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SLIM

Drivers
Recent push for high-fi images calls for

‣ high-quality broad-band data volumes (100k channels)

‣ larger offsets &  full azimuth

Exposes vulnerabilities in our ability to control

‣ acquisition costs / time

‣ processing costs / time
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Drivers

Complexity of inversion algorithms also exposes the “curse 
of dimensionality” in

‣ sampling: exponential growth of # samples for 
high dimensions

‣ optimization: exponential growth of # 
parameter combinations that need to be evaluated 
to minimize our objective functions
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Wish list
Imaging costs determined by transform-domain sparsity of the 
subsurface

‣ computational costs that are dictated by structure and not by 
the dimensionality of the problem (e.g. size of the 
discretization)

Controllable error that depends on 

‣ degree of subsampling / dimensionality reduction

‣ available computational resources
Tuesday, May 24, 2011
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Prior art

Simultaneous sources & phase encoding 

• supershots

Stochastic optimization & machine learning [Bertsekas, ’96, 
Nemirovsky, ’08]

• stochastic gradient descent

Compressive sensing [Candès et.al, Donoho, ’06]

• sparse recovery & randomized subsampling 

[Krebs et.al., ’09, Operto et. al., ’09, Herrmann et.al., ’08-10’] 

[Beasley, ’98, Berkhout, ’08]

[Morton, ’98, Romero, ’00]
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In today’s talk
Randomized-dimensionality reduction techniques aim to deal with 
these impediments by

‣ removing linear dependence on # sources

‣ turning NP-hard algorithms into convex computationally 
tractable optimization problems

‣ avoiding iterative algorithms that require multiple passes 
through all data
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Compressive imaging
Challenge:

Least-squares migration requires multiple passes & PDE solves

Key idea:

‣ combine Compressive Sensing & ‘Phase encoding’

‣ turn “overdetermined” imaging problem into 
underdetermined problem with randomized supershots

‣ use curvelet-based sparse recovery to remove crosstalk

Computational gain when costs least-squares with all data >> 
costs of sparse recovery of the reduced problem

[Li & FJH et. al.  ’10-]

Tuesday, May 24, 2011



SLIM

Wave-equation
migration

Solution of a large ‘overdetermined’ system

minx
1

2K

K�

i=1

�bi −Aix�2
2,

bi = monochromatic shot record
Ai = demigration operator
K = nf × ns(batch size)
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Wave-equation
migration

Solution of a large ‘overdetermined’ system

Iterations of the solver requires 4 PDE solves for each source

‣ use linearity of the source to turn sequential sources 
into simultaneous sources

‣ use fewer simultaneous sources

Study behavior as # of sources increases

minx
1

2K

K�

i=1

�bi −Aix�2
2,
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Randomized 
source superposition

W
�
b1, · · · ,bns

� �
b1, · · · ,bn�

s

�
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Stylized example
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Figure 1: True (a) and initial (b) squared-slowness models (s2/km2) and the true reflectivity.
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Figure 2: The full gradient is depicted in (a). The gradients for various K are depicted
in (b) K = 1, (c) K = 5 and (d) K = 10. For a relatively small batch-size the gradient
already shows the main features.
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Migration
Search direction for increasing batch size K:

full K’=1 K’=5
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Figure 1: True (a) and initial (b) squared-slowness models (s2/km2) and the true reflectivity.
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Figure 2: The full gradient is depicted in (a). The gradients for various K are depicted
in (b) K = 1, (c) K = 5 and (d) K = 10. For a relatively small batch-size the gradient
already shows the main features.
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Figure 1: True (a) and initial (b) squared-slowness models (s2/km2) and the true reflectivity.
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Figure 2: The full gradient is depicted in (a). The gradients for various K are depicted
in (b) K = 1, (c) K = 5 and (d) K = 10. For a relatively small batch-size the gradient
already shows the main features.

K’=10

K � = n�
f × n�

sgK� ≈
1
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K��
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A∗
jbj

[Haber, Chung, and FJH, ’10; van Leeuwen, Aravkin, FJH, ’10] 
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Decay

error	
  between	
  full	
  and	
  sampled	
  migraKon
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Figure 3: Error in gradient for as a function of the batch-size K. As expected, the error
goes down as 1/

√
K (dashed line).

