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Abstract: A growing body of work underscores the importance of robust modeling for data with large 
outliers or artifacts that are not captured by the forward model. Effectively, the least-squares penalty on 
the residual is replaced by a robust penalty, such as Huber, Hybrid l1-l2 or Student’s t.

We show that it is essential to also use a robust penalty for source estimation, and present a general 
approach to robust waveform inversion with robust source estimation. There is no closed form solution 
for the optimal source weights (as in the classic case), but we need only solve a set of independent 
scalar optimization problems, which we do using a few iterations of a Newton-like method at a negligible 
cost. We show numerical examples illustrating robust source estimation and robust waveform inversion 
on synthetic data with outliers.
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In the standard (NNLS) formulation, m is the velocity 
model, d are data, and F  is the forward model. 

Sources are computed on the fly, during every iteration:  
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! ! ! ! ! ! ! ! ! ! ! ! ! Statistical Perspective on Robust FWI:
• We design robust penalties by modeling the error in FWI using some 

     particular parametric distribution (e.g. Gaussian, Student’s t):  
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•  We then solve for the maximum likelihood estimate:  
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•  For Student’s t formulation, the problem becomes 
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Review of Robust FWI: 
• A lot of effort in conventional FWI
!   is spent pre-processing and doing 
!   complex modeling.

•  Robust formulations can recover good   
!    models despite errors in data and 
     errors in modeling. 

•  Examples of robust models include  
     Huber, Hybrid, Cauchy, and Student’s t. 
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General Formulation for Source Estimation: 
• At each iteration, re-estimate sources on the fly by solving the problem 

! ! ! ! ! !      
↵̂k
i,! = argmin

↵
p(↵Fk

i,! � di,!)

•  For the case of least squares, the loss p is the quadratic, and we get the usual 
closed form solution.  

•For the Student’s t objective, the source estimation subproblem is given by 
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•  This problem can be solved with a scalar modified Newton’s method. 
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Figure 1 Data with outliers in the form of bad
traces.
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Figure 2 Estimated source wavelet using
Least-Squares (top), Hybrid (middle) and Stu-
dents t (bottom) approaches.

least-squares, Hybrid and Student’s t approaches, which required 5 or 6 Newton iterations to converge.
The results are shown in figure 2. Both the Hybrid and Student’s t recover well in this case, while the
least-squares reconstruction is quite useless, especially at low frequencies. Note that for each source, a
whole vector of data is used to estimate a single complex value; the least-squares estimate in this case
is analogous to finding the mean of a set of data, which is not robust to outliers. In contrast, both the
Student’s t and Hybrid approach return estimates analogous to the median of a large set of data. In this
context, similar performance would be expected from Huber and `1; however, we would not be able to
apply a Newton method, since these penalties are not twice differentiable.

Robust FWI example

To illustrate why robust source estimation is important for robust FWI we perform the following three
experiments on synthetic data with outliers: i) least-squares FWI with least-squares source estimation
(LS-LS); ii) robust FWI with the Students t penalty and least-squares source estimation (ST-LS) and
iii) robust FWI with the Students t penalty with corresponding source estimation (ST-ST). We use a
frequency-domain modeling operator based on a 9-point discretization of the Helmholtz equation (Jo,
1996). The data are generated for a subset of the Marmousi for 61 equispaced sources, 301 equispaced
receivers and 12 frequencies between 3 and 25 Hz. We use an L-BFGS method to fit the model, and
source estimation is implemented as described above. The initial model we used was a smoothed version
of the original model. To create noise, we replace 20% of the samples in the data with Gaussian noise. A
LS-LS reconstruction on data without noise, as well as the reconstructions on data with noise are shown
in figure 3. The ST-ST reconstruction is nearly identical to the LS-LS reconstruction without noise,
thus demonstrating the ability of this approach to deal with noise. The LS-LS reconstruction with noise
is completely meaningless. Although the ST-LS shows some of the underlying structure, this clearly
demonstrates the need to use robust source estimation in conjunction with a robust penalty.

Conclusions

We surveyed several robust formulations of FWI that use penalty functions that are less sensitive to
outliers in the data, including the Huber, hybrid and Students t penalty. In practice, one usually estimates
the source wavelet as part of the inversion process. We extended the usual least-squares approach to
source estimation to a class of robust formulations with twice-differentiable misfit functions. For every
evaluation of the misfit, we solve a scalar optimization problem for each source and frequency to obtain
the source weights. This can be done with a Newton method, and our experience is that we need only a
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The results are shown in figure 2. Both the Hybrid and Student’s t recover well in this case, while the
least-squares reconstruction is quite useless, especially at low frequencies. Note that for each source, a
whole vector of data is used to estimate a single complex value; the least-squares estimate in this case
is analogous to finding the mean of a set of data, which is not robust to outliers. In contrast, both the
Student’s t and Hybrid approach return estimates analogous to the median of a large set of data. In this
context, similar performance would be expected from Huber and `1; however, we would not be able to
apply a Newton method, since these penalties are not twice differentiable.

Robust FWI example

To illustrate why robust source estimation is important for robust FWI we perform the following three
experiments on synthetic data with outliers: i) least-squares FWI with least-squares source estimation
(LS-LS); ii) robust FWI with the Students t penalty and least-squares source estimation (ST-LS) and
iii) robust FWI with the Students t penalty with corresponding source estimation (ST-ST). We use a
frequency-domain modeling operator based on a 9-point discretization of the Helmholtz equation (Jo,
1996). The data are generated for a subset of the Marmousi for 61 equispaced sources, 301 equispaced
receivers and 12 frequencies between 3 and 25 Hz. We use an L-BFGS method to fit the model, and
source estimation is implemented as described above. The initial model we used was a smoothed version
of the original model. To create noise, we replace 20% of the samples in the data with Gaussian noise. A
LS-LS reconstruction on data without noise, as well as the reconstructions on data with noise are shown
in figure 3. The ST-ST reconstruction is nearly identical to the LS-LS reconstruction without noise,
thus demonstrating the ability of this approach to deal with noise. The LS-LS reconstruction with noise
is completely meaningless. Although the ST-LS shows some of the underlying structure, this clearly
demonstrates the need to use robust source estimation in conjunction with a robust penalty.

Conclusions

We surveyed several robust formulations of FWI that use penalty functions that are less sensitive to
outliers in the data, including the Huber, hybrid and Students t penalty. In practice, one usually estimates
the source wavelet as part of the inversion process. We extended the usual least-squares approach to
source estimation to a class of robust formulations with twice-differentiable misfit functions. For every
evaluation of the misfit, we solve a scalar optimization problem for each source and frequency to obtain
the source weights. This can be done with a Newton method, and our experience is that we need only a
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Figure 3 Reconstructions (difference between initial and final models) for different scenario’s.

few iterations. Therefore, the computational cost incurred is negligible compared to the cost of forward
modeling of the wavefield. We demonstrate robust source estimation on a real shot gather and show the
uplift of robust source estimation in conjunction with robust FWI.
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