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Q:	
  Do	
  we	
  need	
  all	
  the	
  data	
  all	
  the	
  .me	
  for	
  FWI?
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Q:	
  Do	
  we	
  need	
  all	
  the	
  data	
  all	
  the	
  .me?
A:	
  No,	
  we	
  can	
  rely	
  on	
  techniques	
  from	
  stochas.c	
  
op.miza.on	
  and	
  use	
  random	
  source	
  encoding

[Krebs et. al ’09; Haber et. al ’10; van Leeuwen et. al ’10]
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Q:	
  Do	
  we	
  need	
  randomized	
  source	
  encoding	
  to	
  
reap	
  the	
  benefits	
  of	
  stochas.c	
  op.miza.on?

Q:	
  Do	
  we	
  need	
  all	
  the	
  data	
  all	
  the	
  .me?
A:	
  No,	
  we	
  can	
  rely	
  on	
  techniques	
  from	
  stochas.c	
  
op.miza.on	
  and	
  use	
  random	
  source	
  encoding
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• Full	
  waveform	
  inversion
• Conventional	
  optimization
• Stochastic	
  optimization
• Hybrid	
  method
• Results
• Conclusions

Overview
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Least-­‐squares	
  fitting	
  of	
  
multi-­‐experiment	
  data

Full waveform inversion

Typically,	
  costs	
  are	
  propor.onal	
  to	
  K

min
m

Φ[m] =
1

K

K−1�

i=0

φi[m]

φi[m] = ||di − F [m]qi||22
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Source encoding
Replace	
  sequential	
  sources	
  by	
  one	
  
simultaneous	
  source:
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

if	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  we	
  get

�φ[m] = ||�d− F [m]�q||22

�q =
�

j

wjqj

E{wiwj} = δij E
�
�φ[m]

�
= Φ[m]

�Φ[m] =
1

K

K−1�

i=0

||�di − F [m]�qi||22
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Expand	
  the	
  sums:

if	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  we	
  get

Source encoding

�φ[m] =
�

i,j

wiwj�di − F [m]qi,dj − F [m]qj�

E{wiwj} = δij

E
�
�φ[m]

�
=

�

i

||di − F [m]qi||22 = Φ[m]

Thursday, June 16, 2011



SLIM

Choice	
  of	
  random	
  weights:

•Gaussian,	
  	
  	
  	
  	
  	
  ,	
  random	
  phases:	
  efficient	
  in	
  
sampling	
  the	
  whole	
  matrix,	
  but	
  
problematic	
  for	
  marine	
  data

•Random	
  unit	
  vector:	
  less	
  efficient	
  for	
  
trace	
  estimation,	
  but	
  applicable	
  for	
  marine	
  
data!

Source encoding

±1
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Source encoding
1
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Source encoding
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Source encoding
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Source encoding
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Source encoding
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Source encoding
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• cost	
  per	
  iteration:	
  
• convergence	
  rate:	
  

Conventional optimization

O(K)

mk+1 = mk + γksk

|Φ[m∗]− Φ[mk]| = O(ck), 0 < c ≤ 1

sk = −H
−1
k

�
1

K

K−1�

i=0

∇φi[mk]

�
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• assumption:	
  
• cost	
  per	
  iteration:	
  
• convergence	
  rate:

Stochastic optimization

O(1)

mk+1 = mk + γksk

|Φ[m∗]− Φ[mk]| = O(1/k)
[Robbins et al. ’50; Bertsekas et. al ’96]

E {sk} = −∇Φ[mk]

sk = −∇φi[mk], i ∼ U [0,K − 1]
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• cheap	
  iterations
• only	
  for	
  encoded	
  data	
  
• sample	
  data	
  with	
  replacement
• slow	
  convergence	
  (relies	
  on	
  law	
  
of	
  large	
  numbers)

Stochastic optimization
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Stochastic vs. Deterministic

computation time

da
ta
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is

fit
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Stochastic vs. Deterministic

computation time

da
ta
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is

fit
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• assumption:
• cost	
  per	
  iteration:	
  
• convergence	
  rate,	
  assuming	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

Hybrid method

O(|Bk|)

mk+1 = mk + γksk

|Φ[m∗]− Φ[mk]| = O(ck), 0 < c ≤ 1
[Friedlander et. al ’11]

sk = −H
−1
k

�
1

|Bk|
�

i∈Bk

∇φi[mk]

�

|||Bk|−1
�

i∈Bk

∇φi[mk]−∇Φ[mk]||22 < Ck

Ck ↓ 0
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We	
  can	
  grow	
  the	
  batch	
  according	
  to	
  the	
  
natural	
  order,	
  or	
  by	
  random	
  selection	
  
without	
  replacement.

