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Context

• Linear least-squares data continuation [Claerbout, 92]

• Discrete & unequally sampled Fourier 
Transforms [Sacchi, 96 ; Schoneville, 01; Zwartjes, 04]

•  Inpainting with Morphological Component 
Analysis using Redundant Directional Frames 
such as Curvelets [Candes; Donoho; Demanet; Ying, 05; Elad, 05]

• Model- (migration or Radon) based data 
continuation [Trad, 03]



Our Motivation

Devise a data continuation & de-aliasing scheme 
that
• is non-parametric/non-adaptive
• truly exploits the 3-D continuity along 

wavefront in 
• is noise resilient
• exploits redundant frames
• is 

d(r, s, t)

n log n



3-D Real Data

100

200

200

0

200



3-D Real Interpolated 
Result

100

200

200

0

200



Seismic Interpolation

Forward problem:

Conventional interpolation problem:

misfit data regularization

x̂ = arg min
x

1

2
‖P(d − Fx)‖2

2 + λJ(x)

dacq = Pd white noise

modeling/frame 
operator

model

regular 
data

d = Fx + nwith
picking 

operator

[Claerbout, 92; Sacchi, 96 ; Trad, 03; Elad, 05]
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Regularizations
Linear quadratic (lsqr migration):

• data white Gaussian

• uncorrelated

Non-linear       :

• data white Cauchy

• uncorrelated
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2
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Curvelets 
[Candes & Donoho, 99; Demanet; Ying, 05]

• Tight frames

• Partitioning of the 2-D/
3-D Fourier domain into 
angular wedges of 
second dyadic coronae

• Parabolic scaling law

Angular
wedgek2

k1



• tight frames (n log n)

• multi-scale

• multi-directional

• highly anisotropic

• localized both in space & 
frequency

• moderate redundancy

Curvelet Properties
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localized in just a few coefficients. This can be
quantified. Simply put, there is no basis in which
coefficients of an object with an arbitrary singu-
larity curve would decay faster than in a curvelet
frame. This rate of decay is much faster than that
of any other known system, including wavelets.
Improved coefficient decay gives optimally sparse
representations that are interesting in image-
processing applications, where sparsity allows for
better image reconstructions or coding algorithms.

Beyond Scale-Space?
A beautiful thing about mathematical transforms
is that they may be applied to a wide variety of prob-
lems as long as they have a useful architecture. The
Fourier transform, for example, is much more than
a convenient tool for studying the heat equation
(which motivated its development) and, by exten-
sion, constant-coefficient partial differential equa-
tions. The Fourier transform indeed suggests a
fundamentally new way of organizing information
as a superposition of frequency contributions, a
concept which is now part of our standard reper-
toire. In a different direction, we mentioned before
that wavelets have flourished because of their 
ability to describe transient features more accu-
rately than classical expansions. Underlying this
phenomenon is a significant mathematical archi-
tecture that proposes to decompose an object 
into a sum of contributions at different scales and
locations. This organization principle, sometimes
referred to as scale-space, has proved to be very
fruitful—at least as measured by the profound 
influence it bears on contemporary science.

Curvelets also exhibit an interesting architecture
that sets them apart from classical multiscale rep-
resentations. Curvelets partition the frequency
plane into dyadic coronae and (unlike wavelets) 
subpartition those into angular wedges which 
again display the parabolic aspect ratio. Hence,
the curvelet transform refines the scale-space view-
point by adding an extra element, orientation, and
operates by measuring information about an 
object at specified scales and locations but only
along specified orientations. The specialist will rec-
ognize the connection with ideas from microlocal
analysis. The joint localization in both space and
frequency allows us to think about curvelets as 
living inside “Heisenberg boxes” in phase-space,
while the scale/location/orientation discretization
suggests an associated tiling (or sampling) of
phase-space with those boxes. Because of this 
organization, curvelets can do things that other sys-
tems cannot do. For example, they accurately model
the geometry of wave propagation and, more gen-
erally, the action of large classes of differential
equations: on the one hand they have enough 
frequency localization so that they approximately
behave like waves, but on the other hand they have

enough spatial localization so that the flow will 
essentially preserve their shape.

Research in computational harmonic analysis 
involves the development of (1) innovative and
fundamental mathematical tools, (2) fast compu-
tational algorithms, and (3) their deployment in 
various scientific applications. This article essen-
tially focused on the mathematical aspects of the
curvelet transform. Equally important is the sig-
nificance of these ideas for practical applications.

Multiscale Geometric Analysis?
Curvelets are new multiscale ideas for data repre-
sentation, analysis, and synthesis which, from a
broader viewpoint, suggest a new form of multiscale
analysis combining ideas of geometry and multi-
scale analysis. Of course, curvelets are by no means
the only instances of this vision which perceives
those promising links between geometry and mul-
tiscale thinking. There is an emerging community
of mathematicians and scientists committed to 
the development of this field. In January 2003, for 
example, the Institute for Pure and Applied Mathe-
matics at UCLA, newly funded by the National Science
Foundation, held the first international workshop
on this topic. The title of this conference: Multiscale
Geometric Analysis.
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Curvelets & Seismic 
Data
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Optimal: [Donoho, 01]

Curvelet Non-Linear 
Approximation Rate
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Numerical 
construction

Curvelets live in a wedge in the 2-3 D Fourier plane...



Numerical 
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3-D Curvelets
[Ying ‘05]
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Curvelets for Seismic 
Deconvolution

Our forward problem:

Our interpolation problem:

noise

curvelet 
coefficients

data

curvelet
synthesis operator

& m = C
∗
x

reg. data

with

d = IdC
∗
x + n

‘Modeling’ 
operator

F· = IdC
∗
·x̂ = arg min

x

1

2
‖P (d − Fx) ‖2

2 + ‖x‖1

1
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 -norm Optimization by 
Iterative Thresholding
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Denoising with Landweber iterations and soft-
thresholding [Daubechies, 05; Elad, 05]
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Examples

• 2-D synthetic data (512 offsets x 512 time samples)

• Data continuation

• De-aliasing

• 3-D real data (280 shots x 368 receivers x 256 time samples)

• Data continuation
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2-D Synthetic Shot
Data Continuation (noisy - snr = 0 db)
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2-D Synthetic Shot
De-Aliasing
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3-D Real Data
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3-D Real Interpolated 
Result
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Conclusions
• Our method explores the 3-D continuity of 

reflection events in the data cube 
• Aims for the sparsest set of Curvelet coefficients 

that match the data
• The iterated thresholding is resilient to (coherent) 

noise
• Results are encouraging
• More sophisticated solvers may improve 

convergence 
• Curvelet Frame can be extended to include DCT
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