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Motivation
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Motivation
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Inverse problem in seismic exploration

• 	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  data

• 	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  parameters



Motivation

Questions:

1.	  How	  can	  we	  reduce	  the	  computational	  cost?
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Motivation
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Motivation
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Forward	  map	  	  	  	  	  	  	  	  	  	  	  	  	  	  :	  F (m)

d = PuA(m)u = q,

�+ !2m
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Motivation
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Data Correct	  source	  wavelet Correct	  gradient
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Motivation
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Data Wrong	  source	  wavelet Wrong	  gradient
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Motivation

Questions:

1.	  How	  can	  we	  reduce	  the	  computational	  cost?

2.	  How	  can	  we	  obtain	  the	  correct	  source	  wavelets?
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PDE-‐constrained	  optimization	  problem:

where

Full-waveform inversion

11

[J.	  Virieux	  and	  S.	  Operto,	  2009	  ]

[Tarantola,	  1984]	  

N = NsrcNfreq

min
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kPiui,l � di,lk22

subject to Ai,l(m)ui,l = qi,l



Full-waveform inversion

Reduced/adjoint-‐state	  method:

with	  the	  gradient	  given	  by

12

[J.	  Virieux	  and	  S.	  Operto,	  2009	  ]

[Tarantola,	  1984]	  

2	  PDE	  solves	  are	  required	  !

min
m

1
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Wavefield-reconstruction inversion

Penalty	  method:

Eliminating	  	  	  u	  	  w/	  variable	  projection:
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[van	  Leeuwen,	  T	  and	  Herrmann,	  F	  J	  ,	  2013]

[Peters,	  B,	  	  Herrmann,	  F	  J	  	  and	  van	  Leeuwen,	  T,	  2014]

[Golub,	  G	  H	  and	  Pereyra,	  V	  ,	  2003]
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Corresponds	  to	  solving	  the	  following	  augmented	  system:

with	  the	  gradient

14

[van	  Leeuwen,	  T	  and	  Herrmann,	  F	  J	  ,	  2013]

[Golub,	  G	  and	  Pereyra,	  V,	  2003]

1	  augmented	  system	  solves	  is	  required	  !

Wavefield-reconstruction inversion
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True & initial model
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FWI vs WRI
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WRI with source estimation

Triple	  parameters	  optimization	  problem:
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WRI with source estimation

Triple	  parameters	  optimization	  problem:

Eliminate	  	  	  u	  	  and	  	  	  	  	  jointly	  w/	  variable	  projection:
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↵
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Triple	  parameters	  optimization	  problem:

min
u,m,↵

1

2N

NsrcX

i=1

NfreqX

l=1

kPiui,l � di,lk22 + �2kAi,l(m)ui,l � ↵i,lei,lk22

argmin
u,↵

1

2N

NsrcX

i=1

NfreqX

l=1

kPiui,l � di,lk22 + �2kAi,l(m)ui,l � ↵i,lei,lk22



WRI with source estimation

Corresponds	  to	  solving	  the	  following	  augmented	  system:

Cf.	  original	  augmented	  system:
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Full	  	  column	  rank!
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WRI with source estimation
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Initial Model
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Gradient comparison

Gradient with true source wavelet
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Gradient comparison

Gradient with true source wavelet
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WRI with source estimation

Objective	  function:

with	  
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WRI with source estimation

Objective	  function:

with	  
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	  [Nesterov,	  2004]



Stochastic optimization 

Full	  objective	  function:

Full	  gradient	  (FG):

Challenge:
• N	  is	  large
• computing	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  are	  expensive	  	  
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Stochastic optimization

Full	  gradient	  method:

Linear	  convergence	  rate:

for	  some	  	  	  	  	  	  	  	  	  	  	  	  	  

27

'(mk)� '(m⇤) = O(⇢k)

⇢ < 1

	  [Nesterov,	  2004]

mk+1 = mk � ↵kG(mk) = mk � ↵k

N

NX

i=1

gi(m
k)



Stochastic optimization

Stochastic	  objective	  function:

Stochastic	  gradient	  (SG):
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min
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nIk
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i2Ik
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nIk
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gi(m)

	  [Nemirovski	  and	  Yudin,	  1983]