0 0.2 0.4 0.6 0.8 10

1

2

3

4

5 x 108

!

f 1(!
)

0 0.2 0.4 0.6 0.8 10

1

2

3

4

5 x 108

!

f 5(!
)

0 0.2 0.4 0.6 0.8 10

1

2

3

4

5 x 108

!

f 10
(!

)

(a) (b) (c)

Figure 4: Behavior of misfit for various K. Shown are five different realizations and the
true misfit (dashed line) for (a) K = 1, (b) K = 5 and (c) K = 10. The misfit approximates
the true misfit pretty well for relatively small batch-sizes.
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Figure 5: Residual matrix A = STS, where S is the data residual corresponding to the
smooth model depicted in figure 1 (a) at 5Hz.
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Stochastic average 
approximation (SAA)

In the limit              , stochastic & deterministic formulations 
are identical

We gain as long as              ...

Can be used with arbitrary optimization methods

But the error in Monte-Carlo methods decays only slowly 

Experience shows benefits of  ‘redraws & warm restarts’

K � →∞

(O(K �−1/2))

K � � K

[Nemirovsky, ’08]
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Algorithm

Algorithm 1: Stochastic-average approximation with warm restarts
x0 ←− 0;k ←− 0 ; // initialize
while �x0 − ex�2 ≥ � do

k ←− k + 1; // increase counter
ex←− x0; // update warm start
W ←− Draw(W); // draw new subsampler
x0 ←− Solve(P(W); ex); // solve the subproblem

end

Tuesday, May 24, 2011
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Subproblems
least-squares migration

‣ solve with limited # of iterations of LSQR

‣ initialize solver with warm start

‣ solves damped least-squares problem

P�2(W
k;x0) : min

x

1
2K �

K��

j=1

�bk
j −Ak

j x�2
2
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Subproblems
sparsity-promoting migration

‣ solve LASSO problem for a given sparsity level using the 
spectral-gradient method (           )

‣ initialize solver with warm start

‣ solves sparsity-promoting subproblem

P�1(W
k;x0) min

x

1
2K �

K��

j=1

�bk
j −Ak

j x�2 subject to �x��1 ≤ τk

SPG�1

[van den Berg & Friedlander, ’08]
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Least-squares migration
8 supershots w 3 frequencies
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Sparse migration
8 supershots w 3 frequencies
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Least-squares migration
all 192 shots w 10 frequencies
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Why does this work?
Geophysics perspective:

Richer wavenumber content of the randomized simultaneous 
sources

This is the premise of ‘phase encoding’

Tuesday, May 24, 2011
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Image from one shot
Sequential-source

image
Simultaneous-source

image

[Morton, ’98, Romero, ’00]
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Why does this work?
Mathematician perspective:

Random superposition is incoherent and gives rise to Gaussian 
crosstalk

This is the premise of Compressive Sensing & Stochastic 
Optimization

[Candès et.al, Donoho, ’06]

[Bertsekas, ’96, Nemirovsky, ’08]
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Underdetermined 
recovery 
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Overdetermined
recovery 
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Why does this work?
Inversion perspective:

Sparsity promotion acts as a regularization

This is the premise of  Tikhonov regularization

Tuesday, May 24, 2011
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Why does this work?
Computational perspective:

Random superposition makes the sparsity-promoting 
program computationally tractable

This is the premise of randomized dimensionality reduction

Tuesday, May 24, 2011
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Continuation
methods

Large-scale sparsity-promoting solvers limit the number of 
matrix-vector multiplies by 

‣ slowly allowing components to enter into the solution

‣ solving an intelligent series of LASSO subproblems for 
decreasing sparsity levels

‣ exploring properties of the Pareto trade-off curve

Tuesday, May 24, 2011
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Pareto curve
subproblems
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Fig. 6.1. Corrupted and interpolated images for problem seismic. Graph (c) shows the Pareto
curve and the solution path taken by SPGL1.

ever, as might be expected of an interior-point method based on a conjugate-gradient
linear solver, it can require many matrix-vector products.

