofH as apseudo-differential operator (of degree
1 and type(1,0))

Hm(x) =

∫
a(x,k)m̂(k)eik·xdk

which is a valid approximation to the Hessian in the high-frequency limit (due to the body of work by
Beylkin (1985), Rakesh (1988), Ten Kroode and Smit (1998), and Stolk (2000)) under the following
idealized conditions:

• sufficiently fine sampling of the data in the time and receivercoordinates

• full-aperture acquisition

• a point-impulse source wavelet

• a smooth and generic (in that there are no kinematic exceptions that would compromise migration
as a microlocal inverse) background medium
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Under these assumptions, the symbol ofH, a(x,k), exhibits particular decay and smoothness properties
that makes it extremely compressible numerically. In particular, work by Demanet and Ying (2011) has
shown that one can approximatea(x,k) by

a(x,k) = ∑
λ ,q1,q2

cλ ,m,neiλ ·xeimθ T Ln(|k|)|k|+ O(ε)

whereT Ln(|k|) is thenth Rational Chebyshev function (refer to Boyd and Boyd (2001) for an extensive
treatise on the approximation properties of such functions). Here, the number of terms in the expansion
is O(ε−M) for eachM > 0, regardless of the size of the matrix that realizes the Hessian, i.e. the size of
the model space of the problem considered.

Each symboleiλ ·xeiq1θ T Lq2(|k|)|k| in turn gives rise to a pseudo-differential operator with that symbol (a
so-calledelementary operator in Demanet et al. (2011)), denotedBi. Thus, one can write (disregarding
theO(ε) error and writingi = (λ ,q1,q2))

H = ∑
i

biBi

Due to Shubin (1978), one also has thatH−1 is a pseudo-differential operator of degree−1 and so we
can write (ignoring theO(ε) error as before)H−1 = ∑i ciBi using the same elementary operatorsBi.

In order to estimate the coefficientsci, we employ a variant of thematrix probing technique employed
in Halko et al. (2011). One of the main ideas with matrix probing is that one can reliably recover a large
portion of the range-space of a matrix by observing its action on a sequence of random vectors (which
is especially useful with a rank-deficient matrix, where fewrandom vectors are necessary). To that end,
by applyingH to a randomized test vectory, we have thatx = Hy ↔ y = H−1x so that the action ofH−1

on the vectorx is available. By choosing an appropriate sequence ofp randomized test vectorsyk and
denotingxk = Hyk, we can form the following linear system

yk = H−1xk = ∑
i

ciBixk

which we can subsequently solve for the unknownsci. In less mathematical terms, we generatep
random velocity perturbations, which we subsequently demigrate and migrate (i.e. to which we apply
the Hessian). We then fit the proposed expansion to the data generated by this process and use that linear
combination of operators in order to precondition the Hessian.

Violating the aforementioned conditions on the sampling, aperture, wavelet, and medium (and in partic-
ular, limiting the aquisition aperture and the source wavelet frequencies) results in locations which are
“kinematically invisible” to the Hessian, which creates phase-space regions where the symbola(x,k)
takes on small values. These “shadow zones” gives rise to a subspace of the model space whereH
produces small values, i.e. the numerical version of its nullspace.

To that end, the choice of test functions in this scheme is vital to acquire an accurate fit forH−1. Test
functionsyk which contain too much energy in the nullspace ofH will skew the above fit, as writing
yk = H−1xk is no longer valid since components in the nullspace ofH do not lie in the rangespace of
H−1. There are a number of available choices for test vectors described in the paper which take this
observation into account that we will not detail here.

Simultaneous Sources. Despite the search direction improvement in the full waveform inversion frame-
work as a result of using the aforementioned preconditioner, the size of the problems considered in
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practice is still dauntingly large. In evaluatingH, one must solve three Helmholtz systemsF[m]u = q
for each sourceq, whereF [m] is the discretized Helmholtz operator andu is the wavefield. The num-
ber of sources required to adequately illuminate the body ofinterest can be prohibitively high, and PDE
solves are typically the bottleneck in any Full Waveform Inversion environment. We resort to dimension-
ality reduction techniques in order to reduce the computational costs while simultaneously maintaining
a high fidelity in the computed solution.

To whit, we employ the technique ofsimultaneous sources (detailed in, among other places, Beasley
(2008)) in order to further reduce the total number of PDE solves required, and thus the overall computa-
tional time needed. The simultaneous sources technique exploits the fact that in the Helmholtz equation
H[m,k]us = qs whereH[m,k] is a discretization of the Helmholtz operatork2 + ∇2, for each sourceqs,
the wavefieldus is a linear function ofqs. Therefore, we can replaceN sources withn ≪ N sources
generated as random superpositions ofqs, i.e. q̃i = ∑N

s=1wisqs for i = 1, . . . ,n andwis are randomly cho-
sen weights, effectively replacing theN × k PDE solves inF[m,k]us = qs by n× k simultaneous source
PDE solves. As a result, the cost of applying the migration, demigration, and Hessian operators are

effectively reduced by a factor of
N
n

in this framework. By employing this method, we introduce noisy

crosstalk between previously distinct source signatures which is coloured Gaussian noise. In the context
of the image estimation process, this crosstalk is in the range of migration operator and so by applying
the preconditioner to the migrated image, the spectrum of the noise is significantly whitened.

Examples

We test the proposed method on a simple synthetic clay example, modelling the complete dataset for
51 sources spaced evenly on the surface of a 152× 152 grid and 37 frequencies from 1.5 Hz to 19.5
Hz. Using 10 simultaneous sources, we generate data using the linearized Born-scattering operator.
We use the aforementioned preconditioner (using 5 Gaussiannoise test vectors) in the context of a
preconditioned conjugate gradient method, run for 5 iterations, to invert for the model perturbation. For
comparison, we compare the result of running LSQR for 10 iterations (which results in the same number
of PDE solves in both cases and is numerically equivalent to running CG on the Hessian).
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Figure 1 Reference model perturbation.

As we can see from the figures below, amplitudes along the reflector in the model perturbation are better
restored via the preconditioning method compared to the vanilla LSQR algorithm, at the expense of
increased noise due to the use of simultaneous sources. The inverted image can conceivably be denoised
through some sort of sparsity promoting recovery algorithmsuch as SPGL1, a topic on which we will
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report at a future date.
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Figure 2 Comparison between amplitude restored images. Left: LSQR with 10 iterations. Right: PCG
with 5 iterations + Probing preconditioner.

Conclusions

Techniques for reducing the computational effort of least-squares migration continue to be relevant in a
world of increasingly large data sets and time constraints for processing such data. The combination of
the two techniques outlined above yield higher quality results for least-squares migration than traditional
approaches while keeping costs manageable.
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