	  [Nemirovski	  et	  al.,	  2009]

	  [Agarwal	  et	  al.,	  2012]



Stochastic optimization

Stochastic	  gradient	  method:

Sublinear	  convergence	  rate:
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mk+1 = mk � ↵kGk(m
k)

E['(mk)]� '(m⇤) = O(1/k)

	  [Nemirovski	  and	  Yudin,	  1983]

	  [Nemirovski	  et	  al.,	  2009]

	  [Agarwal	  et	  al.,	  2012]



Full	  gradient	  method:

Stochastic	  gradient	  method:

FG vs SG

30

	  [Schmidt	  2013]



FG vs SG
Convergence comparison:

• FG	  method	  has	  O(N)	  cost	  with	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  rate;
• SG	  method	  has	  O(1)	  cost	  with	  O(1/k)	  rate;

31

	  [Schmidt	  2013]

O(⇢k)



FG vs SG
Convergence comparison:

• FG	  method	  has	  O(N)	  cost	  with	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  rate;
• SG	  method	  has	  O(1)	  cost	  with	  O(1/t)	  rate;

32

	  [Schmidt	  2013]

O(⇢k)

our	  application



Stochastic WRI

Stochastic	  objective	  function:

with

Stochastic	  gradient:
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fi(m) =
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Stochastic WRI 

Stochastic	  l-‐BFGS:

where	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  the	  l-‐BFGS	  Hessian	  

34

mk+1 = mk � ↵kH
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k (mk)Gk(m
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Hk(m
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Modeling information:
Model size: 2000m x 4500m
Source spacing: 50m
Receiver spacing: 10m 
Fixed spread 4.5km
Frequency : 2~31 Hz

True	  model



BG model
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Inversion results
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Convergence comparison
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Source wavelet comparison
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Source	  Wavelet

Chevron blind test data



Chevron blind test data
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Data-‐set	  information:
1. 1600	  shots:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ds	  =	  25	  m,	  Source	  depth	  	  	  	  =	  15	  m;
2. 321	  hydrophone	  recs/shot:	  dr	  =	  25	  m,	  Receiver	  depth	  =	  15	  m;
3.Maximum	  offset	  =	  8000	  m;
4. Record	  time	  =	  8.0	  s,	  sample	  rate	  4	  ms;
5. Vp	  water	  =	  constant	  =	  1510	  m/s;
6.With	  free	  surface	  multiples	  present	  in	  the	  data;
7. Isotropic	  Elastic.



Chevron blind test data

43

Inversion	  strategy:
1. Frequency	  domain	  WRI	  with	  Source	  estimation;
2. Frequency	  bands:	  [3:0.2:5]Hz,	  [3:0.2:7]Hz,	  [3:0.2:9]Hz,	  [3:0.2:11]Hz,	  [3:0.2:19]Hz;
3. Batch	  sizes	  of	  random	  frequency	  subsets:	  3,	  6,	  10,	  10,	  15;
4. Batch	  size	  of	  random	  source	  subsets:	  300;
5. Optimization	  solver:	  l-‐BFGS	  with	  20	  iterations	  per	  frequency	  band;
6. 4	  passes	  of	  WRI	  at	  frequency	  3-‐11	  Hz	  and	  1	  pass	  to	  19	  Hz;
7. Grid	  size:	  20m	  for	  3-‐11Hz	  and	  12m	  for	  3-‐19Hz;
8. No	  pre-‐processing	  !!!



Data comparison
–– 3 Hz Data of 800th shot
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Data comparison
–– 3 Hz Data of 800th shot
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Initial model
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Model update
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Source wavelet comparison
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Stochastic	  WRI	  with	  source	  estimation:
• dimensionality	  reduction	  –	  select	  subsets	  of	  sources	  and	  frequencies	  
randomly

• source	  estimation	  –	  reconstruct	  the	  wavefields	  and	  source	  wavelets	  by	  
variable	  projection	  method

• numerical	  examples	  –	  	  speed	  up	  the	  inversion	  with	  a	  factor	  of	  at	  least	  6	  and	  
invert	  the	  unknown	  model	  without	  additional	  prior	  information	  about	  the	  
source	  wavelets
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