It may be progressively more difficult to solve (QPλ) as λ → 0 because the reg-
ularizing effect from the one-norm term tends to become negligible, and there is less
control over the norm of the solution. In contrast, the (LSτ ) formulation is guaranteed
to maintain a bounded solution norm for all values of τ .

6.4. Sampling the Pareto curve. In situations where little is known about
the noise level σ, it may be useful to visualize the Pareto curve in order to understand
the trade-offs between the norms of the residual and the solution. In this section
we aim to obtain good approximations to the Pareto curve for cases in which it is
prohibitively expensive to compute it in its entirety.

We test two approaches for interpolation through a small set of samples i =
1, . . . , k. In the first, we generate a uniform distribution of parameters λi = (i/k)‖ATb‖∞
and solve the corresponding problems (QPλi). In the second, we generate a uni-
form distribution of parameters σi = (i/k)‖b‖2 and solve the corresponding problems
(BPσi). We leverage the convexity and differentiability of the Pareto curve to approx-
imate it with piecewise cubic polynomials that match function and derivative values
at each end. When a nonconvex fit is detected, we switch to a quadratic interpolation

Lasso problem
1

2

3

4

min
x

�A1x− b1�2 s.t �x��1 ≤ τ1

[van den Berg & Friedlander, ’08]

[Hennefent et. al., ’08]

[Lin & FJH, ’09-]
Tuesday, May 24, 2011
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Pareto curve
subproblems
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(c) Pareto curve and solution path

Fig. 6.1. Corrupted and interpolated images for problem seismic. Graph (c) shows the Pareto
curve and the solution path taken by SPGL1.

ever, as might be expected of an interior-point method based on a conjugate-gradient
linear solver, it can require many matrix-vector products.

It may be progressively more difficult to solve (QPλ) as λ → 0 because the reg-
ularizing effect from the one-norm term tends to become negligible, and there is less
control over the norm of the solution. In contrast, the (LSτ ) formulation is guaranteed
to maintain a bounded solution norm for all values of τ .

6.4. Sampling the Pareto curve. In situations where little is known about
the noise level σ, it may be useful to visualize the Pareto curve in order to understand
the trade-offs between the norms of the residual and the solution. In this section
we aim to obtain good approximations to the Pareto curve for cases in which it is
prohibitively expensive to compute it in its entirety.

We test two approaches for interpolation through a small set of samples i =
1, . . . , k. In the first, we generate a uniform distribution of parameters λi = (i/k)‖ATb‖∞
and solve the corresponding problems (QPλi). In the second, we generate a uni-
form distribution of parameters σi = (i/k)‖b‖2 and solve the corresponding problems
(BPσi). We leverage the convexity and differentiability of the Pareto curve to approx-
imate it with piecewise cubic polynomials that match function and derivative values
at each end. When a nonconvex fit is detected, we switch to a quadratic interpolation

Lasso problem
1

2

3

4

min
x

�A2x− b2�2 s.t �x��1 ≤ τ2

Tuesday, May 24, 2011
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Pareto curve
subproblems
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Fig. 6.1. Corrupted and interpolated images for problem seismic. Graph (c) shows the Pareto
curve and the solution path taken by SPGL1.

ever, as might be expected of an interior-point method based on a conjugate-gradient
linear solver, it can require many matrix-vector products.

It may be progressively more difficult to solve (QPλ) as λ → 0 because the reg-
ularizing effect from the one-norm term tends to become negligible, and there is less
control over the norm of the solution. In contrast, the (LSτ ) formulation is guaranteed
to maintain a bounded solution norm for all values of τ .

6.4. Sampling the Pareto curve. In situations where little is known about
the noise level σ, it may be useful to visualize the Pareto curve in order to understand
the trade-offs between the norms of the residual and the solution. In this section
we aim to obtain good approximations to the Pareto curve for cases in which it is
prohibitively expensive to compute it in its entirety.