The	
  SO	
  strategy	
  relies	
  on	
  drawing	
  with	
  
replacement.

Batching strategy
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Batching	
  strategy	
  controls	
  
theoretical	
  decay	
  of	
  the	
  error.

Batching strategy
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Hybrid method

gradient
	
  search	
  dir.

update	
  model
increase	
  batchsize

linesearch

while not converged do
gk =

�
i∈Bk

∇φi[mk]

sk = −H
−1
k gk

find γ s.t.
�

i∈Bk
φi[mk + γsk] <

�
i∈Bk

φi[mk]
mk+1 = mk + sk
Bk+1 = Bk

�
{i}

end while
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• Will	
  work	
  with	
  any	
  source	
  encoding	
  
strategy	
  (none,	
  randomized,	
  plane	
  wave,	
  
eigenvectors,	
  ...)

• Draw	
  samples	
  without	
  replacement
• Random	
  batching	
  strategy	
  is	
  important	
  
to	
  efficiently	
  probe	
  the	
  data

Hybrid method
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Two	
  scenario’s	
  :
• Non-­‐linear	
  migration
• multiscale	
  FWI

Frequency	
  domain	
  FD	
  with	
  `full’	
  
acquisition

Results
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Non-linear migration

151	
  sources/receivers,	
  frequencies	
  [5-­‐25]	
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Non-linear migration
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Non-linear migration
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Non-linear migration
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Non-linear migration
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Non-linear migration

1.66	
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  evalua.ons
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Non-linear migration

2.87	
  full	
  evalua.ons
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Non-linear migration
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Non-linear migration
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Non-linear migration
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Non-linear migration
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Non-linear migration
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Non-linear migration
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Non-linear migration
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Non-linear migration
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• Fast	
  progress	
  in	
  the	
  beginning,	
  decent	
  
convergence	
  rate	
  in	
  the	
  end

• Same	
  quality	
  with	
  less	
  PDE	
  solves

• Better	
  quality	
  with	
  same	
  #	
  PDE	
  solves

Non-linear migration
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FWI

mul.scale	
  frequency	
  
domain	
  inversion:	
  

[2.5-­‐20]	
  Hz	
  in	
  16	
  bands

data	
  for
141	
  sources,	
  281	
  

receivers,	
  15	
  Hz	
  Ricker
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FWI
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FWI

x [km]

z 
[k

m
]

0 2 4 6

0

1

2
hybrid	
  method

~2	
  full	
  evalua.ons	
  per	
  frequency	
  band
Thursday, June 16, 2011



SLIM

FWI
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• Cost	
  per	
  frequency	
  band	
  equivalent	
  to	
  
2	
  evaluations	
  of	
  the	
  full	
  misfit.	
  

• Total	
  cost	
  of	
  the	
  inversion	
  equivalent	
  
to	
  17	
  evaluations	
  of	
  the	
  full	
  misfit.

FWI
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FWI: time domain data

x [km]

z 
[k

m
]

0 2 4 6

0

1

2
~2	
  full	
  evalua.ons	
  per	
  frequency	
  band
data	
  generated	
  with	
  .me	
  domain	
  FD

Thursday, June 16, 2011



SLIM

• Hybrid	
  method	
  gives	
  both	
  speed-­‐up	
  of	
  
stochastic	
  method	
  and	
  convergence	
  rate	
  
of	
  deterministic	
  method

• Not	
  restricted	
  to	
  randomized	
  source	
  
encoding:	
  can	
  be	
  applied	
  to	
  marine	
  data!

Conclusions
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