We test two approaches for interpolation through a small set of samples i =
1, . . . , k. In the first, we generate a uniform distribution of parameters λi = (i/k)‖ATb‖∞
and solve the corresponding problems (QPλi). In the second, we generate a uni-
form distribution of parameters σi = (i/k)‖b‖2 and solve the corresponding problems
(BPσi). We leverage the convexity and differentiability of the Pareto curve to approx-
imate it with piecewise cubic polynomials that match function and derivative values
at each end. When a nonconvex fit is detected, we switch to a quadratic interpolation

Lasso problem
1

2

3

4

min
x

�A3x− b3�2 s.t �x��1 ≤ τ3
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Pareto curve
subproblems
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Fig. 6.1. Corrupted and interpolated images for problem seismic. Graph (c) shows the Pareto
curve and the solution path taken by SPGL1.

ever, as might be expected of an interior-point method based on a conjugate-gradient
linear solver, it can require many matrix-vector products.

It may be progressively more difficult to solve (QPλ) as λ → 0 because the reg-
ularizing effect from the one-norm term tends to become negligible, and there is less
control over the norm of the solution. In contrast, the (LSτ ) formulation is guaranteed
to maintain a bounded solution norm for all values of τ .

6.4. Sampling the Pareto curve. In situations where little is known about
the noise level σ, it may be useful to visualize the Pareto curve in order to understand
the trade-offs between the norms of the residual and the solution. In this section
we aim to obtain good approximations to the Pareto curve for cases in which it is
prohibitively expensive to compute it in its entirety.

We test two approaches for interpolation through a small set of samples i =
1, . . . , k. In the first, we generate a uniform distribution of parameters λi = (i/k)‖ATb‖∞
and solve the corresponding problems (QPλi). In the second, we generate a uni-
form distribution of parameters σi = (i/k)‖b‖2 and solve the corresponding problems
(BPσi). We leverage the convexity and differentiability of the Pareto curve to approx-
imate it with piecewise cubic polynomials that match function and derivative values
at each end. When a nonconvex fit is detected, we switch to a quadratic interpolation

Lasso problem
1

2

3

4

min
x

�A4x− b4�2 s.t �x��1 ≤ τ4

Tuesday, May 24, 2011



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

894 EWOUT VAN DEN BERG AND MICHAEL P. FRIEDLANDER

Projected gradient. Our application of the SPG algorithm to solve (LSτ ) follows
Birgin, Mart́ınez, and Raydan [5] closely for the minimization of general nonlinear
functions over arbitrary convex sets. The method they propose combines projected-
gradient search directions with the spectral step length that was introduced by Barzilai
and Borwein [1]. A nonmonotone line search is used to accept or reject steps. The
key ingredient of Birgin, Mart́ınez, and Raydan’s algorithm is the projection of the
gradient direction onto a convex set, which in our case is defined by the constraint
in (LSτ ). In their recent report, Figueiredo, Nowak, and Wright [27] describe the
remarkable efficiency of an SPG method specialized to (QPλ). Their approach builds
on the earlier report by Dai and Fletcher [18] on the efficiency of a specialized SPG
method for general bound-constrained quadratic programs (QPs).

2. The Pareto curve. The function φ defined by (1.1) yields the optimal value
of the constrained problem (LSτ ) for each value of the regularization parameter τ .
Its graph traces the optimal trade-off between the one-norm of the solution x and
the two-norm of the residual r, which defines the Pareto curve. Figure 2.1 shows the
graph of φ for a typical problem.

The Newton-based root-finding procedure that we propose for locating specific
points on the Pareto curve—e.g., finding roots of (1.2)—relies on several important
properties of the function φ. As we show in this section, φ is a convex and differentiable
function of τ . The differentiability of φ is perhaps unintuitive, given that the one-
norm constraint in (LSτ ) is not differentiable. To deal with the nonsmoothness of
the one-norm constraint, we appeal to Lagrange duality theory. This approach yields
significant insight into the properties of the trade-off curve. We discuss the most
important properties below.

2.1. The dual subproblem. The dual of the Lasso problem (LSτ ) plays a
prominent role in understanding the Pareto curve. In order to derive the dual of
(LSτ ), we first recast (LSτ ) as the equivalent problem

(2.1) minimize
r,x

‖r‖2 subject to Ax + r = b, ‖x‖1 ≤ τ.
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Fig. 2.1. A typical Pareto curve (solid line) showing two iterations of Newton’s method. The
first iteration is available at no cost.
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Continuation
methods & renewals

Underlying assumption is that Pareto curves are similar 

‣ for large enough batch sizes

In that case the warm starts are effective

Renewals remove biases
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Pareto curves

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07
0

5

10

15

20

25

Iteration

R
es
id
ua
l

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07
0

0.5

1

1.5

2

2.5

3

3.5

One norm of the solution

R
es

id
ua

l

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07
0

0.5

1

1.5

2

2.5

3

3.5

One norm of the solution

R
es

id
ua

l

‘large’ batch

small batch

Tuesday, May 24, 2011



SLIM

Model-space
residue
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Example
Survey & modeling specifications:

• Model size 143 x 384; mesh distance 24m

• 12 Hz Ricker wavelet; time sample interval 6ms; 192 
source locations for each sim-shot

• Input residual wavefield computed by subtracting full 
modeled data and response smooth background model

• Frequencies are selected randomly amongst 30 
frequencies in the band of the wavelet
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Helmholtz solver
Explicit time-harmonic Helmholtz solver

• 9-point finite difference

• absorbing boundary conditions all around
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Marmousi model
background model
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Marmousi model
velocity perturbation
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Least-squares migration
all 192 shots w 10 frequencies
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Sparse migration
8 supershots w 3 frequencies
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Sparse migration
15 supershots w 8 frequencies
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Least-squares migration
all 192 shots w 10 frequencies
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Conclusions
Sparsity-promotion serves two purposes

‣ removes incoherent crosstalk & restores amplitudes

‣ makes one-norm regularization computationally feasible

‣ quality of the migration results is adequate for GN updates 
in FWI

Renewals & warm starts are essential because they remove bias

Expect a bigger uplift in 3D
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Further reading
Simultaneous & continuous acquisition:

– A new look at simultaneous sources by Beasley et. al., ’98.

– Changing the mindset in seismic data acquisition by Berkhout ’08.

Simultaneous simulations, imaging, and full-wave inversion:
– Faster shot-record depth migrations using phase encoding by Morton & Ober, ’98.
– Phase encoding of shot records in prestack migration by Romero et. al., ’00.

– How to choose a subset of frequencies in frequency-domain finite-difference migration by Mulder & Plessix, ’04.
– Efficient waveform inversion and imaging: A strategy for selecting temporal frequencies by Sirque & Pratt, ’04.

– Efficient Seismic Forward Modeling using Simultaneous Random Sources and Sparsity by N. Neelamani et. al., ’08.
– Compressive simultaneous full-waveform simulation by FJH et. al., ’09.

– Randomized dimensionality reduction for full-waveform inversion by FJH & X. Li, ’10 
– Fast full-wavefield seismic inversion using encoded sources by Krebs et. al., ’09

– An effective method for parameter estimation with PDE constraints with multiple right hand sides. by Eldad Haber, 
Matthias Chung, and Felix J. Herrmann. ’10

– Seismic waveform inversion by stochastic optimization. Tristan van Leeuwen, Aleksandr Aravkin and FJH, 
2010. 
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Further reading

 Compressive sensing & sparse solvers
– Robust uncertainty principles: Exact signal reconstruction from highly incomplete frequency information by 

Candes, 06.

– Compressed Sensing by D. Donoho, ’06

– Probing the Pareto frontier for basis pursuit solutions by E. van den Berg and M. Friedlander, ’08

 Stochastic optimization and machine learning:
– A Stochastic Approximation Method by Robbins and Monro, 1951
– Neuro-Dynamic Programming by Bertsekas, ’96

– Robust stochastic approximation approach to stochastic programming by Nemirovski et. al., ’09
– Stochastic Approximation approach to Stochastic Programming by Nemirovski
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Thank you

slim.eos.ubc.ca
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